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Flbrati-ons,
fibered functors,. morphisms of fibrations,
fibered natural transformations

. t"":l po r' ~ ~-c:- J, ~ ~-

(;-

JI3>

Lax monoidal fibrations x:-l

. €?)o E.. (i9 -4) ~G - ,es

" I~
/

.,

C8.)T

d..)~/~

- fiber ed functors

- fibered nato isomorphisms

The fibration of monoids
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Exam/3le 1 E*p-eAeA-tial fn~ratierlS
~

t;)

l
e -- ud~r' J 's

- bifibration

..~
e,

sl1l~le) e,-J l
i = l t. tYl

~ e (Ptle.
endofunctor on c/cObje et over C E C:

Morphism T : F ---+G over u : C ---+D

natural transformation: T: Fu* >u*G S.
. F f.).1f. e ':J

I = 2d, 0 = o C ~~ ~- ~ ~.

Prone morphism over u : C ---+ D with the
codomain G is .

u*G(eU) : u*GU!u* ~ u*G

NB. For supine- morphism use 'l}u.
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- - ~ - -~

Example 2 Burroni fibrations

/1 monad (possibly cartesian) on e t../(./. a>-6 'j

ól').(k) ~ A~
I () lf{tJ}
~ re. o At8JB

unit tensor / '-/ ~
O . A /'f(I; l(~)

to'! ~ :/ l'O"j /h(b) ~ 'l.

O'" Hl~) (). lf(~ l1(~A..

~ . hl~Actions Burroni fibrations
--') ~ . -::>

G,l.(/1}...e ~ e./ II. 'i(.x

~ '--.) e ~ A~ . ~H(J'} .

. ctA~ j,& I-,.. ' / / t/J.l,J.)o h{c) o i:P~' (5 ..II' (eJ
Representation~ Burroni fibrations
(by adjunction)

G,'lll-t) ~p ~ El.."Ce) 4

~ e
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Example 3 The, free monoid monad M or])
~ L~~~u l

S et " . ~(~ ~c-rtA~~ ~(!""&: r<J
. .. ~ -.LI ~tg) ~ JJJ ff~'
~~~~~~~ .' /~ G 'fl~\ tt: - ~ - - nOk(l-f/~ \ ,,~~, 'IW"'~

\ ~ '-'d",C..) \. l

li. ~1
.6-~"

("] ~ {~ "~ l.~
'6, !~ -= ~~<plkS

unit tensor

r. .-"'-~ A- g

,
/"1 '-=-A-
~l} "

))J.b. ---.
(1" "

Action

Gp~ (JAJ~lJ#.~ry. -' ~ ~~~)
A}< ;\..~" "'M) i I . l:I . /,?<Qo..

..- Q.. '
. ~ .

x~

Representation

G"L(H) ~ EwI(lJ:j 5

. ~Dt !/",il ... "'~I)t. I.



CttJ.(H)
The symmetrization monad 'i on
(ar any p

A ~~~,~

~ ~ I ~,/ ael
_o Hlo) O ~It~} (V~f'.tlolill)
'- . -- ~ ~/ . t!JJ+k ~ ~It~

. Jl-O~ A

'$, {A). I <;A l r> ~ A *'A., ... ~ ~ 14' ~
./' ~ ':.) . . IP? ""'">t..(.~ lI;: 1.,

llA ~elr ~~,~

~ :s a monoidal monad and more... 7' ~
:r -~ ~ ~C~) .

~-
~l"~S:(S) - ~~ ,Sl,4eS)

2t ~Q
~ ~ J l''r

Lif:Gb

~
~ Y'r,

'Y

C~ ".. 6\,..~ I.
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M~o'no'idal functolrsacts oun acttons

50 -S .

~r~lh) ~a,h{M)
~ d> . -\ ~ -,J~~

~ ~ -y G,\lM)t~ CI,-l ~ ~M
h \ J-l/./ ,---,=.

- -;) ~t

G-pJ;.{fJ)~til-7C~(-)';lt{(=0 ;; 5:c>f '--)" > -,/
~ ) ~...+- L /

and there is anS -algebra) on ~ along ~
~(A)* Y - ?l'l.,~~-J rl* X- -

lir.e: ..~ ,v. '..,l ~

~ ) ~l ~")

X~l,) ~'(3)
~

~

i
-..,
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Having a fibered monoidal monad (Iike ~ ) we
can build some other fibrations AJ

~ f

Jl-.(Gp~(/1.)S) t '. hDl1t(Gpl(/1))

~ I IJ.\\4i

UeI ~. /( o~l.Uphlt't)) I te.g0
'u ~ 'V-l

G-p~(l1~ - \" l e c! 9 Gt'~(~? . .er ~ ~ ~~I
j . ~ ~ Gph(M)

1 fB)) I "\ ~

Sllt -~ -' I

S(M, m, e) = (S(M) @S(M) ~ S(M Q9M) ~ S(M),

f ~ Sef) ~ S(M))

NB. We have a distributive law...
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We can produet the previous dia-gram by any'
fibrations, e.d Set-4 ) Set and we get

.-> l'>' 1 ~-)
G,~(h~ SJ~tf ---~ Gp)-(lt)\tft1

\ " §xl f~L"1 I )., ~ /_>

I
~ I ~~-~~)~~ )

~
1

/ .~
f 7

; .~~ ~1 '" ~
l 0 j ~ ~

.

.

~tl~ ~--
~ ~!~

I

.J-

~ ~ :'
.., i!V .

; -l ~t!'4LV

6<IJ ~

\
\

~~k~

11 ~~~ - >'*

1'f. (;4k ~ - ~~~~
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By exponentia~1 adjunction, we get representa-
tions of these lax monoidal fibrations... and

we can take their essential images t3O
~~" lfJ f ~

6rll(lt) 6,\(11)~
F~

E .~

cv

EJ;j /2(~a:l)

~

~~

~fi"~

A~~~

sd
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-~
"-

- ~ - -,:f~ , ltD~

, . - ~. .
" --- /

~\. Jt.L(ópJllt~ ':, ~

I - . \ .

\ Pole}loJ .~ ' ~ IlwJ ~h~
i .~, f I~ .

, J J.~ .~
Gr\l")i~ ~.. S) 6,l.{h)J:I lIct.E-(~" l/,

~ '" "G~1Jt 1
~I r- 'J

rJ~~

The fuli picture

----

~ IlrMl~~L

~l=~~.
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