DUALITY FOR SIMPLE w-CATEGORIES AND DISKS

MIHALY MAKKAI AND MAREK ZAWADOWSKI

A young schizophrenic named Struther
When told of the death of his mother,
Said, "Yes, it’s too bad,
But I can’t feel too sad.
After all, I still have each other.” The Pan Book of Limericks

ABSTRACT. A. Joyal [J] has introduced the category D of the so-called finite disks,
and used it to define the concept of 0-category, a notion of weak w-category. We introduce
the notion of an w-graph being composable (meaning roughly that ’it has a unique
composite’), and call an w-category simple if it is freely generated by a composable w-
graph. The category S of simple w-categories is a full subcategory of the category, with
strict w-functors as morphisms, of all w-categories. The category S is a key ingredient in
another concept of weak w-category, called protocategory [MM1], [MZ]. We prove that
D and S are contravariantly equivalent, by a duality induced by a suitable schizophrenic
object living in both categories. In [MZ], this result is one of the tools used to show
that the concept of #-category and that of protocategory are equivalent in a suitable
sense. We also prove that composable w-graphs coincide with the w-graphs of the form
T* considered by M.Batanin [B], which were characterized by R. Street (as announced
in [S]) and called ‘globular cardinals’. Batanin’s construction, using globular cardinals,
of the free w-category on a globular set plays an important role in our paper. We give
a self-contained presentation of Batanin’s construction that suits our purposes.
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1. Introduction

This paper is a contribution to recent studies aimed at clarifying the concept of weak
higher dimensional category.

In each of certain recent proposals of a precise notion of weak n-category, for n <
w, a specific small category of 'shapes of cells’ (briefly, a shape-category) is introduced,
and a weak n-category is defined as a presheaf on the shape-category having certain
additional properties (let us emphasize: not as a presheaf with additional structure).
Thus, in particular, a weak n-category W of the given kind has cells of various shapes:
for an object A of the shape-category, the elements of the set W(A) are the cells of shape
A. The various arrows of the shape category are interpreted in W as face and degeneracy
operators, by extending the terminology used for simplicial sets.

In [BD], the opetopic weak n-categories (for finite n) are in fact defined without first
describing the shape-category, but the latter is implicit: it is the category of opetopes. In
[HMP], the shape-category is made explicit: it is the category of multitopes. In [MM2],
where the definition of multitopic w-category is completed, and, also, the ambient struc-
ture comprising all multitopic w-categories is clarified, the shape-category (the category
of multitopes) plays an active role.

In Joyal’s concept of f-category [J], the shape-category is the opposite of a certain
category D, called the category of finite disks. Joyal denotes D’ by O, and calls it the
category of Batanin cells. Cellular sets are set-valued functors on D; a 6-category is
a cellular set satisfying certain conditions that are analogs of Daniel Kan’s horn-filling
conditions (see [K], and many later sources). In fact, the opposite of the ('non-augmented’)
simplicial category: the category AT of non-empty finite linear orders is equivalent to a
full subcategory of D, and thus, every cellular set has, as a part, an underlying simplicial
set ’in it’. The underlying simplicial set of an w-category satisfies the so-called restricted
Kan-condition [BV]. We may regard the passage from simplicial sets to cellular sets as
the result of extending the range of ’shapes of cells’ under consideration.

The concept of protocategory was arrived at, by the first author of this paper, inde-
pendently of Joyal’s work on #-categories; however, the two concepts are closely related.
In the talk [MM1], the first author described only a certain part, the subcategory L, of
the shape-category for protocategories; the whole shape-category will be spelled out in
[MZ]. The description of £ will bring us to one of the two main concepts treated in this
paper: simple categories.

By an w-graph, we mean the same as, for instance, [B] means by a globular set.
Consider S,,;, the following category-sketch (graph with composition relations; category-
presentation could be another name):
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subject to dod =docand cod = coc, (of course, the various d’s and ¢’s have suitable
subscripts distinguishing them; and the ’globular’ identities are understood as all the
meaningful ones of the forms given). A model of S, (a graph-map, that is, diagram on
S.gr, Obeying the identities) is an w-graph.

The category of small w-graphs, with morphism all the natural transformations (of
diagrams), is denoted by wGr.

It is well-known how to present the notion of w-category equationally over wGr.
Writing wCat for the category, with ordinary w-functors as morphisms, of all small w-
categories, we have the forgetful functor wCat — wGr, and its left adjoint [—] : wGr —
wCat; for an w-graph G, [G] is freely generated by G.

It is easy to see that if m : G — H is a monomorphism of w-graphs, then the induced
arrow [m| : [G] — [H] is also a monomorphism.

Let G be an w-graph. Let us call an element (cell) a of [G] mazimal if it is proper, that
is, not an identity cell, and if the only monomorphisms m : H — G for which a belongs
to the image of [m] are isomorphisms. Intuitively, an element is maximal if it is proper,
and the whole graph G is needed to generate it. We call G composable if [G] has a unique
maximal element; in that case, the maximal element may be called the composite of the
graph.

(Some remarks. It is easy to see that the proper arrows in any w-category of the form
|G] form a sub-w-graph of [G]: in other words, the domain and the codomain of a proper
cell is proper. Moreover, the generating w-graph G is uniquely recoverable from [G] as
consisting of those proper cells that are indecomposable in the sense that they are not
composites of two proper cells.)

The graphs

| \/

e — 0

are not composable; for the first as G, [G] has no maximal element, for the second, [G] has
infinitely many. (As we will see, this is the general situation: there are either 0, or exactly
1, or else infinitely many maximal elements.) The examples that the reader would think
are composable, in an intuitive sense, are indeed such, as experimentation shows. Indeed,
the definition is a rigorous formulation of the idea of having a well-defined composite, the
latter being the unique maximal element. Note that the definition immediately implies
that a composable w-graph is finite.

An w-category is simple if it is of the form [G] for a composable w-graph. The category
S is defined as the full subcategory of wCat on the simple w-categories as objects.

The category L, mentioned above as part of the shape-category for protocategories,
is the skeleton of the subcategory of S with the same objects as S, but with only the
monomorphisms as arrows. £ has the distinguishing property of being one-way: the
endo-monoids of all the objects are trivial. This still holds for the full shape-category for
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protocategories, and indeed, this is a basic fact about it, making the specification of the
concept of protocategory to be one in FOLDS (First Order Logic with Dependent Sorts);
see [MM3], [MZ]. We are not going to have to do anything with FOLDS here; however,
let us remark that the 'one-way’ condition on the shape-category amounts to the fact
that, speaking in reference to the second paragraph of this Introduction, the cells of a
protocategory do not have degeneracy operators on them, only face operators. Note that
S is not a one-way category, and the concept of 6-category is not specified within FOLDS.

As a part of our work, we give an explicit combinatorial description of the composable
w-graphs. More precisely, we introduce the combinatorial concept of ‘simple’ w-graph,
and prove that ‘composable’ coincides with ‘simple’. The concept of ‘simple’ w-graph is
due to R. Street [S], where he called the concept ‘globular cardinal’. Our description of
the notion differs only inessentially from his.

Let G be an w-graph. We call two cells a and b in G parallel if either they are both of
dimension 0, or d(a) = d(b) and c¢(a) = ¢(b). By hom(a,b), we mean the set of all cells e
for which d(e) = a and c¢(e) = b. Let us fix the parallel cells a and b, and define the binary
relation F' = F,;, on the set hom(a,b) by saying that eF'f (‘f follows e’) holds iff there
is g (of dimension exactly 1 higher than e and f) such that d(g) = e and c¢(e) = f. The
w-graph G is called simple if for any parallel pair (a, b) the transitive closure of F' = F, is
an irreflexive total order R on hom(a,b), and eF f iff f is the immediate successor of e in
R: eRf and there is no h such that eRhRf. We will prove that an w-graph is composable
iff it is simple. Let us remark here that the interesting direction of this equivalence is that
‘composable’ implies ‘simple’; the other direction is easy.

Here is an example of a simple w-graph:

- U
b=l =y -
> @ > @ ‘UE>‘LL [ ]
U >
U

Note that the 1-dimensional simple (composable) w-graphs are the chains of arrows.
A disk, according to [J], is a sequence

p

Dn

Dn—l e Dl DO

of sets and functions, with D° being a singleton, together with, for any n € w and x € D"
a specified interval structure, that is, a (nonempty) linear order with a bottom and a top
element, on the set p~(x), subject to the following condition: for any n € w, and for the
functions



tn . tn_l
Dn+1 D Dn—l

bn bn— 1

assigning to z the top and bottom elements in p~!(x), for z in D"~! or D™, we have that
the set

Equ(t", ") ={zx € D" : t"(x) = b"(z)}

equals the set Im(t"~1) UTIm(b" ') (here, D! is understood to be the empty set).

Thus, in a disk, in dimension 0, we have exactly one element. In each positive di-
mension n = 1,2, ..., we have a bundle of intervals over the previous level, i.e., a disjoint
union of intervals, each interval being mapped by the projection to a single element on
the previous level. An element z in dimension n > 0 is singular, that is, an endpoint
of an interval in the bundle, if and only if the fiber p~!(z), an interval in the bundle in
dimension n + 1, is a singleton.

The inner nodes of a disk are the non-singular nodes. Note that the unique node in
DY is inner. The planar tree (D) of the inner nodes of a disk D completely determines

the disk: any isomorphism ¢(D) — ¢(D’) can be uniquely extended to an isomorphism

D = D'. (In (D) the nodes over a given node have a specified linear order on them:
hence the adjective ”planar”.)

A disk is finite if it has finitely many inner nodes.

A morphism f: D — E maps D,, into F, so that f is compatible with the projections,
and for any x the induced map f : p~'(z) — p~!(f(x)) preserves the interval structure:
it is order- (that is, <-) preserving, and maps end-points to end-points. D, the category
of finite disks, is thereby defined.

Here is an example of the first 3 bundles or 4 levels of a disk:

NN
NS\ .//o/
\\.//

showing inner nodes in black (e), singular ones in white (o).

The main theorem of the paper is that S? and D are equivalent categories.

The category Z of finite strict intervals (non-empty finite linear orders with a first and
a last element, which are distinguished in the structure and preserved by the morphisms)
and the category A of finite non-empty linear orders are dual to one another. The Stone-
type adjunction based on a schizophrenic object establishing this duality is described in
detail in section 2.7 (except that we deal with A* instead of A and the corresponding
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part of 7 instead of 7). This is the duality Joyal describes in section 1.1 of [J]. Also,
the same duality appears in [SGL], p. 455. Our treatment of this duality serves a purely
expository purpose. We display the ingredients of the schizophrenic object in detail to
make the generalization to the w-dimensional case easier to follow.

In the remaining parts of the paper we show that the higher-dimensional analogs of
these notions are related to each other in a similar manner. On the way to this result
we study the structure of D, the category of finite disks, and that of S, the category
of simple w-categories. Among other things, we define an internal disk D in § and an
internal w-category C in D. In a sense, D is a transposition of C and this structure
is a schizophrenic object for those categories, defining via hom functors a Stone-type
adjunction which establishes an equivalence of the categories S and D, in a way similar
to the duality presented in section 2.7 for Z and A. Although the full proof of this fact
is long, the correspondence between a particular simple w-graph G and the internal tree
t(D) of the disk D dual to the simple w-category generated by G is easy to understand
in particular cases. For example, the simple w-graph and the (planar) tree drawn below
correspond in this sense to each other.

An w-graph:

. -
I &4 2y ) —
[ ] [ ] [ ] U/ E>‘U’ [ ]
B
U?

and the corresponding tree:
1 2
NS
° 3 d
N/ N
° 4
|
\ | /

In the w-graph above, we numbered those cells that are neither domains nor codomains
of other cells. The nodes of the tree correspond to those cells in the w-graph that are not
codomains of any other cell. The leaves correspond the cells which are neither domains nor
codomains of any other cell in the w-graph. To indicate the correspondence, we marked
the leaves and corresponding cells with the same numbers.

The correspondence indicated above between planar trees and simple w-graphs is due
to M. Batanin [B]. The correspondence described here is the same as his mapping from
T to T*, for T' a planar tree, and T™* the corresponding specific globular set given in [B].
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We use extensively the technical notion of a ud-vector, (‘up-and-down-vector’) a vector
n = Ng, N1, ..., N9 of natural numbers in which elements with odd subscripts are smaller
than the neighboring elements with even ones. The ud-vectors completely characterize
both finite disks and simple w-categories up to isomorphism, constituting a simple and
useful invariant for objects of both categories. Therefore, we are able to define and prove
many things concerning these categories by induction on ud-vectors. A finite disk with a
given invariant corresponds via duality to a simple w-category with the same invariant.

We note that there are other ways, cosidered in the literature, to use finite sequences
of natural numbers to describe the same combinatorial objects, cf. [L], [Ma].

To form an idea how the ud-vector associated with a tree is formed, consider the
example of a tree given above. Now, the ud-vector is 3,2,3,1,2,0,1,0,2,1,3,1,2. This
is a sequence of (non-negative) integers; we start numbering the positions with 0. In the
seven even positions, we find the heights of the seven leaves, in the order from left to
right. In each odd position, we find the height where the leaves corresponding to the
neighboring even positions ‘meet’.

Let us comment on the connections of our work to other people’s work.

It goes without saying that one of the starting points for the present paper is A.Joyal’s
preprint [J], produced in September 1997. In addition, Joyal conjectured the exact state-
ment of our main result, the equivalence of S? and D, with the small difference that in
his version of S, the ingredient ‘composable w-graph’ is replaced by ‘globular cardinal’
(which, as we said, we proved to be equivalent concepts). We learned about this fact from
an e-mail message by Joyal on June 23, 1999, when our work had been completed, and a
version of the present paper had been written, and was ready for electronic dissemination.
Upon receiving a description of our result, in the e-mail message mentioned above, Joyal
wrote, among others: ‘I am happy you have proved this duality. I had suspected it shortly
after writing my notes ‘disk, ...” [which are [J]], but had no proof. I like your description
of composable w-graph’.

Recently we realized that the paper [BS] (that appeared in the year 2000, but which
had been put on the internet already in November 1997) contains, in essence, a statement
of Joyal’s conjecture. As we had been unaware of [BS], this source did not influence our
work. As we indicated at the beginning of this Introduction, the idea of the category S
came to the first author in the Spring of 1998 independently of considerations involving
disks.

As we mentioned above, A. Joyal called his category © the category of Batanin cells,
indicating connections of his work to Michael Batanin’s work. In [B], Batanin introduced
, and used extensively, the planar trees mentioned above. His construction of the w-graph
T™ out of the tree T is the same as what we described above as the correspondence between
simple w-graphs and trees; in particular, simple w-graphs are the same as the ones of the
form T*, for T a planar tree. In Proposition 4.2 in [B], Batanin gives a construction of the
free w-category generated by an arbitrary w-graph, one that uses trees and, ultimately,
simple w-graphs; we will reprove his result in this paper (in sections 4.1 and 6.4).

At the end of the paper [BS], we find a statement concerning ©, Joyal’s category men-
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tioned above, the formal dual of the category of finite disks. When one compares Joyal’s
paper [J] with the description of © given in [BS], the coincidence of the two descriptions
turns out to be nothing but the main theorem of our paper! We have recently learned
from a private communication by Professors Street and Batanin that the description of
© given in [BS] resulted from conversations of theirs and Andre Joyal’s in which Joyal
described his conjecture, "identifying” the original description of © and the one in [BS],
which is essentially the same as that of S.

In [BS], there is no proof of our theorem, neither is Joyal’s original description of ©
presented. Therefore the reader who does not know Joyal’s paper gets the misleading
impression that the description of [BS] is merely a reformulation of Joyal’s definition.
Joyal’s purely combinatorial definition of © (already given above in this introduction) is
very different from that of the category of simple w-categories; the equivalence of the two
categories is far from obvious as Joyal’s statement ‘[I] had no proof’ quoted above also
indicates. Let us point out that we got the idea of the duality theorem of this paper in
August 1998, and its proof shortly thereafter.

Since A. Joyal’s preprint [J] is unpublished, we find it appropriate to point out that,
despite the appearence of the word ‘duality’ in the title, the paper does not contain an
indication of the possibility of the statement of our duality theorem. In fact, [J] makes
no reference to (strict) w-categories at all.

A theorem related to our main result is Theorem 1.13 of [Be]. Note, however, that the
expression O(5,T") used in the statement of the theorem is defined in a way that is not
directly related to hom-sets in Joyal’s category ©.

Our paper is organized as follows. In chapter 2 we introduce the notions and some
notation concerning the main notions used in the paper: disks, simple w-categories, and
ud-vectors. In the last section, 2.7, we present the well known duality for finite linear
orders and finite intervals in a way that can be generalized to the case of simple w-
categories and of finite disks. This presentation is more involved than it could be, but we
think that doing this exercise will help the reader to understand the main result of the
paper.

In chapter 3 we investigate the category of finite disks. In section 3.1, we introduce
some notation and state some basic facts concerning disks. In section 3.11, we study
certain special pullbacks of disks, and for this purpose we use some simple results discussed
in section 3.6, concerning similar limits in some related categories of posets. We obtain a
presentation of any finite disk as a multi-pullback of very simple disks, and we associate
with every disk a ud-vector which describes it up to isomorphism. In section 3.21, we
define three special kinds of morphisms in D and we show that every morphism can
be, essentially uniquely, presented as a composition of such morphisms. In section 3.25,
we define the internal w-category C in D and we show that homming into it defines a
contravariant functor from D to S.

In chapter 4 the simple w-graphs and simple w-categories are investigated. In section
4.1, some notation concerning simple w-graphs is introduced and the construction of a free
w-category on an w-graph is presented. The construction is based on simple w-graphs.



9

We verify that the construction is correct by relating it to a more general one presented
in Appendix 6.8. In section 4.7, we prove that simple w-graphs are exactly those that are
composable. In section 4.9 , we introduce some notation for simple w-categories, prove
some of their properties, define an internal disk D in §. We show that homming into it
defines a contravariant functor from S to D.

In chapter 5 we state and prove the main result of the paper. We show that the
contravariant functors mentioned above form a Stone adjunction between S and D, which
is an equivalence of categories. In section at the end of the section 5.5, we indicate the
correspondence of objects and some morphisms in categories D and S via the established
duality.

The final section of this chapter contains some applications of our work. Among other
things we define a nerve functor for w-categories, i.e. a full and faithful functor

N, : wCat —> Set?

In this way, we identify w-categories as special pullbacks preserving cellular sets, i.e. a
special kind of #-categories.

The chapter 6 contains four appendices. We spell out the full (elementary) definitions
of an internal disk and an internal w-category. In Appendix 6.3 we prove some facts
concerning internal w-categories. Among other things we prove some general form of
the associativity law for w-categories. In Appendix 6.8 we give a construction of a free
internal w-category over an internal w-graph and we prove that the free w-category functor
preserves pullbacks. This construction in based on ud-vectors.

For the convenience of the reader, all the notation introduced in the paper is collected
in chapter 7.

In the whole paper, w denotes the set of (von Neuman) natural numbers, i.e. if n € w

then n = {0,...,n — 1}, and w™ the set of positive natural numbers. Set is the category
of (small) sets.
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2. Preliminaries

2.1. THE CATEGORY D OF FINITE DISKS. The category of finite disks D was introduced
by A. Joyal in [J]. In this section, we repeat this definition using the original terminology.

In order to introduce the category of finite disks we need to introduce the category of
finite trees.
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A bundle of linear orders over the set B is a linear order in Set/B, i.e. a map p :
E — B with each fiber linearly ordered. A (planar) tree T is a sequence of bundles of
linear orders

s+1 s 0

p p p

- Ts+1 Ts . Tl

TO~1

We often omit the superscript s of projection p®, when it does not lead to confusion.

A morphism of trees f : T — T" is a set of functions {f* : T° — T"*}4,, preserving
projections and order in fibers. A tree is finite if all T,’s are finite and almost all are
empty. Let Tree and 7 denotes the categories of trees and finite trees, respectively.

If n > s, by p® : T" — T° we denote the composition of n — s projections. By
convention, if n = s, then p®(z) = z.

We introduce notation for some finite trees. For n € w, 0, is a tree such that, for

sEw
0 _ {s} ifs<n
0 if s>n

and the projections are the obvious ones. Thus, for example, #3 can be drawn as

A leaf x of a tree T is a node of T, such that p~'(z) = (). Clearly, any tree morphism
f:T — T" in uniquely determined by the function f restricted to the leaves of T

A bundle of intervals over set B is an interval in Set/B, i.e. a diagram of sets and
functions

with each fiber p~!(x), for x € B being an interval, i.e. a linear order with endpoints b(z)
and t(z). The equalizer of b and ¢, a subset of B, is the singular set of the bundle. A disk
D is a sequence of bundles of intervals

s+1 s 0
p

p Ds+1 D3 e Dl

DV~1
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such that the singular set eq(b,t) of p : D"™' — D" is equal to b(D"~')Ut(D™1). (Here,
by convention, D™ = (), and the functions b,t : D~! — DO are thereby defined.) We
call this property the disk condition.

As a consequence of the definition, we have bb = tb and bt = tt. We define the boundary
d(D™) to be b(D" 1)U t(D™ 1) and the interior 1(D") to be D™\ 9(D™). By the previous
convention 9(D°) = (). The nodes in 2(D™) are called inner and the nodes in 9(D") are
called outer. Because of the 'disk condition’, the projections p send inner nodes to inner
nodes and hence, restricting the projections to the interiors, we obtain the internal tree

1(D) of the disk D

L oy —Lyps) - DY) Ley(p0) =1

We say that the disk D is finite if ¢(D) is.

A morphism of disks f : D — F is a set of functions {f* : D° — E®}, preserving
projections, order and endpoints in fibers. Let Dk and D denotes the categories of disks
and finite disks, respectively. From now on, by a disk we mean a finite disk, unless
explicitly stated otherwise.

Similarly as for trees, if n > s, by p®) : D® — D* we denote the composition of n— s
projections.

There is an obvious forgetful functor | — | from disks to trees, forgetting the endpoints,

which has a left adjoint (—):

| — |
Tree Dk

=)
For a tree T, T is the unique disk D, such that (D) is isomorphic to T. In fact, Dk

is both Kleisli and Eilenberg-Moore category for the monad induced by this adjunction.
The above adjunction restricts to finite disks and finite trees:

It follows that, in order to define a disk morphism f : D — F, it is enough to define
a tree morphism f’ : (D) — E. In the Appendix 6.1, we give an internal version of
the notion of a disk in an arbitrary category, so that, disks (not necessarily finite) defined
above become internal disks in Set.
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2.2. THE CATEGORY S OF SIMPLE w-CATEGORIES . An w-graph G in a category C has
for each n € w an object G, of n-cells in C' and operations

Cn

of domain and codomain. We usually omit the subscripts of the morphisms d,, and c,.
Furthermore, in the diagram

Gn+1 Gn Gn—l e

we have dod = docand cod = coec. A morphism between w-graphs G and G’ is a
family of arrows {¢, : G,, — G },eo in C' commuting with operations of domain and
codomain. By wGr we denote the category of w-graphs in Set.

A simple w-graph is an w-graph G in Set, such that

1. G is non-empty and finite, i.e. each G, in finite Gy # () and almost all are empty;
the height of G is ht(G) = max{n : G,, # 0};

2. for n € w, G, is partially ordered; for any x,y € G,, the subset of G,,;1
Gnii(z,y) ={u € Gpy1 @ d(u) =2 and c(u) =y}

is linearly ordered by >; as well as Gg; let > denote the immediate predecessor
relation: w > v means that u,v € Gy and v is an immediate predecessor of u or
u,v € Gpy1(x,y) for some z,y € G, such that 2>y, and moreover v is a predecessor
of u in that order;

3. forn € w, if z,y € G, then
z>y iff Gua(z,y) #0

Let swGr denote the full subcategory of wGr, whose objects are simple w-graphs.

The full definition of an w-category in a category C is given in the Appendix 6.2.
Below, we briefly sketch the definition.

An w-category A is an w-graph together with operations of identity, for n,l € w, n </,

Léhl) = Lé) : An — Al

and compositions

A .
mno,m,m : An07n17n2 ’ Amax(no,m)

where for a 3-tuple (ng, ny, ng) such that n; < ng, ne, the diagram
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1
A”Oy”l 12 A”Z
o dA
A, = Ay,

is a pullback. This data is subject to conditions concerning domains and codomains of
identities and compositions, neutrality of identities, associativity of compositions, and
middle exchange law. The morphisms of w-categories are defined as the morphisms of the
underlying graphs preserving additionally compositions and identities. wCat denotes the
category of w-categories in Set.
The forgetful functor
U : wCat — wGr

has a left adjoint,
[—] : wGr — wCat

associating to a graph G, the free w-category |G| generated by G. A specific construction
of this functor using simple w-graphs is given in section 4.1.

If G’ is a sub-w-graph of G, then [G'] is a sub-w-category of [G]. Moreover the w-
category |G| determines uniquely (up to an isomorphism) the w-graph G, as the w-graph
of those cells in [G] that are not compositions of two other non-identity cells in [G]. We
have that if an w-functor ¢ : [G] — [G'] is an isomorphism then there is a unique
isomorphism of w-graphs ¢ : G — G’ such that [¢] is . All this can be easily deduced
from the description of the functor [—] : wGr — wCat given in the section 4.1.

Let G be an w-graph. A cell e in [G], is said to be mazimal if it is not an identity cell
and it is not contained in [G'], for any proper sub-w-graph G’ of G. An w-category S is
simple iff for some graph G, it is isomorphic to the category [G] containing exactly one
maximal cell. The unique maximal cell in [G] and S, if exists, will be denoted by macg
and macg, respectively. An w-graph is composable if [G] is a simple category. The name
composable comes from the intuition that if a graph G is composable then it has well
define composition in [G] which is the maximal cell macg.

Note, that a 1-category (i.e. w-category without non-identity cells of dimension bigger
then 1) is simple iff it is generated by a composable string of arrows, e.g. the category
|G1], generated by the graph Gi:

k

has no maximal arrow, and in the category [G5], generated by the graph Go:
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f

\/

all non-identity arrows are maximal.

Later (Theorem 4.8) we shall prove that simple w-categories are exactly those which
are free w-categories generated by a simple w-graphs, i.e. that a w-graph is composable
iff it is simple.

We shall define a functor

Tr: swGr — T

Let G be a simple w-graph. Let max(G,) be the set of maximal elements in G, and
max (G, x,y) the maximal element in G, (x,y), provided z,y € G,,_1 and z >y. We put

Tr(G)" = max(G,)

Thus Tr(G)° contains only max(Gy), the maximal element of Gy and for n > 0 and
x € G, we have that z € Tr(G)" iff x = max(G,, d(z), c(x)).

The projection p,, : Tr(G)"™ — Tr(G)" is defined as follows. For x € Gy, p'(z) =
max(Gy). For n > 1 and = € G,

p"(x) = max(Gp_1,dn—2)(7), cn-2)(x))

The order in the fibers of Tr(G) is given as follows. If u,v € Tr(G)' then u > v iff
d(u) > d(v) in Gy, and if w,v € Tr(G)" for n > 1, then u > v iff d(u) > d(v) in
Gr-1(dn-2)(2), Cn-2)(¥))-

Let f : G — G’ be a morphism of simple w-graphs. Then for z = max(Gy) € Tr(G)°
we put Tr(f)°(z) = max(G}) and for x € Tr(G)" for n > 0, we put Tr(f)"(z) =
max(G, d(fn(2)), c(fn())).

The functor T'r is neither full nor faithful, but it is conservative (i.e. reflects isomor-
phisms) and essentially surjective. We shall sketch why the last property holds. Let T be
a tree. We shall define a simple w-graph G such that 7Tr(G) is isomorphic to 7'. To this
end, we define a predecessor function

preq: | JT° — [JT7

s=1 5=0
such that, for x € T",
req(z) = next element in the fiber if exists
Prer B Pnil(ﬁU) otherwise

for n > 1. We put
G, = T"+T"!
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forz e T" — @G,
d,(x) = prep(z) € G,y
reT” — G,

()
for x € T — G,
dn(z) = preq(p"(x)) € Gy
cn(z) =pt(x) € T" — Gp
Now, one can check that Tr(G) is isomorphic to 7.

Putting together the functors that we have mentioned so far, we get the following
diagram of categories and functors

D S - wCat
=) ] |- (-] [—=1] |u
T = Tr swGr ~ wGr

where horizontal arrow going right are inclusions.

2.3. THE UD-VECTORS. In this section we introduce ud-vectors, some vectors of natural
numbers. They characterize up to an isomorphism both disks and simple w-categories,
being much simpler then either of them.

The reason, the notion of a ud-vector is rather technical as opposed the other two
is that there is no reasonable easy notion of a morphism of ud-vectors. However, it is
very convenient to describe domains and codomains of disk morphisms and w-functors
between simple w-categories using ud-vectors. Some (important) pullbacks in D can be
described in terms of operation of amalgamation of ud-vectors. For [ € w, we introduce
an [-size of ud-vectors. This will allow us to show easily many properties of disks and
simple categories, by induction on [-size.

By an up-and-down vector, ud-vector for short, #, we mean a sequence of natural
numbers 4 = (ug, ..., us) with & € w, such that ug; 1 < ug;, ugire, for i € k. By the
length 1h(@) of a ud-vector @, we mean the number of even-numbered elements in it. (To
help the intuition of the reader, let us note that, with 7" the tree corresponding to u in the
sense indicated in the Introduction, we have that 1h(«) is the number of the leaves in 7.
This, and the similar parenthetical remarks that follow, are not needed for the technical
development.) Thus, in the above case, Ih(@) = k + 1. The height ht(@) of a ud-vector ,
we mean the maximum number in @, i.e. max(@). (ht(@) is the maximal dimension of a
cell occuring in GG, the simple graph corresponding to «.) If we write @ = u', z,u" then
we mean that the ud-vector @ is a concatenation of ud-vector u’ followed by a single term
z, followed by ud-vector a
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Let [, k € w, 4 a ud-vector of length k+ 1 . We say that  is [-primitive iff min(w) > 1
and max(u) > [. The [-size of a ud-vector 7i we define as follows
1 ifu=mwug <l
sizeq) (1) = 1 if « is [-primitive
sizeq) (W) + sizeq (u”) if @ = !, z,u", z = min(@) < [
We shall prove many statements involving ud-vectors by induction on [-size. (With G as
above size)(u) is the number of equivalence classes of the relation ‘a parallel to b’ for
l-cells a, b, where the [-cells a, b are said to be parallel if either | = 0, or d(a) = d(b) and
c(a) = ¢(b).)
The ud-vector trq)(u), the l-truncation of i is defined, by induction on l-size of #, as
follows
Uo if 4 = Ug S [
try () = [ if « is [-primitive
tr (W), Z,tr(l)(u7’) if @ =,z 4" and z = min(@) < [
(With G as above, trg)(u) is the ud-vector associated with the ‘l-truncation’ G’ of
G, where GG’ is obtained from G by deleting every cell of dimension greater then [, and
replacing each parallelism class of [-cells by just one [-cell.)
For | € w and ud-vectors @, ¥, such that trg (@) = trg(v) = @, i.e. @ and ¥ are
l-compatible, we define recursively a ud-vector [u, [, V], an l[-amalgam of ud-vectors @ and
¥, by induction on [-size of W, as follows

U ifﬁzvgél,

U if @ =wug <1,

u,l, v if both 4 and v are [-primitive,
. R IR I T S S M
[W,l,0] = [/ 1), 2, W 0" i d = 2w U= 2,0

!

e (u) = trg (v),

tr(l) (u”) = tr(l) (’U”)
and z = min(%) < (

If we write [i, [, U], we always presuppose that @ and ¢ are [-compatible. (The [-amalgam
[@,1, 7] can be related to simple graphs as folows. Let G, H and I be the simple graphs
corresponding to u, ¢ and W = try)(d) = tr)(v), respectively. Consider the map c :
I — G, d: I — H defined as follows. On cells of dimensions less that [, ¢ and d are
‘inclusions’. For a in I of dimension [, c¢(a) is the last element in the parallelism class of
elements of G corresponding to a, d(a) is the last element of the corresponding class in
H. Finally, let J be the pushout (in the category of w-graphs) of the maps ¢ and d. J is
the simple graph corresponding to [, [, 9].)

The (n1,n3)-amalgam [, ny, v, ns, W] of three ud-vectors @, v, w, such that @ and ¢
are nij-compatible and ¢ and w are nz-compatible is defined as follows:

[[67 nlaﬁ]an&u_j] if ni 2 ns

[u,nl,v,ng,,w] = { [ﬁ‘,nh[ﬁ?n?ﬂwﬂ if ny < ng

We list the following easy relations between the notions introduced above.



2.4. LEMMA. Letl,ni,n3 € w, i, v, W ud-vectors,

and v and W are ny-complatible. Then

1. if ht(uw) <1 then trq)(d) = u;

if 1< ny then tr) (tr(ny) (7)) = trg)(a);
bt ()) = min(L, bt ());

sizeq) (1) = sizeq)(tra) (@) = th(trq)(a));
ht([a, 1, 0]) = max(ht(a), ht(0));

if 1 <y then trgy(u

if ny <1 then try([d,n,7]) =

if ny = ng then [[4, ny, V], n3, W] =

© RS v L e

if n1 < ng then [U,ny, v, ng, W] =

~
S

if ny > ng then

[ﬁa ny, Ua ns, U_;] -

i) = trg) ([, 0, 0)) = try (0);

[tr (o) (@), 1, tr () (T)];

17

such that 4 and U are ny-complatible

[67 ny, [777 ns, 'U_J)H,

H’J, ni, ﬁ]a ns, [tr(ng)(ﬁ)a ny, w]]?

Hﬁ7 ns, tr(nl)(w)]v ni, [ﬁv ng, U_;H,

11. [trp (@), ny, U] = U = [U, ny, tren,)(0)];
12. if ny <l then

try ([, na, 7)) = try([tre) (@), n1, 1) = tre ([@ na, tre (0)]);
13. if ny < then

[ﬁa nlaﬁ] =

Proof. Exercise.

([, ;s tray ()], s [tray (a
Htr(l)( ) 711,17],1, [u ny, trg

1,0 =

i), n
) (@)]].
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The free w-category on the terminal w-graph can be conveniently described in terms
of ud-vectors and the operations introduced above. We denote this w-category by UD.

Intuitively, UD is constructed by formally composing ud-vectors of length 1 (the gen-
erating cells of UD) in all possible ways. The cells in UD are diagrams of (generating)
cells with some prescribed compatibility (the domains of some cells match the codomains
of some other cells, in such a way that they 'compose’ altogether to a single cell). In
ud-vector u the i-th generating cell uo; matches i+ 1-st generating cell ug; o at level ug; .

The set of n-cells UD,, consists of the ud-vectors of height at most n. The domain and
the codomain operations:

for [ < n, are given by the [-truncation, i.e. for a « € UD,,, we have

day (@) = cqy(1) = tr (@)

The operations are well defined by Lemma 2.4 3.
The identity operations:

Ln) = L(Ii)D :UD;, — UD,,

are inclusions, for [ < n.

The compositions in UD are given by the operations of amalgamation. The set
UD,yyny.ms 18 the set of ny-compatible pairs of ud-vectors (i, ), such that ht(@) < ng
and ht(?) < ny. The composition

Mng,ning - UDTLOJH,TLQ - UDmaX(ﬂoﬂlz)

—

is given, for the pair of ud-vectors (i, ¥') € UD,, n,.n, by
Mng,n1,n2 (ﬁ7 U) = [ﬁ, n1, ﬂ

The composition is well defined by Lemma 2.4 5.

2.5. PROPOSITION. UD defined above is the free w-category over the terminal w-graph
1.

Proof. First we shall verify that UD is an w-category and then we shall show that it is
free over 1. To prove this we are going to use Lemma 2.4.
By Lemma 2.4 2, we have,

dod=doc=cod=coc

so UD is an w-graph. We shall indicate, why conditions (vi)-(xi) in 6.2 of the definition
of an w-category are satisfied.
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(vi) .1: let (@, 0) € UDpgnyngs { < my. Then, using Lemma 2.4 6, we get
dqy o mo(tZ, ¥) = dy()

= trq) (V) = tre) ([, n1, 7))
= d(l)([ﬁv ni, 77]) - d(l) © m(ﬁv U)

(vi) .2: use Lemma 2.4 6.

(vi) .3 and (vi).4 are similar.

(vii) : use Lemma 2.4 1.

(viii) : use Lemma 2.4 1, 8, 9, 10.

(ix) : says that the compositions, of inclusions is an inclusion.
(x) : use Lemma 2.4 11.
(xi) : use Lemma 2.4 12, 13.

This shows that UD is indeed an w-category.
Now we shall show that UD free on 1. We define

n:1— UD

so that n,(x) =n € UD,, for n € w. Let F: 1 — A be an w-graph morphism into an
w-category A. We define an w-graph functor F : UD — A, as follows:

T - JwFW) - ifu=u .
Fa(@) = { ﬁl (F(u), F(u")) if =1 lu” and = min(«) = [ < min(u')

It is easy to see that, more generaly, the equality which results by droping the condition
I < min(«/) is also true.

The verification that F' on = F is trivial. Since every cell in UD is obtained by
applaying the ¢ and the m operations repeatedly starting with ud-vectors of length 1,
if follows that F must be unique, if it exists. It remains to show that F is indeed an
w-functor. F preserves domains. Let | < n and @ € UD,. We need to show that
day(Fn () = Fi((dy (1))

The argument is by induction on [-size of .

If sizey (@) = 1, we argue by induction on lenght of . If 1h(w@) = 1, i.e. @ = ug, we
have for [ < ug:

Fi(dy (@) = Fi(dg)(uo)) = Fi(x)) =

= Fi(duy(x)) = day(Fi(x)) = dgy © t(n)(Fup (%)) =

= dgy(F(uo)) = dgy(F (i)
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and for [ > uyg:

!
l

If Ih(z) > 1 then ¥ = v/, k,u
hypothesis, we get

(@) > . Using the inductive

=
=
@)
=
@
S
V
o
I
2.
=

Now assume that sizeq)(u) > 1, U = ', kou”, and k = min(@) < [. Then, using the
inductive assumption and the axioms of w-categories, we have:

Fi(dq)() = Fi(tr) (i) =

= Fi(tray (W), k, tray (@) = my g (Fi(trgy (@), Fy(trgy (u”))) =

= mu(Fi(doy (W), Fo(dy (u))) = mugoa(dy (Fu(u'), day (Fa(u”))) =

A0y (M o (Frn(u!), dity (Fr (1)) = dipy (Fo (i)

For the codomains, the argument is the same. B
F preserves identities. Let n < | and @ € UD,,. We need to show that ¢ (F, (1)) =

Fi(eq) (1))
The argument is by induction on lenght of @. If @ = ugy then

vy (Fu(@) = 1) (t(n) (Fluo (%)) =

= 1) (Fuy(+)) = Fulx) = Fulu (+))

If @ = k,u" where k = min(%), we have

v (Fn(@) = 1y (mua(Fa (), Fo(u))) =
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— —_— —

= Mot (1 (Fn (@), 1y (Fn (@) = muga(Fi(ey (W), Fiey (W) =

= my o (Fi(W), Fy(0")) = Fy(@) = Fi(e (@)

F preserves compositions. Let (@, T) € UDyg ) .nyy = max(ng, nz). We need to show
that mangm,ng (Fng (€), iy (V) = Fn(Ming g s (U 0)).

The argument is by induction on ns-size of W = tr,, (@0).

If @ = up < ny then @ = trp,)(V) = t(ng)(d(ny)(V), n = nq, and we have

M,y (Fno (ﬁ)7 F F

no (U)) = Mgy, (Fno (b(n0)<d(n1)(6>>>F7L2 (17)) =

Bl

= M, (L(no)(d(n1)<Fn2 (U))a Fn2 (17)) = Fn(ﬁ) =

Fo([tr(,) (9), 0]) = Fo(ma, (4, 7))

The case U = vg < ny is similar.
If both « and v are ni-primitive then

Now, let @ = o/, 1,u", T = v/, 1,v", | = min(@) = min(7) < ny, tr,, (v/) = tr,, (v/), and
tr,, (u”) = tr,, (v"). Then, using inductive hypothesis, axioms (vi), (viii), and (xi) of the
definiton of w-category, and the fact that

—

d(m)(ﬁng (27» = C(m)(Fno( ), C(m)(Fno (u_;,)) = d(n1)<Fn2 (U_;/)) (1)

we have (we drop indices in F')

(assumption on @ and v)

(definition of n;-amalgam)



(definition of F)

(inductive hypothesis)

(axiom viii.4)

(axiom viii.2)

(axiom vi.1)

(equations (1))

—_ > -

= 1, (M, (M (F (W), iy (F(u”))), 170 () (F (

My (my(F(07), dioy) (F(07)), (e (F (1)), F(07)))) =

(axiom xi, middle exchange law)

(definition of F) -
= 1, (F (1), F'(7))

This ends the proof of the proposition.

22



23

2.6. SOME NOTATION CONCERNING w-GRAPHS AND w-CATEGORIES. In this section we
introduce some notation concerning w-graphs and w-categories. For any w-graph G and
ud-vector @, we define the pullbacks Gz of 1h(u)-tuples of compatible cells and between
such objects we define the ‘multi’-versions of the operations of domain dg;, codomain ¢,
and some projections. If additionally, G is an w-category we define the "multi’-versions of
the operations of composition mgz. These 'multi’-operations satisfy some generalizations
of the laws defining w-categories. The explicit statements and proofs of these laws are in
Appendix 6.3.

Since we will use these definitions not only when the ambient category is Set but also
in the category D which is not even finitely complete, we assume that we have a fixed
w-graph G and w-category A in a category C with all (finite) limits that are explicitely
taken.

We assume that in C, for any ud-vector u, we can form the following limit

U2k 2 UZk
“2k 1
If 0 <i < j < lh(u) we denote by
7rZG] Gy — Gu%m,ugj

the obvious projection.
Let [ € w and @ be a ud-vector, lh(@) = k + 1. The morphisms of multi-domain and
multi-codomain in an w-graph G

du 1 Ca; l G Gtr(g)
are defined recursively, as follows
la,, if 4 =wup <1
poo d(Gl o Ty if 4 is l;primijive;
who dG x d<, oy =/, w,u” and w = min(a) < [.
min(u) > 1.
and
1Gu0 lfﬁ:UQ S l;
G c(cf) o Ty if 4 is l;primijive;
Gl % xc& if @ =/, w,u” and w = min(%) < [.
u’sl w5l
min(u/) > 1.




It is convenient to define morphisms d( c(l) G, — Gmm L) for any I,n

putting d(Gl) = c(Gl) =1dg,,if | > n.
For 4,7 € UD,, n, n, the projection morphisms in C
7 - G[ﬁ»nlvﬂ] - Gﬁ

G
7T0;17

Gl — Ga

are defined as follows

dguo if © = Uy < ny;
o if @ is ny-primitive, and lh(@) = k + 1;
7o, =
0;@ o — — — —
7 78 xnC. fd=u, 20, 7=, 20"

0’ ’ O;UH _’7 Y Y . 7 7 ) .
tr(m)(u’) = trp)(v'), tr(m)(u”) = tr(m)(v”),
and z = min(@) < ny.

and
G it ¥ =wvy < ny;
T if ' is ny-primitive, lh(@) = k + 1,
Wfﬁ — and lh(u n, U )—k +1;
Wﬁ;, X me if = u_}, zul, T —_)v 2,07, ) )
by (U) = 0y (V) 7y (W) = iy (07),
and z = min(@) < n;.

In Lemma 6.5 we show that, with the above definitions, the square

G
T~
1;0
Glan,7 Gy
G G
7T0; 74 dv n1
Gy — G
cﬁ;nl

is a pullback.
Let @ a ud-vector, Ih(@) = k + 1 > 2. We put

u=max{ug1:¢ €k} and j=min{i € k: ugy1 = u}

and then @ = v/, ugj_1, Ugj, U, Ugji2, Uzj13, u”, for some ud-vectors v/ and u”.
phisms A
1Au7 X m“2j7u7u2j+2 1Au7/

Ag

u! ugj—1,MNaX (ugj,uzj42),u;4+3,u”
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€ w, by

The mor-

(2)
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is the one-step (u-compatible) composition morphism, and the morphisms

A
mg

Aﬁ Aht(ﬂ‘) (3)

which is a composition of one-step composition morphisms is the canonical composition
morphism. By convention, if @ = ug then m% = id Aug -

2.7. THE SMALL DUALITY FOR S; AND D!. For n € wt, by S,, we denote the category
of simple n-categories i.e. the simple w-categories truncated to the first n levels, and by
D™ we denote the category of finite n-disks, i.e. disks truncated to the first n levels. In
this section we sketch the well know duality between S; and D! in the way we will prove
duality between & and D. In fact, for any positive n, the duality between S,, and D"
holds and it is a restriction of the duality between S and D.

S is equivalent to the category of finite non-empty linear orders and monotone maps
and D! is equivalent to the category of finite linear orders with (necessarily different)
endpoints and monotone functions preserving endpoints. Thus, it is well know that they
are dually equivalent. An easy explanation of this fact can be found in [SGL]. Below, we
will exhibit a more involved but, as we believe, more instructive explanation of this fact,
that can be generalized to the higher dimensional categories, of which it is a special case.

Before we prove the duality theorem we need to develop some notation. Both elements
on level 1 in a disk in D! and objects in categories in S; comes with an order. However it
is convenient to draw these orders in reverse directions, in disk as increasing orders, and
in categories as decreasing orders. At the end of this section we will return to this point.

THE 1-DISKS. An object of D!, i.e. a 1-disk in Set, is a finite linear order with different
endpoints, i.e. it is isomorphic to one of the form

1 b
{(k,):0<k<l<n} (k:0<k<nt—2 +{x}
o t

for some n € wt, where b(x) = 0 and ¢(x) = n. Such a 1-disk will be denoted by |n].
We introduce a notation for maps into |1] in D'. For | € n we have disk maps

[1+1:|n) — |1

defined by

LI+1(i) =

0 if 1<
1 otherwise

We write [; or ;1 + 1 for [;1+ 1, as well. These are all the maps from |n] to [1].
A map g : |n'| — |n] induces a dual map by composition

D'(g,[1]) : DX(|n), [1])) — DY), [1])
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Dl(g,[1)(I;) = TLiog
for [ € n.

The category D! does not have pullbacks of arbitrary pairs of morphisms with common
codomain. But it has some pullbacks. In fact, the morphisms f : |n| — |[l| and
[ |n'] — |1 have a pullback in D' iff for any = € |I] either f~!(z) or f~!(x) has
at most one element. If this is the case, the pullback is computed as in the category of
posets. Let d,c: |2] — [1] be morphism in D!, such that d = 0;1 and ¢ = 1;2. Then
d and c satisfy the above condition and we have a pullback

3] —w 2]

) d

2] —— 1]
Similarly, we have a pullback
4] =2 13]

12 ™

13) 5 2]

Let

m: [3] — [2] i [1] — [2]
be morphisms in D' such that m(1) = m(2) = 1. In this way, we have defined an internal
category C; in D! given by the diagram

12

. d . ™ <71><
m
1) —t— 2] —— 3] =——— 4]
c e m x 1
2 23

THE SIMPLE 1-CATEGORIES. The objects of &1 are free categories generated by finite
(possibly empty) strings of arrows. Let for n € w, [n] denote the free category generated
by the string

n—mn-1)—...—1—70

Any object in S; is isomorphic to [n] for some n € w.

Similarly, we introduce a notation for functors into [1] in &;. Since in S; the func-
tors are uniquely determined by their values on objects, we will define only their object
functions. We define functors

0l, (k+1lk), In : [n] — [1]



27
with k € n, so that for i € {0,...,n}

0D = 1
(In)(@) = 0
(k+11k)(i) = {(1) ! j{;’z

We abbreviate (k + 1[k) to either k + 1| or |k.
A functor ¢ : [n'| — [n] induces a dual map by composition

Si(e, [21) = Sul[n], [2]) — Si([nT,12])

Si(p, [2])(h) = hoy
In §; we have an internal 1-disk, denoted by D,

with p! = 2|1, p?=1]0, b= |n,and t = 0].

THE SCHIZOPHRENIC OBJECT. The category C; in D' and the disk D! in S; form to-

gether a schizophrenic object. By this, we mean, that we can form the following diagram
in Set
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* P X DI XY
5 Y ‘pT Z
b
. X o X f Y
h— f — 9f g
t Y p A

b X,X) 00 (X>X) (Xaf) (faY) (YvY)

« P (X ) SR (X,9f) (f,9) (Y.9)

- (1Y) o 91, 2) (9:2)

YY) (2.2

m X 1 1xm m X 1 1 xm

(X, X, X) (X, X, X) (X, X,f) (X,f,Y) (f.Y)Y) (Y.V)Y)
(XX (X.X.0f) (X.f9) (LY.g) (V,Y.g)
*: (X7f7Y> T (X7gf72) (fagaz) (Yg7 )
(YY) p (9f,2,2) (9,%,2)
(Y,Y)Y) (Z,7,7)

In this diagram the rows are disks isomorphic to the internal category C; in D, and the
columns are categories isomorphic to the internal disk D' in S. Before we will see this
we shall describe the data in the above diagram, in details.

The sets in this diagram are given by lists or arrays of its elements, so that the
projections were easy to understand, e.g. in the second row of the right column array

X f Y
af g
A

represents the the set {idx, f,idy, gf,g,idz}.
As we said, the columns are diagrams of free categories on simple 1-graphs, on one

object, on one arrow X Ty and, on a string of arrows X Ty 2.7 , respectively.
Thus they are equivalent to [0], [1], and [2]. In the first row there are objects, in the
second there are morphisms, in the third there are composable pairs of morphism, and
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in the fourth there are composable triples of morphism. The object X, Y, Z in 2nd, 3rd
and 4th rows stand for identities on them, i.e. for 1y, 1y, 14, respectively.

The rows are disks isomorphic to |1], |2] ,|3], and |4], respectively. In the first
column there are one-element sets, i.e. level 0 parts of the disks, in the second column
there are universes of disks, and in the third row there are linear orders on these universes.

The morphism p' and p", for i = 0,1 are 1st and 2nd projections, e.g. p°(X) =
pY) =X, pt(Y) = pH(2) =Y, p°(9) = p°(9f) = [, p'(9) = p'(Z) =Y, ete. The
morphisms p* and p™, for ¢+ = 0,1, denote p' x p* and p* x p* x p’, respectively. The
morphisms p are uniquely determined, b and ¢ picks the least and the largest elements in
the order, respectively, e.g. in the forth row b(x) = (X, X, X). The way the morphism
in the columns are defined is easy to guess: d, ¢, ¢, and m are morphisms of domain,
codomain, identity and composition, respectively.

Note that respective morphisms in rows and columns commute, e.g.

mopii:piom dopi:pliod

and so on. This is equivalent to saying, that if we pick the corresponding morphisms in
three columns, then they form a disk morphism between disks in the rows, e.g. m’s form
a disk morphism m form the disk in third row to the disk in the second row. The same
thing remains true if we exchange the role of the rows and columns. This is the essence
of being a schizophrenic object.

THE DUALITY. We claim

2.8. THEOREM. The contravariant functors of homming into C, and into D! give rise
to a Stone adjunction

Dl(_v Cl)
D! Sp
81(_’ Dl)

which is an equivalence of categories. Thus the categories Sy and D' are dually equivalent.

Proof. To fix the notation, in the following we consider the category C; in D! as being
formed of the rows in the diagram describing the schizophrenic object, e.g. the disk
universe of object of objects |1] will be {X, Y} rather than {0,1}. Similarly, we consider
the disk D! in &; as being formed from columns in the same diagram, e.g. [2] in D?
stands for the second row. This give us certain convenient identifications, e.g. the universe
of the disk |2] is equal to the set of maps of the category [1].

For n € w™, the objects of D!(|n], C;) form the set

DY(|n], 1)) = {0;1,1;2,...,n — L;n}

and the category D'(|n|, C;) isomorphic to [n — 1].
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For n € w, the universe of the disk S;([n],D!) is the set

Su(fn], [11) = {ln,nin —1,...,110,0]}

and with the increasing order so that S;([n],D') is isomorphic to |n + 1]. Thus the
functors have the appropriate codomains.
The statement of the theorem says that we have two natural isomorphisms 7 and ¢,
satisfying the triangular equalities.
We shall define these natural transformations. The component of 1 at [n] in D! is a
disk map
Moy : [n) — S(D'(In), 1), D)

such that on universes it is a function
Nny {0, ,n} — Si(DY([n), C1), 1)
so that, for i € {0,...,n},
Ny (1) : DY([n), C1) — [1]
is a functor with the object function
Nay(0)o : D (0], [1]) — {X, Y}

given by
h +~—— h(i)

Identifying D*(|n], Cy) with [n — 1] we have, for i € {0,...,n}

My (7) [0 = 1] — 1] = {3%1_1 iﬁiz

S0 1)|p| s iso.
The component of € at [n] in &) is a functor

e : [n] — DY(Si([n], D), Cy)
with object function
1o : {0,...,n} — D'(Si([n],DY), |1])
such that, for i € {0,...,n},
efm1o0(i) : Si([n], DY) — [1]
is a disk map, given by the function on universes

E[n],O(i) : Sl(ﬁﬂ, [1—‘) — {X, Y}
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by
h +—— h(i)

Identifying S;([n], D) with [n + 1] we have, for i € {0,...,n}, that
€(n1’0(i) =4i+1:|n+1] — |1]

S0 €[y is iso.
We leave to the reader the verification that ep,; and 7, are well defined,  and ¢ are
natural, and that the following triangles

S1(DYS ([
s, M \1,
1([n], DY) -~ Si([n],D')
DS (DY(|
spl(m/ \\mn
'(In],Cy) ([n], Cy)
commute. This is end the proof. [

We will make a comment on the orders in 1-disks and simple 1-categories or rather
finite intervals (strict with endpoints) and finite non-empty linear orders. In [J] there is
a very suggestive picture explaining this duality:

[ [ ] |

showing that the interval
NN

is the set of Dedekind cuts of the order

X* ok ok Xk
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The trick is that the orders on *’s and |’s are going in the different directions i.e. to have
increasing order on cuts

we need to have decreasing order on stars

* 2>k >k > %

3. Disks

3.1. SOME NOTATION CONCERNING DISKS. We introduce some notation concerning
disks. Let z,y be nodes in a disk D. We call x a left endpoint (right endpoint, bi-
endpoint) iff it is the least (largest, both) element in the linear order of the fiber over
p(x). A node z is a leaf iff the fiber p~1(x) contain exactly two elements. Note that, x is
a leaf iff it is the image of a leaf of the tree ¢(D) under the unit morphism 7 : ¢(D) — D.
Since our disks are finite, over every inner node there is a leaf. We write x <1y to mean
that both x and y are nodes in the same fiber and y is the immediate successor of x. Since
p(z) = p®(y) we can define the number

Hey = max{l: p¥(z) = p(y)}

We usually omit the superscript D. Note that, if z € D', y € D* and p,, < min{l, k}
then the node pi=w)(z) = p=v)(y) must be inner (there are at least two elements in
the fiber over it), moreover the nodes pt=w+1)(z), p=v*1(y) are comparable. This last
observation allows us to introduce a natural linear order on the whole set D! extending
the existing orders on fibers of p : D! — D!~!. Namely, if 2,y € D' are different nodes
then we put

r<y iff p(uz,yﬂ)(x) < p(uz,y+1)(y)

But this order is not preserved by the disk morphisms, in general.

If xz,y are different leaves of D then we always have p,, < min{l/,k}. Thus we can
also introduce a linear order on leaves by the above formula. We denote this order by =<
and by < we denote the immediate successor relation given by this order.

If z, y are elements of a poset, we write z | y if x and y are comparable and x [ y if
they are not.

The category BL is a full subcategory of Poset containing finite sums of finite linear
orders, i.e. a poset X is in BL iff L is an equivalence relation on X (i.e. L is transitive
on X). BZ is a subcategory of BL containing the same objects, and morphisms in BZ
preserve additionally minimal and maximal elements.

Thus the category BL is equivalent to the category of finite bundles of finite linear
orders and the category BZ is equivalent to the category of finite bundles of finite intervals.

Note that the inclusion functor BZ — BL has a right adjoint (—) : BL — BZ which
adds to a non-empty object X of BL new minimal and maximal elements at the ends of

each maximal linear order in X; () is the one-element (non-strict) interval.
The following easy lemma provides an equivalent elementary description of disks.
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3.2. LEMMA. The sequence of functions

b b b
- D - Ds+1‘ p - DS . l)1 p DO ~1
t t t

between objects of BL is a disk iff for s € w,
1. forxz € D*, bp(x) <z < tp(x);
2. p maps D*** onto D*, so that, for x,y € D*, p(x) = p(y) iff v L y;
3. for x € D*, b(x) = t(x) iff x = bp(x) or x = tp(x).

Proof. The conditions 1. and 2. say that p : D' — D¢ is a bundle of intervals and
the condition 3. expresses the disk condition. m
For n € w, we give a description of the disk ~, which is the image of #, under the

functor (—). The universe of =, is given by

. [2+1 ifo<i<n
T = Y on42 ifn<l

the projections p : '+ — ~! are defined as follows: for 0 <1 <n

7 fo<i<l|
p(i) = 1—1 ifi=101+1
1—2 ifl+1<i<2
forl=n
o = [ ifo<i<n
PUT= Vi1 ifn<i<on+1
and for [ > n

p(i) =i
The orders in fibers of v, are defined as follows: if 4,5 € 7%, then
I<nandl—1<i<j<Il+1
1< g iff or
l=n+landi=nand j=n-+1

In order to make this simple but tedious definition easier to grasp we present below the
first six levels of v3. The inner nodes are marked bold.
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NS A
0 1 2 3 4 5 6 7
AN NS
WINAG R
NNV
"2
0

Thus in v3 at level [ = 0, 1,2, 3 there is exactly one inner node /[, and [ — 1 <[ <[+ 1,
and there are no inner nodes at higher levels. Moreover, at level 4 we have 3 < 4.

3.3. LEMMA. Letl,ni,ng € w, ny < no,l. Then

l—nm1—1

‘Z' VTZ'LQ = f}/’fll +fyn2—n1—1
2. min{z € 4L 1 p™(z) =m} = my

3. max{x € %2 cpM(z) =ny} = ng+ 1+ Vf;ﬁﬁiil = 77112 —n; —1
Proof. Exercise. u

We introduce some notions and notation concerning disks ~,. Let [,n € w and z € 7..
We say that z is in the left side of v, iff either [ <nand z <l orn <l and x <n. We
say that x is in the right side of v, iff either /| <n and x > [ or n <[ and x > n. We say
that x is in the far left side of ~, iff x is in the left side of v, and it is a right endpoint.
We say that x is in the far right side of ~, iff x is in the right side of 7, and it is a left
endpoint. By (s(7,), fIs(7n), 7$(m), frs(va), we denote left, far left, right, far right sides
of 7, respectively. Note that a node in the left (right) side is left (right) endpoints and
a node is far left or far right side iff it is a bi-endpoint.

For later reference, we list below the numeric conditions for a node of to be in the
above parts of the disk 7.

3.4. LEMMA. Letl,n € w and x € v,. Then
1.xels(y) iff (1<nandx <l )or(l>nandz<n)
2. x€ fls(v) iff (1<n+1landx<l—1)or(l>n+1andz<n)
3. xers(y) iff (1<nandz>1)or(l>nandz>n)

4. x € frs(y) iff ({<nandz>1+1)or(l=n+landx>n+1)or(n+1<lI
andx >n+1 ). n
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Before defining some specific morphisms in D, we shall make some general observations
concerning them.

3.5. LEMMA.

1. Any disk morphism f : D — FE is uniquely determined by its values on leaves of

D.

2. Let n € w and D be a disk. Then the disk morphism f : ~, — D is uniquely
determined by the value f™(n) € D™. Moreover, for any x € D™ there is a unique
morphism f : 7, — D, such that f*(n) = x. Thus, we have a bijection

D(ﬁ)/nv D) — D"
which s natural in D.

3. Letn € w and D be a disk. Then the disk morphism f : D — ~, is uniquely
determined by the value {f'}1<ni1.

Proof.

Ad 1 We already noted that any disk morphisms f : D — FE is uniquely determined by
its values on inner nodes of D. But since over each inner node there is a leaf and disk
morphisms preserves projections, once we fix values of a morphisms on leaves the other
values on inner nodes are uniquely determined.

Ad 2 The node n € 4" is the unique leaf of ~y,,. Thus the value f"(n) € D" indeed uniquely
determines the morphism f. On the other hand, for any x € D" we can define a tree
morphism f’ : 6, — D by the formula f"(I) = pW(z) for 0 < I < n and f’ extends
uniquely to a disk morphism f : v, — D, such that f™(n) = z.

Ad 3 This follows from the fact that at levels [ greater than n+ 1 all the intervals contains
one element. So, for x € D!, we have f'(z) = f"(p™+Y(z)).

Let ng,nq,no € w and ny < ng, no. We define the codomain morphism
Cn) = C: Vng — T
by the condition ¢"(ng) = ny, and the domain morphism
Ay =d: Yy — Yy

by the condition d"2(ny) = ny + 1. Since these morphisms play very important role in
this paper we shall give their full descriptions. For x € %lzo we have

T if (0<1<mny)or(x<ng)
cl(x) _ ny ifn1<landn1§x<’yio—n1—1
ny + 1 ifn1<landx:fy£10—n1—1

$—720+2n1+2 ifnl<land%lm—nl—1<x<%l10
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and for y € 7} we have

Y if (0<1<my)or(n <landy<n)
dl() B ny ifny <land y=mn
¥y = ny +1 ifn1<landn1<y§722—n1—1

Y=Y 20 +2 i <land vy, —m -1 <y <7,

3.6. THE LIMITS IN BZ. We want to study the limits in D. In particular, we want to
show that all the disk are the multi-pullbacks constructed using objects 7, and morphisms
c and d. Before we do this, we shall characterize, in this section, the multi-pullbacks in
BI.

For k € w, by a zigzag of morphisms of length k + 1 in a category we mean a diagram

C&k—?

Co Cy Cy Cox
fx ﬁQ & /f4 fzkx ﬁ% (4)
Ch Cs

C&kfl

The limit of such a zigzag, if exists, is called multi-pullback.

Given a zigzag (4) in Poset. By a compatible tuple for this zigzag, we mean, a k + 1-
tuple (xzo, ..., xg) such, that x; € C; for i € k+ 1 and fo;41(x;) = forra(xip) for i € k.

Thus, the limit of (4) in Poset is the set of compatible tuples of the zigzag (4) with
pointwise order.

The limits in the category of linear orders, it they exists, are computed in the category
of partial orders Poset. This is mainly due to the fact that, one- and two-element linear
orders are objects of this category. The same is true for the category of (non-strict)
intervals Z, since if all the maps in a diagram of linear orders preserves endpoints, then
so do all the projections. Thus in Z the limit of a diagram exists if its limit in Poset is a
linear order. For similar reasons the limits in both BL and BZ, if exists, are computed in
Poset.

We say that a zigzag (4) in Z is thin iff for any compatible tuples &, ¢ if there is
0 <4y < k such, that Ty < Yig and f2i0+1(xi0) = f2i0+1<yi0) than z; = Yi, for all
19 <1< k.

We have

3.7. LEMMA. The limit of a zigzag of morphisms (4) in I exists in T iff (4) is thin. m

We say that the zigzag (4) in Poset is thin iff for any compatible tuples Z, ¢ such that,
x; Loy, fori e k+1, z <y, and foip11(2iy) = faio+1(vi,) for some iy € k, we have
x; = y;, for all © > 7. We state some equivalent conditions for a zigzag in BZ to be thin.

3.8. LEMMA. Let (4) be a zigzag of morphisms in Poset. Then, the following are equiv-
alent

1. the zigzag (4) is thin;
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2. for any compatible tuples T, y such that, x; L vy;, fori € k+1, x;; < y;, and
f2i0 (i) = foio (Wi, ), for some 0 < ig < k, we have x; = y;, for all i < iy;

3. there are no compatible tuples Z, y such that, x; L y;, fori € k+1, x;, < y;, and
Ty > Yiy, for some ig,i; € k+ 1.

Proof. We shall prove that 1. is equivalent to 3. The condition 2. is ’'symmetric’ to 1.
and its equivalence with 3. can be proved similarly.

Suppose 3. does not hold. Let Z, y be compatible tuples for (4) such, that z; L y; for
all i € K+ 1, and z;, < yi,, Ti, > Vi, for some 7p,% € £+ 1. Without loss of generality,
we can assume that g < ¢;. Let

ip = max{i <1y :x; <y}
Then Tiy < Yigs Tig+1 > Yig+15 f2i2+1($i2) < f2i2+1(yi2) and

foirt1(Tiy) = foizr2(Tint1) > frinr2Wi1) = foins1(Yin)

So, we have fo;,1+1(%i,) = foiy+1(Yiy), 41 > i2 and x;, # y;,, i.e. the zigzag (4) is not thin.

To prove the converse, suppose that 1. does not hold. Let Z, i/ be compatible tuples
for (4) such, that z; L y; for all ¢ € k+ 1, and for some 0 < iy < i1 < k, z;, < i,
f2i0+1<~rz’0) = f2i0+1 (yi0)7 Ty 7é Yi, - If Tiy > Yig, then this contradicts 3. 1mmed1ately If
x;, <1v; then the tuples

—

x = <x07' <y Ligy Yig+1s - - - ’yk’> y/ = < Yo, Yig) Tig41y -+, Th >
are compatible and contradicts 3. [

3.9. LEMMA. Let (4) be a zigzag of morphisms in Poset, ¥, y compatible tuples such that,
x; Ly, fori € k+ 1. Then the tuple Z = (2;)ick+1, where z; = min{z;,y;} is compatible
and Z < I, 9.

Proof. We shall prove, for ¢ € k, that

fait (Zz) = f2z’+2(Z¢+1) (5)

Fix i € k. If z; and z;,1 comes from the same tuple Z or ¢/, then (5) holds, since both
tuples are compatible.
Suppose that z; = z; < y; and 2,11 = y;21 < x;11. The other case is similar. We have

foiv1(wi) = faira(Tiv1) 2> faivo(Yiv1)

and
Joir1(75) < foii(yi) = faira(Wit1)
i.e. (5) holds. n
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We have

3.10. PROPOSITION. The zigzag (4) in BZ has a limit iff it is thin. Moreover, if this is
the case the limit is computed in Poset.

Proof. Assume that (4) is thin. Let &, i/, Z be compatible tuples, such that ¥ L ¢ L Z.
We shall show that ¥ L Z.

Since the relation L is transitive in Cy; we have z; L Z;, for i € k+ 1. If ¥ = Z then
clearly ¥ 1 Z. So, assume that ¥ # 2. Let

ip = min{i:z; # 2z}
With out loss of generality, we can assume that z;, < z;,. Let
ip = max{i:z; <z}

If iy < k then we have x;, < z;, and x;, 11 > z;,+1 and the zigzag (4) is not thin, by
Lemma 3.8. Thus i, = k and ¥ < 7, so & L Z, as required.

Thus, we have shown that the limit of (4) in Poset is in BZ. Hence this zigzag has a
limit in BZ.

To prove the converse, assume that the zigzag (4) is not thin and let (L,7) be a
limiting cone of (4) in Poset. Then, by Lemma 3.8, we have compatible tuples Z,  such
that z; L y;, fori € k+1, z;, < y;, and z;, > y;,, for some ip,7; € k+ 1. So, in particular
Z ) y. By Lemma 5 the tuple 2 = (z;)ickr1, where z; = min{x;,y;}, for i € k+ 1 is
compatible and z2' < Z, 3. So L is not transitive on L, L is not in BZ, and hence the zigzag
(4) does not have a limit in BZ. "

3.11. THE LIMITS IN D. In this section we study the limits in the category D. We show

that each disk has a canonical presentation as a multi-pullback of disks of form ~,. Such

a presentation describes the correspondence between the disks and the ud-vectors, the

numerical invariants for disks, i.e. ud-vectors determine the disks up to isomorphisms.
Note that, for [ € w, we have functors

(—)l :D — BT

sending disk D to its I-th level D' (not forgetting the order).

3.12. PROPOSITION. The limits in D, if exists, are computed pointwise in Poset, i.e. for
a cone in D to be a limiting cone it is necessary and sufficient that, for each | € w, its
image under every functor (=)' be a limiting cone in Poset.

Proof. Fixl € w.

Recall from Lemma 3.5 that, for any disk D, we have a bijective correspondence
between nodes x € D' and disk morphisms f, : 9y — D, such that f.(I) = z. Let vy =16
be a disk, such that 6 is a tree with one node at levels smaller than [, two nodes [ <[+ 1,
at level [, and no other nodes. It easy to see that, we have a bijective correspondence
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between pairs of nodes x,y € D', such that * < y and morphisms f,, : v — D, such
that f. (1) =z and f,(I4+1) =y.

Let (D, ), be a limit in D of the functor F' : J — D. Then, for [ € w, we have a
bijective correspondences

x € D
foc:’yl—)D
71-Ofa::’yl—)ﬁj

o folpy: {l} — F

and
r,ye D', <y
Joy: v — D
TO foy:y — F
7o éy[{l7l+1}:{l§l+1}—>F1
o fo Al — F' < alofl Ty {l+1} — F

where the second bijection, in both cases, follows from the fact that (D, ) is a limit of
F. These correspondences show that, the universe of D' is in bijective correspondence,
via 7!, with with cones from one-element set to F' and moreover the order of elements in
D! corresponds to the pointwise order of cones from one-element set to F', i.e. (D!, 7') is
a limit of F' in Poset.

To finish the proof, note that, the morphisms p, b, ¢ in disk D are morphisms into
limits (D', 7') from cones induced by morphisms p, b, ¢ in disks F(j), for j € Ob(J). Thus
they are unique. [

We call a zigzag of morphisms in D thin iff its image under every functor (—)!, for
[ € w, is thin in BZ. We have

3.13. LEMMA. The limit of a zigzag of morphisms in D

D2k—2 D2k

D Dy Dy
(,)fl\\ /fz f\ /f4 f2k:—1\\ /ka (6)
Dy D3 D

2k—1

exists iff the zigzag (6) is thin.

Proof. By Propositions 3.12, 3.10, the condition is clearly necessary.

Assume that, the zigzag (6) is thin. We shall construct a limit (D, ) of (6) in D.

Since (6) is thin, for I € w, we have a limit (D', 7') in BZ of the zigzag (6), the image
of (6) under the functor (—)!. Thus z = (%;)icxs1 € D' iff for1(x;) = foiro(wivr), for
1€ k.

Let p : D' — D! be the unique morphism from the cone (D', p o 7*1) into the
limiting cone (D!, 7!), so that por!*! = wlop. Similarly, b, : D! — D! are the unique
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morphisms, into the limiting cone (D', 7!*1), such that
borl=7"tob and borl=7Tlob

This ends the construction of (D, 7).

Note that 7 preserves order, and commutes with p, b, ¢t by construction. Now, by
Lemma 3.12; to show that (D, ) is a limit of (6) in D, it is enough to prove that D is a
disk. To this end, we shall verify that it satisfy the conditions from Lemma 3.2.

Fix | € w. Clearly, D' is an object of BZ.

If z € D!, then

bp(x)) < x < t(p(x)) iff blp(x;)) < x; < t(p(x;)) foriek+1

and the latter condition holds, since Ds; is a disk, for i € k + 1.
Let z,y € D" If p(z) = p(y) then b(p(z)) < z,y, and since D! is in BZ, we have
x L y. On the other hand, if x L y, then z; L y;, for ¢« € k + 1, and then

p(r) = (p(i))ickrr = PWi))ierr1 = py)

Thus, it remains to show that, for x € D*!

b(x) = t(x) iff = = b(p(z)) or = = t(p(z)) (7)

If x = b(p(x)), then x; = b(p(z;)), and hence b(x;) = t(x;), for i € k+ 1. Thus
b(x) = t(z).

If x = t(p(x)) the argument is similar. This proves one side of (7).

For the converse, we assume that b(x) = t(x). Then y = b(p(z)) < z < t(p(z)) = =.
We need to show, that one of those inequalities is, in fact, an equality.

Assume contrary, that y < = < z. Note that, for i € k + 1, since b(x;) = t(x;), the
node z; is outer and then either x; = y; or x; = z;. There are iy,72 € k + 1, such that

Tip = Yo < 2z, and  yi, <z, = Ty

Suppose that i; < 5. The case iy < i1 can be treated similarly. Let

ip = max{i <iy:m; = y; < 2}
Then ig < 25 and
Tiy = Yip < Zip and Y1 < Zigpl = Tigt1
Thus, we have
foigt1(Wio) = faio+1(Tig) = foigr2(Tigr1) = faigr2(Zig+1) = faio+1(2i)

g > 1o, 2iy # Yip and y; L 2, for i € £+ 1. But this contradicts the fact, that 6! is thin.
Thus z = b(p(x)) or x = t(p(x)), and (7) holds. n
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Let ng,n1,n9, ¢, d be as above, [ € w, x € ’yfm and y € ~%,. If c!(z) = d(y), we say
that = and y are connected, and more specifically, x is connected to the right to y and y is
connected to the left to x. In order to study limits of some diagrams involving ¢ and d, we
need to analyze properties of connected nodes. When two elements are connected they
may be from different sides of the disks and if one of the elements is inner the other may
be not. However, the connected elements inherit some properties one from another. Since
the following lemma contains many conditions we add some slogans to help understand
and remember them.

3.14. LEMMA. Letl,ng,ni,ne € w, ny < ng,No, T € 'yfm and y € %2, and c'(x) = d'(y).
Then

1. if x is in the (far) left side of vy, then if y is in the (far) left side of v, and y is
the unique node of 4%, with the property c'(z) = d'(y)
(the slogan: elements from the (far) left side are connected to the right to elements
on the (far) left side and they are connected in a unique way);

2. if y is in the (far) right side of ., then if x is in the (far) right side of vn, and x
is the unique node of ”yflo with the property c!(x) = d!(y)
(the slogan: elements from the (far) right side are connected to the left to elements
on the (far) right side and they are connected in a unique way);

3. if y 1s in the left side of vn, and x is in the right side of vy, then either x is in the
far right side of v, or vy is in the far left side of v,

(the slogan: if an element in the left side is connected to the left to an element on
an element on the right side one of the elements must be in the far side);

4. 1 < nq then x is inner iff y is inner;
5. if x is inner and ny <1 then y = nq, i.e. y is in the left side;

6. if y is inner and ny <l then x = ’yﬁlo —ny — 1, 1.e. x is in the right side;

(the slogan the last three conditions: the inner nodes are connected to unique ele-
ments; moreover they are connected either to inner nodes or to the left to elements
in the right side or to the right to elements in the left side).

Proof. Recall the numeric conditions from Lemma 3.4 for elements to be in special parts
of the disk v,. For the whole proof we assume that I,ng,ny,ns € w, ny < ng,n9, and
T € Yy Y € Yy, and c'(z) = d'(y).

Note that, if [ < n; then, if one of the nodes z, y is in either side or far side or is inner
then so is the other node. Thus for [ < ny, all the statements of the lemma are obvious.
Therefore, we assume further that [ > n;.

Ad 1. Let z € fls(p,). If x < ny then

y =2 < n < min{l—1,n,—1}
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and hence y € fls(v,,). If x > n; then [ > ny + 1 and then
min{l,ny} > n; = c(x) = d'(y) =y

and y € fls(vp,), as well.
Now assume that, x € (Is(Vn,) \ f1S(7n,))- Then l < ng+ 1, z =1 — 1, and we have
again
min{l,ny} > n; = c(z) = d'(y) =y

i.e. y € ls(7n,). Note that in all the above cases the node y connected to z is unique.
Ad 2. Let y € frs(yn,). Ify >+, —ni +1 then d'(y) > ny + 1. It follows that,
c(z) > ny + 1, and we get

= c(x)+9,, —2m —2 > 9, —ni —1>min{l,ne}

This means that © € frs(yn,). If y <AL, —ni—1thenl>n;+1,ny +1=d'(y) =c!(z)
and
x = A —ni—1>min{l,ng + 1}

Hence x € frs(yp,).

Now assume that, y € (rs(yn,) \ f7S$(7n,)). Then, either | < ny and y = 1+ 1 or
I =ny+ 1 and y = ny + 2. In either case, c¢/(z) =d'(y) =n +1. Sox =4}, —ny — 1. If
[ > ny + 1, then we already know from the above argument that x € frs(v,,) C 7s(Vn,)-
If l=ny+1then 2 =n; +2and x € frs(y,,). As before, it is easy to see that in all the
cases the node z connected to y is unique.

Ad 3. Let z € frs(v,,) and y € fls(vn,). Then, either c!(x) = ny or c'(z) = ny + 1.

In the former case, y = mn; and it is a bi-endpoint, unless [ = n; + 1. But then
x € {ny,n+ 1} ie. & & rs(yn,).

In the latter case, x = 7510 —ny — 1 and it is a bi-endpoint, unless [ = n; + 1. But then
y€{ni+1,n+2}ie y&Is(yn,).

The remaining cases are left for the reader as an exercise. [

3.15. LEMMA. Let @ be a ud-vector of length k + 1. Then the zigzag

7u2k—2 7u2k

Yo Yus Yua
NN B N T
Yus Yusz

Yuok_1

18 thin.

Proof. Fix [ € w, and let #, i be compatible tuples in the zigzag (8)!, the image of (8)
under the functor (—)!, such that for some iy € k + 1, z;, < ¥, and c(z;,) = c(y;,). By
Lemma 3.14, | > ug;,+1 and the node x;,11 = ¥;y+1 = U2i,+1 must be in the left side of
Vuziy 2> a0d then for all i > iy we have z; = y;. Hence (8)" is thin. =
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Thus, by Proposition 3.12 and Lemmas 3.13, 3.15, for any ud-vector u, the zigzag of
form (8) has a limit in D. We shall describe a specific limit (vz, 7) of the diagram (8).
We have a limiting cone in D

Vi

7”%—2 ’yu% (9)

Yuo Yz
c\‘ /1 . c\‘ /i
Yur

7“2]{271

where for [ € w, 7% is a set of compatible tuples for the zigzag (8)!, i.e. z; € 'yfm, for
i €k+1,and c!(z;) = d'(zs11), for i € k. The order on 4% is defined pointwise, as well,
as the operations p, b, t on vz, e.g. p(Z) = (p(x;))ick+1. The projections ma; : Yz — Vus,
for i € k+ 1, are the usual projections, i.e. wh,(Z) = x;, for T € L.

The following lemma gives more informations about ;.

3.16. LEMMA. All the unexplained notation refers to (9). Letl € w, & € yL. Then
1| g l= ZE (1),
2. there are 0 < iy <111 < k41, such that
x; € rs(Yau,) for i<

x; € 18(vyay,) for i>14

x; is inner (x; =1)  for g < i <iy;

3. X is inner iff x;, € 77222_0 1s inner, for some iy € k+ 1;

U2

4. there are k + 1 leaves: 7°,..., 7% in g, such that 77 € 37, for j € k+ 1 and
P LI, forjek;

5. T is a j-th leaf iff 1; = uy;, moreover x} € 7,,,; is the only inner node in ¥
6. forj €k, pg giv1 = Ugjt1.

Proof. 1. is left as an exercise.

2. follows from Lemma 3.14, since elements in the right sides are connected to the
left to elements in the right side, elements in the left sides are connected to the right to
elements in the left side, and inner nodes are either connected to inner nodes or to the
left to elements in the right side, and to the right to elements in the left side.

Fix | € w and 7 € L. If, for some iy € k + 1, x;, € meo is inner then b(z;,) # t(z4,)
and hence b(Z) # t(Z). So, & is inner, as well. If z; is outer then b(z;) = t(x;). So, if all
x;’s are outer then ¥ is outer, as well. This shows 3.
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If z;, € ”yfmo is a leaf, then z;; = | = ug;, and z;,_1 € 7S(Voug—2), Tig+1 € 1S(Y2ug+2)-
Hence, by Lemma 3.14, for i # iy, z; is an outer node. It follows, that b(Z) and t(¥) are
the only compatible tuples over Z, i.e. 7 is a leaf.

On the other hand, if ¥ € 4% is a leaf, then b(Z) # t(Z) are the only compatible tuples
over Z. Then, there is iy € k + 1, such that b(z;,) < t(x;,).

In case x;, is not a leaf, then we have an inner node y € ’yf;“ilo, such that b(z;) <y <
t(l‘io).

In case, either x;,_1 or x;,4+1 is inner, by Lemma 3.14, | < ug;,4+1 < ug;, and we have,
as in previous case, an inner node y € ’yfjgit, such that b(z;,) <y < t(z;,).

Having y as in either case, we show that & is not inner. As, y is inner, there is a
unique tuple ¢ € L, such that y;, = y. Clearly, b(Z) # ¢ # t(Z). Since x;, is inner, T is
the unique compatible tuple in 7% with z;, on i¢-th place and p(%) has x;, = p(y) on i-th
place, as well. Therefore p(y) = Z, i.e. there are at least three elements over 7 and 7 is
not a leaf.

Thus, we have shown that ¥ € ~% is a leaf iff there is a unique iy, such that x;, is an
inner node and moreover this x;, is a leaf in %lmo. Then, we must have x;, =1 = uy,.

For j € k+ 1, we define compatible tuples

i = (xfhekﬂ S %;zj

by the condition xj = ug;. Since ny; € yus’ is the unique leaf of Vus;» #7’s are well defined
by the above condition. Then, by the above considerations, they are all and only leaves
of Yii-

Since xjﬁ is inner, for [ < ugj, ug;42, we have
» » ‘ A -
pO(@) = pO@ ) it pW(al,y) = pV(i])

We can easily check, that '
Ty = Ugjy1 € Yz 1z

and, for [ > ugjiq .

P (ady1) = P (ugji1) = usjia

PV (@ 11) = pP(ugjp2) =1

Thus, we have . .

P(mﬁl)(x;'ﬂ) = p(“%‘“)(xéﬁ)

p(“%““)(xgﬂ) = Ugjp1 < Ugjy1 + 1= p(uQHIH)(m;E)

This shows, that gz z+1 = ugj41 and that &7 < @+ for j € k. So, we also have
¥ <« P for j € k. "
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Using the above Lemma we can prove the following Proposition.
3.17. PROPOSITION. Letu, U be ud-vectors, such that the disks vz and vz are isomorphic.
Then u = v.

Proof. Let u, v be ud-vectors, and let f : vz — 7z be a disk isomorphism. The leaves,
as well, as order on leaves are defined in terms of operations p, b, ¢, and order in disks.
Thus, any disk isomorphism must send leaves to leaves bijectively. Hence, vz and 5 have

the same number of leaves, say k + 1, i.e. the ud-vectors @ and ¢ have equal length. Let

70, ..., %" be the leaves of 7z and 7°,..., 7" be the leaves of 7y, listed in order. Then

f(#) =4, for j € k+ 1. Thus ug; = vy, for j € k+ 1. For [ < uy;, ugji2, we also have
p(l)(fj) — p(z) (fjﬂ) p(l)(gj) — p(l) (gy‘+1)
Thus
Uj+1 = Mgi gitl = g gi+1 = V2541
ie. U= [

We have shown that the inner nodes of the disk vz, form a tree 6z, which have 1h(«)
leaves. The j-th leaf is at the level uy; and it 'meets’ j + 1-st leaf at the level uy;41. This
describes 0z and hence 75 uniquely. For example the tree 03231920,1,04,1,3 looks like that:

s L&y

\/

N \/
\\/

We shall show, that any disk is isomorphic to a disk 7z, for some ud-vector w. To this
end we introduces some ’'projection’ morphisms from any disk into disks of form ~,,, and
gives some connections between them.

3.18. PROPOSITION. Let D be a disk, ng,ni,no,n € w. Then

1. Let v = x,, € D" be a leaf, and x; = p(x,) for 0 <1 < n. Then, there is a unique
disk morphism
T:D— ",

such that, for 0 <1 <n andy € D', we have

Ty =1 ff y=u (10)
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2. Letx € D™, y € D™ be leaves, such that x < y, and ny = fi5,. Then the diagram
D
A\
Tno Tna
Tna

3. Let x € D™, y € D™ and ny = ., such that p"* ™ (z) <p™*(y). Then there is a
unique morphism

commutes.

YD — vy
such that, for 0 <1 <n; and z € D!

y() =1 iff 2=p") (=p"(y)) (12)

and
TyP(z)=n;  and TY2(y)=ni+1 (13)

Proof. Ad 1. Let D, n, x, 2; be as in the statement. We put for [ < n and y € D!
M.y it p(uz’y+1)(y) < xux,y—i-l
T(y) = {1 ify =
20 — Haz.y if p(uz’y+1)(y) > xﬂz,y"rl

and for y € D"+

My if p(Mz,y+l)(y> < L y+1
—n+1 _ n 1f Y= (l’)
™) = n+1 if y =t(x)

20+ 1 = pray i Pt (y) > 2, 0

Since any node y € D! is either equal to x; or p*=v+1(y) is comparable but different than
plHest (), it follows, that for | < n, the above formulas defines functions z' : D! — AL
As zis aleaf, if y € D' and p(y) = x then y € {b(x),t(x)}. Moreover, if y € D" and p(y) #
x then x,,, 1 and pt=s+)(y) are comparable but different. Hence 7! : D" — 4ntl
is a well defined function, as well.

We need to verify that the functions {Z'};c, 42 preserves projections, order in fibers,
and endpoints. Then, by Lemma 3.5, we will get a unique morphism =z : D — 7,
extending the above set of functions.
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First, we shall show that the orders are preserved.

Note that, if | <n, y,z € 7}, and y < z, then p(y) = p(z) and either i, = p, . <1—1
or p(y) = z;-1 € D'L. In the former case, we simply have that Z'(y) = Z!(z), by first or
third close of the definition of Z!. In the latter case, v,z € p~t(x_1). If u € p~ (1)
then u = x;_; or puy,, = [ — 1. Hence

[—1 ifu<a
T (y) = [ if u=mx
[+1 ifu>ux

Since, y < z, and [ — 1 <l <1+ 1 in order of 7/, we have T'(y) < 7'(2).
If y,z € D" and y < z, then either y = b(z) and z = () and hence

T"H(y) —n < Tn—H(Z)

O figy = pz. < n and then "7 (y) = "1 (z). Thus, for I < n + 1, the functions 7"+
preserves the orders.

To see, that projections are preserved, note that, if l <n 4 1 and y € D!, then either
yep t(l—1)or u,, <l—1. In both cases, we have that

po(y) = T (p(y))

i.e. projections are preserved.

For the preservation of endpoints, note that, if | <n+1 and y & p~'(2;_1), then Z'(y)
is the unique element in the fiber over p o Z'(y), i.e. it is a bi-endpoint. If y € p~!(z;_1),
then

[—1 ifl<nandy<u
- n if y = b(x1-1)
Tly) = n+1 ify=t(zr_)

[+1 ifl<nandy>ux

Since all the elements are endpoints of th appropriate kind, the endpoints in p~'(z) are
also preserved by 7!, for | < n + 1.

It remains to show that, the morphism Z is a unique disk morphism satisfying (10).
Suppose contrary, that = : D — =, is a different morphism satisfying (10). Let

I = min{l’: 7" (y) # 7' (y) for some y e D"}

and fix y € D', such that 7' (y) # 7' (y).
Since ! is minimal we have

por'(y) = @ '(p(y) = T py) = poT(y)

Thus p(y) =1 —1, as [ — 1 is the only node in 7, having more than one element in the
fiber over it. So, Z!(y),n'(y) € {l — 1,1,1 + 1}. Then one of the following

T <y Yy =2 Yy <a
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holds. If z; < y, then by (10) for T we have
z'(y) # 7'(w) = 1 and 7'(z) < T(y)

Thus Z!'(y) = [ + 1. Since (10) holds for 7, as well, we also have, that Z'(y) = | + 1,
contrary to the choice of y.

The case y < z; is similar.

If y = x;, then by (10) for both Z and 7, we have

m(y) = 7'(r) = T(r) = T(y)
again contrary to the choice of y. This contradiction shows, that T satisfying (10) is

unique. Ad 2. Let xyp € D™, x5 € D™ be leaves, such that v < y, and n; = fizy,. By
Lemma 3.5, it is enough to verify that, for [ < n; + 1 and y € D!

c ozl (y) = d o (y) (14)

If | < ny, then pi,,, = fla,,. Moreover, p¥(zy) = p¥(z5). Thus Zg'(y) = T2 (y).

Since, for [ < ny, ¢! = d!, as well, (14) holds for | < n;.
Ifl =mn +1and y ¢ {p™m+(z), p™m*(2y)}, then pig,, = fia,, and, since
P () < " (2,), we have

y < p™ () iff y < p™MFD(zy)

Thus 75" (y) = T2 ' (y) # ny + 1. But, for ny +1 # z € 41" = 41*! we have

ctl(z) = d™*(z), i.e. (14) holds for y & {p™+V) (x), p™+1) (25)}.
Since ™+ (z0) <1 p™+Y (), we have

TP (@) = i+l T (P (22) = na+ 2

) = m O  (e) = w41
C"1+1(n1 + 1) = N c"1+2(n1 + 2) = nq + 1
dn1+1<n1) =1 dn1+1 (n1 + 1) =ny+1

i.e. (14) holds for y € {p™*V(z4),p™*V(25)}. Thus (14) holds for I = n; + 1, as well.
This proves that the diagram (11) commutes.

Ad 3. Let z € D™, y € D™ and ny = p,,, such that 2’ = p"™(z) < p™ti(y) = 4.
We shall give the definition of Z7y and leave to the reader the verification that, they
satisfy the conditions (12) and (13).

By 2” and y” we denote the largest leaf over 2’ and the least leaf over 3/, respectively,
if they exists, i.e. if 2’ and 3’ are inner, respectively. We put

Cnyy o’ if 2’ is  inner
Ty:D—,, = dyoy” ify'is inner
prew(x)  otherwise
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For further reference we give an explicit formula for 779 : D' — +}, where z,y €
D" and x <y. For z € D! we have

n if | >n and p™*Y(z) =
n+1 if | >n and p™*Y(z) =
l if | <n and p®(z) = 2
Ty (2) = M,z if p, . <min(l,n+1) (15)
and ple=t(z) < plie=t(z)
7}1 — Mz — L if M,z < mln(l7 n+ )
and pWe=t1) (1) < plie=t1) ()

3.19. THEOREM. Let D be a disk, and let {x;}icri1 be the set of leaves of D such that
;€ D" fori € k+1, x; < xip1 and Uiy = [y, 0, for i € k. Then the diagram

) N

7’“«2k—2 7“21@

Yo Yuz
<\‘ /j o c\\ /1
Yuy

Yuak—_1

(16)

s a limiting cone in D.

Proof. By Lemma 3.12, we need to verify that for [ € w, the image (16)' of cone (16)
under the functor (—)! is a limiting cone in Poset, i.e. we need to verify, that (16)" is a
limit in Set and that for [ € w and y, z € D!, we have

y<z iff TH(y) <7i'(z) for ick+1

First, we shall show that the diagram (16)' is a limit in Set. We have CrA™ 1. If
y,z € D' and y < z, then there is ig € k + 1 such that 7;;'(y) < Z3,'(2).
If y is inner, then for some iy € k + 1 there is a leaf x;, over y, and we have

Ty (y) =1 <1+ 1=75(2).
If z is inner, then for some iy € k + 1 there is a leaf x;, over z, and we have
Tol(y) =1 —1<1=m5'(2).
If both y and z are outer, then p(y) is a leaf, i.e. for some iy € k+ 1, p(y) = z;,. Then
Ty (y) =1 =1 <1 =<1, (2).

This ends the proof of Claim 1.
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Now, let y, z € D! be arbitrary different nodes, I = y,. + 1, y' = p)(y), 2/ = p)(2).
Then the nodes 3,2’ € D' are comparable and different, say v/ < z’. Thus, we have
a node y” € DY, such that v < y” <1 2. By Claim 1, there is i € k + 1, such that
Tl (") < Tig' (2'), and then

To'y) = T () < Tl < 7' (2) < Tl (2)
Hence 73, (y) < T3 (2).
We shall show by induction on [ € w
CrLAIM 2 For each compatible tuple {y;}icxi1 at level [, there is y € D' such that

Ti(y) =y for i€k+1

For [ = 0, Claim 2 is obvious, since at level 0 all disks have exactly one element.

Now, suppose that Claim 2 holds for [ — 1. Let {y;};cx+1 be a compatible tuple at level
l, igp and 47 as in Lemma 3.16.2 for that tuple. Since ¢ and d commutes with projection
the tuple {z;}ickt1 at level [ — 1, such that

zi = plys) € %11;1

for 1ek+1
is compatible at the level [ — 1. By induction hypothesis there is z € D', such that
TN 2) = %4 for ick+1

We shall consider four cases

1 Zozk—l—l,
2.1 =0;
3. iy < iq;

Case 1. 1f iy = k+1 then all y;’s are right endpoints. Then, since Z;'’s preserves endpoints,
the node y = t(z) satisfy the Claim 2. Case 2. If i; = 0 then all y;’s are left endpoints,
and similarly as before, y = b(z) satisfy the Claim 2. Case 3. If iy < i; then y;, = [ is an
inner node in 7s;,. We put y = p®(z;,). Then

Tiol<y> =l= Yig

By Lemma 3.14, {y;}ick+1 is a unique compatible tuple {u;};cr+1 at level [, such that
Uiy = Yio- But, {Ti'(y) }icks1 is a compatible tuple with the same property, i.e. y is as in
the Claim 2. Case 4. If 0 < 19 = ;3 < k then y;, is in the right side of ~,;, and is connected
to the right to y;, which is in the left side of ~,;,. Thus by Lemma 3.14 either y;, or v;,
is in the far side.
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If y;, is in far side then, again by Lemma 3.14, all y; for ¢ < 7y are in the far right side.
Thus y; is a left endpoint for all 7 € £+ 1. Thus as in Case 2, y = b(z) satisfy the Claim
2.

If y;, is in far side then, for similar reasons as previously, all y; for ¢ < ¢y are in the far
left side. Thus y; is a right endpoint for all 7 € k + 1. Thus as in Case 1, y = ¢(z) satisfy
the Claim 2.

This shows that for [ € w, (16)" is a limiting cone in Set.

In order to show that (16)! is a limiting cone in Poset we need to verify, that if y, 2 € D!
and

T (y) < T(2) in qp, for i€ k41 then y <z D (17)

Since, for i € k+ 1

7 ' (p(y) = poTi(y) = pomi(x) = T (p(2))
it follows, form previous considerations, that p(y) = p(z). Therefore y and z are compa-
rable. If y > z then, again from previous considerations, there is i € k + 1, such that
T (y) # Ti'(2). But 75,1 (y) < 75,'(2), s0 T (y) < Tig'(2), and we get a contradiction
with the fact that 7;,! preserves order. Thus, we have y < z, i.e. (17) holds, and (16)’ is
a limiting cone in Poset, as was to be shown. [

Thus we have

3.20. COROLLARY. For every disk D, there is a unique ud-vector @ such that D is iso-
morphic to vz.

Proof. By Lemmas 3.13, 3.15, for any ud-vector u, we have a disk vz. By Theorem 3.19,
for any disk D, there is a ud-vector « such, that D is isomorphic to 7z, and by Proposition
3.17 such a ud-vector u is unique. [

3.21. FACTORIZATIONS IN D. In this section we shall study morphisms of disks.

It is easy to see that the epi in D are onto and mono are one-to-one and that these
classes of morphisms form a factorization system in D. However in D there is another
factorization system.

Let f: D — E be a disk morphism. We say that f is inner iff f sends inner nodes
to inner nodes, i.e. f(x(D)) C +(F). We say that f is outer iff f is epi and for any inner
nodes z,y in D, if f(x) = f(y) then f(z) is an outer node.

The inner morphisms are exactly those that are induced by the maps of underlying
trees. In fact, the category of finite disks with the inner maps as morphisms is equivalent
to the category of finite trees.

If there is an inner morphism from 7z to 7, then it is unique, and it is the case iff
ht(@) <. We denote by

Mg Vg — Tht(a) Ly * Vn — M

the unique inner morphisms between these disks, where n < [. Note that this notaton
agree with the one in section 2.6 i.e. if we define for n; < ng, ny the morphisms

My ny,ns © Vno,ni,ne ’Ymax(no,ng)
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as the unique inner morphisms, then since the composition of inner morphisms is inner,
my is indeed the canonical internal composition morphism. This will be important in the
next section.

We have

3.22. LEMMA.
1. Outer morphisms are split epimorphisms with a unique splitting;

2. Let u be a ud-vector. Then, a disk morphism f : D — ~z is outer iff w;o f is outer

for i € Ih(u);

v .
)

3. For any ud-vector @ the projection m; : Yz — Yu,, 1S outer, for i € lh(i)
4. The following are equivalent

(a) A disk morphism f: D — y, is outer;
(b) there are x,y € D", such that v <y and f = T7y;
(c) for 1 < n there is a unique z € 1(D)" such that f'(2) =1 € 4.

Proof. Ad 1. If f: D — F is an outer morphism of disks, then the inverse image of each
inner node of F contains one element. Thus f~'[+(F) : «(E) — D is a tree morphisms.
Therefore, it extends to a disk morphism f : E — D. Since f o (f~![«(E) is identity
on inner nodes f o f = idg. Since there are no choices involved in construction of f it is
clear that f with the above property is unique.

Ad 2. Let @ be a ud-vector and f : D — vz a disk morphism. For any ¢ € 1h(4),
T 1 Ya — Yuyi 18 outer. Hence if f is outer so is m; o f for i € lh(w).

Suppose now, that m; o f for i € lh(@). Let z,y be inner nodes in D such that
f(z) = f(y) and f(z) is inner. Then, by Proposition 3.16.3, for some i € lh(u), 7,0 f(x)
is inner. Since 7;, o f is outer, we have that v = y.

Ad 3. Follows from 2.

Ad 4. (b) = (a). From the description in Proposition 3.18 easily follows, that T77 is
outer.

(a) = (¢). If f: D — ~, is outer then, it is epi and there is a a node z € D™ such
that f"(z) =n € 4)'. Since n € 4] is inner z must be inner. And since f is outer z must
be unique.

(¢) = (b). Having such z as above, in the fiber p~!(2) = {z1,..., 2} € D™, there
are nodes z; and z;4; such that f(b(z)) = f(z) and f(b(z)) = f(zi41). Putting x = z;
and y = 2,11, we have f =7Z7y. [

3.23. PROPOSITION. Quter and inner morphisms of disks form a factorization system.
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Proof. For a disk morphism f : D — E we define an equivalence relation ~ on D so
that for x,y € D,

r~yiff # L yand f(z) = f(y) and f(x) is outer

On D/.. we have an obvious disk structure inherited from D and the obvious morphisms

D ! - B

D/.

form the outer-inner factorization of f. If in the commuting diagram in D
fo

f1l lgl
92

f1 is outer and g; is inner then h = f, 0 f; is the unique lifting. It exists, by Lemma 3.22,
since f; is outer, and the commutations of the triangles easily follows given the fact that
g1 1s inner. [

From the proposition we get

3.24. COROLLARY. For any n € w and any disk morphism f : D — -, there is a
ud-vector i, ht (@) = u, such that f factorizes as follows

D f Vi

[e)

f L(n)

Va Yu

mg
with f outer part of f, and the morphisms v(,), mg defined above.
Proof. In order to get this factorization of a disk morphism f we need to take the fac-
torization (f, f) from Proposition 3.23 and furthermore take epi-mono factorization of its

inner part f. n
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We call the factorization of a disk morphism f described in the above Corollary the
canonical factorization of f.

3.25. AN INTERNAL w-CATEGORY C IN D. In this section we define an internal w-
category C in D, and we show that by homming into C we get a functor into the category
of simple w-categories S.

For n € w, v, is the object of n-cells of C, for n > [

duy,cqy:vm — M
are the domain and codomain morphisms in C, for n </
Ly - —
is the identity morphism, and for any ud-vector 7 of length 2
My = Y — 7ht()

is the composition morphism in C.
We have

3.26. PROPOSITION. C defined above is an internal w-category in D.

Proof. We need to check, that the data specified above verify the conditions (vi)-(xi) of
the definition of an w-category given in Appendix 6.2. Thus, we need to check that many
diagrams commutes. We shall only verify some chosen ones, and comment on the other
leaving to the reader to calculate the rest.

Note that by Lemma 3.5 it is enough to verify the equality of morphisms at leaves
only. Let for a ud-vector @, % € 74 be the i-th leaf of 4, for ¢ € 1h(@). Usually we drop
subscript @ in A.

The condition (vi).1 holds, i.e. for [ < ny < ng,ny the square

Vno,n1,m2 7maX(n0,n2)
o d(l)
Trno ~ i

dg
commutes, as the following calculations shovx(f)

d(l) @) m()\o) = d(”(ﬂo) = +1= d(l) (no) = d(l) @) Wo()\o)
d(l) O m()\l) = d(l)(ng) = l + 1= d(l)('?’?ﬁax( —nyp — 1) = d(l) o 71'0()\0)
The condition (vii) since, for [ > n, we have

d(l) (e} L(l)()\o) = C(l) (n) =N = d(n) (@) L(l)(/\o)

no,n2)

The conditions (vii)-(x) holds, since all the morphisms involved are inner and inner
the morphism into a disk of form =, from a given disk is unique, if exists.
The condition (xi) holds as well, i.e. for ny <1 < ng, ny, the diagram



95

Tno,n1,m2 <ml,n17n2 (d(l) . 1)7 mno,m,l(l i C(l))z Vna,lno

(mn07n171(1 X d(l)),ml,mm(c(l) X 1)> My, 1ng

Y Y

Vno,l,ng > Ymax(n n
My 1n, (Rorma)

commutes. The morphism (my,, ,,(dg) X 1), my, ., (1 X ¢@y)) glue the two branches
up to the level [ and switch the remaining parts, whereas the morphism (m,, ,, (1 X
d)), My, 0, (coyx 1)) just glue together the branches up to level [ without switching them.
Thus both morphisms are inner and composed with m,,, ; ,,, and m,, ; ,,,, respectively must
be equal one to another. [

From the proposition we get immediately
3.27. COROLLARY. For any disk D, D(D,C) is an w-category in Set.

By an [-D-cut (or l-cut, D-cut) we mean an outer morphism D — 7.

Since both d and c are outer morphisms, on D-cuts we can define operations of domain
and codomain simply by composing them with d and c, respectively.

Let Cut(D),, be the set of n-D-cuts. We have a sequence of sets and functions, denoted
by Cut(D)

_d, _d, _d
Cut(D),, Cut(D), Cut(D)o
C c c

Note that if f : D — =, is outer then there is a unique inner node z € D", such
that f"(2) = n € . Thus b(z) # t(z) and there is a unique pair z,y € p~'(2) C D",
such that = <y, f"™(z) = b(z) and f"*!(y) = ¢(z). By Proposition 3.18 and Lemma 3.5,
we have f = x7y. Clearly, for any pair z,y € D", such that <y, T79 is an n-D-cut.
Moreover, both first and the second component determines the pair uniquely. We write
7; (7) for the outer morphisms D — -, determined by the pair whose first (second)
component is z. In this notation, we have

doziy =;p(z) coT;y = p(x);

We define an order on n-D-cuts by putting for f = x; 2’ and g = y; v’ such that dof = dog
and co f =cog (i.e. p(x) =p(y)) that

f>g iff x<yin D"
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3.28. PROPOSITION. Cut(D) is a simple w-graph and the inclusion
np : Cut(D) — D(D, C)

1 an w-graph morphism.

Proof. Sincedod =doc and cod = coc, Cut(D) is indeed an w-graph. Moreover, the
domain and codomain operations in D(D, C) are defined by composition with d and c,
as well. Thus 7p is an inclusion of w-graphs. It remains to show that Cut(D) is simple.

Clearly, for n € w, Cut(D),, is finite.

Since fibers of p are linearly ordered, the above condition defines a linear order on
those n-D-cuts whose domains and codomains coincide. Moreover, for f, g as above, we
have

f>g iff 2=y

But, then y must be an inner node, and b(y) # t(y). So b(y); : D — 7,41 IS an
n + 1-D-cut for which

dob(y);=f and cob(y);=g

We have as well that
do f=;p(z) >p(x); =cof
Thus Cut(D) is a simple w-graph. "
From the proof we get a Corollary.

3.29. COROLLARY. Ifn € w and f,g are n-D-cuts then f > g iff there is x € D"*! such
that f =77 and g = T;. [

3.30. PROPOSITION. For any disk D, the inclusion

np : Cut(D) — D(D, C)

is the universal morphism from graph Cut(D) to the forgetful functor wCat — wGr.

Proof. Let D be a disk, A an w-category, and F': Cut(D) — A. We need to show that
there is a unique w-functor G : D(D,C) — A such that the triangle

Cut(D) —™2 . D(D, C)
F G (18)

A

commutes. First we extend F' to all outer morphisms. For any ud-vector @, we shall

define a function
F: Douter(D7 717) — Aﬂ‘
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by the formula

—

F(e) = <F(7T:4 o 6)>z‘elh(ﬁ) € Az

Since F' preserves domains and codomains, F' is well defined. Let f:D — v, be adisk
morphism, i.e. n-cell in D(D,C). By Corollary 3.24, we have a factorization

with f outer. We put

G(f) = iy om(F())) € A,
First note that (19) shows that any n-cell is D(D, C) is a result of application of compo-
sition and identity operations to a compatible tuple of D-cuts. Thus G with the required

properties, if exists is, unique. Secondly, for a D-cut f: D — =, we have

Gnp(f)) = G(f) = t{py om, (F(f)) = F(f)

i.e. (18) commutes. It remains to show that G defined above preserve domains, codomains,
identities and compositions.

Before we show that G preserves compositions we shall prove Claim. For any | € w,
ud-vector ¥ and outer morphism e : D — vz we have

dj}y o F(e) = F(daoe) (20)

cihoF(e) = Flegoe). (21)
We prove the Claim by induction on [-size of u.
If i = uy < [ then e is an ug-cut, F(e) = F(e), d¥) = L, and d(‘}) = ida,,. Hence
(20) holds in this case.

If 4 is [-primitive, then we have

-

If @ =, zu", (@) = k+1, lh(e/) = ¥ + 1, and z = min(@) < [, then using the
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inductive assumption on ud-vectors v’ and u” of smaller [-size we have

FU(F(e) = d2 om0 (Fle) x d, om0 (F(e))

Il
Q..
l:'>

3 (F(mow0€) x d, (F(myy1 0€))

I
ol

(g 0 Mok 0 €) X F(dy 0 Mhry1.s 0 €)

!

*

F({dg, omo.woe,dg,yompiiroe))
= F((dg, xdg)oe)
— F(dgoe)

where = follows from the fact that z = min(#) and hence

C(z od-

o OTow 0e=dodg, omyikoe
The proof of (21) is similar. This ends the proof of the Claim. n

We can show now, that G preserves domains and codomains. Let [,n € w, and
f: D — 7, be a disk map. By Lemma 6.4 we have the following commutative diagram

D
. /
f

my L(n)
Ya - Yu >~ Tn
day dg) d)
Vi (@) Tmi u i
1) mtr(l)(ﬂ) min(l,uw) L(l)

with f outer. Then using the Claim we obtain

G(dg o f) = ’Jé) © mé(l)(a)(ﬁ(dﬁ;lo f)
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Thus G preserves domains. The preservation of codomains can be proved similarly.
To see that G preserves identities, let [,n € w, l > n, and f : D — =, be a disk map.
Then, we can form a commuting diagram

p_ I

with j% outer. Thus, we have
G(egy o f) = Glr o mgo f) = ¢{jy o my (G(f))

— L{}) o Léz) o mg(G(})) = Lﬁ)(G(f))

i.e. G preserves identities.

It remains to show that G preserves compositions. Let u/,v",] € w, | < u/,v" and
f:D — vy, f: D —, be disk morphisms, such that cq) o f = dg) o g. We have the
following commutative diagrams displaying the canonical factorizations of f and c( o f,

C
p_J ey —0
¥ L) L)
Vi —m Tu C(l~7min(u,z)
CQN /n((trm(u)
P)/tr(l)(ﬁf)

Vo = Yo ’Vmin(u,l)

dy A(ml)(m

fYtI‘(D(ﬁ)
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Since c(yo f = d(; 0 g and the canonical factorizations are unique, we have that tr () =

tr(v), min(v,l) = min(u,l), and cgio f= dgo 9. Thus we can form a commuting
diagram

o e
f
Vuw,l,v)]
0@
Ya mg; X my Yo
Cal /
dﬁ;l
Vi
myg Y my; my
Vw,w,v]
V T
T
Tu Lw) X L) o
C ‘ '
(w) d(w)
L) L(w)
Yu,lv L
®
/ \
T
Yu Yo
O '
c d®
M

in which the three horizontal squares are pullbacks, and e is the induced map into a
pullback. Moreover, by Lemma 6.7, for z = min(u,v) and 2z’ = min(«/,v") we have a
commuting diagram
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Vi 1,7)

mg; X my

Thus we have

and

=my, . (G(f).G(9))
i.e. the compositions are preserved as well. [
We get

3.31. COROLLARY. The essential image of the hom-functor D(—, C) into wCat is con-
tained in the category of simple w-categories S, and hence we have a contravariant hom-

functor
D(—-,C):D? — S

Proof. By Proposition 4.8 an w-category is simple iff it is a free w-category on a simple w-
graph. By Proposition 3.28 Cut(D) is a simple w-graph and by Proposition 3.30 D(D, C)
is a free w-category on Cut(D), for any disk D. Thus D(D, C) is a simple w-category. m
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4. Simple w-categories

4.1. SIMPLE w-GRAPHS AND FREE w-CATEGORIES. This section begins the investigation
of simple w-categories. We shall introduce some notation and prove some basic facts
concerning simple w-graphs. In Appendix 6.8, we give an internal construction of a
free w-category over an w-graph, in an ambient category satisfying some mild exactness
properties. The construction uses essentially ud-vectors. When the ambient category is
Set the same construction can be described more conveniently, using simple w-graphs. We
shall present the construction at the end of the section.
We shall define some specific w-graphs o, for any ud-vector @. For @ = n, we put

0 ifl>n
o = {2n} ifl=n
{20+1,21} if0<li<n

d,c: o — o)
dx)=2l—-1 clx)=20—2

forx € o, and 1 <1 <n.
For example o* can be pictured as follows:

~
/m

Ix?

4l

B4l

1 0

X X X

For any two cells e, ¢’ in a simple w-graph G we define a number
I/ge/ = max{l : d(l)(e) 1 d(l)(e’)}

Since G is linearly ordered 1<, is well defined. We have

4.2. LEMMA. Let f: G — H be a morphisms of simple w-graphs. Then f is one-to-one
and the image of f is a sub-w-graph of H. In particular, if m € w and e, €', e” € G such
that e > €' > €" and e, " are in the image of f, so is €.
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Proof. First note that if a function between finite linear orders preserves the successor
relation then it reflects the order and is one-to-one.

Let f : G — H be an w-graph morphism between simple w-graphs. f maps Gq to
Hy and, for n € w, 2,y € G,, f maps Gpy1(z,y) to Hy1(f(2), f(y)). In particular, if
Gpni1(z,y) is not empty, so is H,1(f(2z), f(y)). Since G and H are simple f preserves
>>. Thus, by the remark above, it also reflects it and is one-to-one when restricted to
these sets. But if z,y € G, and * L y then | = v,, < n. Hence dy(x) # dy(y)

and dgy(z) L dg(y). Thus by the above dg)(f(x)) # du(f(y)), and then f(x) # f(y).
Therefore f is one-to-one. ]

For | < n we define, the bottom and the top w-graph morphisms
b"=b ,t"=t:a — a"

by the conditions b, (2]) = 2l and t,,(2[) = 2] + 1.

Let @ be a ud-vector. The set of nodes in the simple w-graph o is the set of pairs (i, z)
such that ¢ € Th(@) and 0 < z < 2uy; divided by the equivalence relation ~ generated by
the relation ~q such that

i=1 and x = 2
or
(i,2) ~o (', 2"y iff ¢ i+1=74and z=2a" and x < 2ug; 11
or
i+ 1=1and x = 2ug; 11 and =’ = 2ug; 1 + 1

We write [i, x] for the equivalence class of the pair (i, x). We put, for [ € w,
of = {[i,z] € a®: |x/2] =1}

and domain and codomain functions

oY a% . (78
dv, ¢ oy, — q

are given by ; )
d* ([, x]) = [i, d(z)] ¢ (li, x]) = [i, c(x)]
for [i,2] € afl,.
The embedding morphisms ' )
K' o' — o
are defined by the condition K*(2uy;) = [i, 2uy], for ¢ € lh(d).
We have
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a¥2k—2 (22)

BA TR A

u2k 1

i swGr is a colimiting cone in wGr.

Proof. o described above is clearly a colimit of (22) in wGr. The verification that o®

a simple w-graph is left for the reader.
For [ € w, and ud-vector « the multi-bottom and the multi-top w-graph morphisms

bd;l,tﬁ;l : atl‘(l)(ﬁ) au

are defined as follows

1%0 if 4 =wug <I;
S — 1h Lo pbwo) if 7 is [-primitive;
1L + b“m ifu= J,w,um and w = min(w) < [.
1au0 ifﬁ:uo SZQ
(il — k0o t®) if @ is [-primitive;

/ll

o5 i = ol w, 0 and w = min(@) <

18

<l
For | € w and ud-vectors « and o such that trg) (@) = trq)(v) = @ the embedding

morphisms in swGr

UL SN (A PR RN A X:)
are as follows.
tiuo if 4 =wug < nq;
KOF if @ is ny-primitive, and 1h(@) = k + 1;
kO = KO+ kO i = 2, T =0, 20
80n0) (@) = 0000) (V) 82y (07) = by (1),
and z = min(@) < ny.
and B
btto if 4 =wug < nq;
RFHLH if ¥'is nl-primitive, lh(ﬁ) =k+1,
K+ RKY 1fu:u’,z,u v:v’zv”,
tr(m)(lz;) = tren, (_;) m)(u//) tr(m)(“”)a
and z = min(@) < my

We have
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—

4.4. PROPOSITION. Forl € w and ud-vectors @ and U such that trg)(d) = trg) (V) = @
the diagram in swGr

K.ll;v

glidd] — B 7

s a pushout in wGr.

Proof. Let @, v, and [ be as in the proposition. We prove the Proposition by induction
on [-size of tr() ().
If @ =up <1 then (23) is

so it is a pushout.
The case U = vy < [ is similar.
If @, U are [-primitive and then [u, [, ¥] = 4,1, and (23) is

/
Kk—l—l..k

QLT
0..k t?’)‘;l

(78 ? @l

(d,l,7) 4+ 1. So by Prop081t10n 4.4 1t is agaln pushout
:_»’(,L’)i’u’/’ U—U Z U tr(l)( ) —tr()( ) —w tr()< //) —
/

0)
o] = [/, 1,0, 2, [u I l,v”] and (23) is the following square

ey vz
K,l’v + Hl,v

a

where k = lh(@) and k' =
Flnally, if 2 = min(w

tr ) (v* ") = w” then [i, [,

In
U

a[u,l,v]w[u”lv T - av v
0 u! /! o'l vl
+ Kk tvr+t
au = bzf’;l + b“7/?l a“ w,ul

which arises as a pushout over o of two squares, which are pushouts by inductive assump-
tion for vectors w’ and w” with smaller [-size then w’, z,w”. Thus it is again a pushout. s
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4.5. PROPOSITION.

1. For any simple w-graph G, there is a ud-vector i such that G is isomorphic to a®.
2. Let ud-vectors @, U be ud-vectors. If f : o — ¥ is an isomorphism then @ = v
and f=1,a.
Proof. 2. follows easily from 1. For 1. we give only a sketch of the proof.

Let G be a simple w-graph. By T we denote the set of cells in G which are neither
domains nor codomains of other cells in G. We define a linear order on T, so that for
a,beTqg

a<b iff dg,,(a)=dg,,O)

Let Tg = {ao, - - ., ax} such that a; < a;4q for 0 < i < k. Let ug; be such a number that
a; € Gy,,, for 0 <4 < k, and ugiy1 = V4,0, for 0 <7 < k — 1. Then, we can prove, by
induction on the cardinality of Ti; that G is isomorphic to o¥, where @ = ug, ..., us,. =

Let G be an arbitrary w-graph. In Appendix 6.8 the construction of the free internal
w-category [G] over an internal w-graph G is given, when the ambient category has finite
limits and disjoint and universal coproducts. In Set, this construction can be described
more conveniently using simple w-graphs.

To distinguish (temporarily) between these two constructions by [[G]] we will denote
the w-category defined in terms of simple w-graphs.

The set of n-cells is

[Glln = {f : " — G : ht(a@) < n}

The set of ni-compatible pairs of ng- and ns-cells is
[Cllnmims = {{fr9): [:0" =G, g:a” =G,

ht() < ng, ht(7) < ny, and fob%™ =gothm}

For [ < n, the domain and the codomain operations
a7, 61l — (G

for f:a% — G € [[G]],, are defined by composition

dE[GH(f) = fot®: afr0® _ @G,

cl“G”(f) = fob®: q"0@ _ @,
For n <[, the identity operations

are inclusions. For n; < ng, no, the compositions

) [ llngmyme — [[Gllmaxmoms)

are defined, via pushouts in swGr. By Proposition 4.4, for any pair (f,g) € [[G]]ngni.ns
there is a unique morphism [f, g] : al®"% — G making the diagram
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G
\[L g] 1 Py
30
glimd «— B 7
HO u b’ﬁ ni
U < in
«Q tﬁ;nl o

commutes, where @ = tr(, ) (@)(= tr,)(7)). We put

ml (f,9) = [f.d]

We define
neg : G — [[G]]

such that, for z € G, ng(x) : & — G so that ng(z)(2n) = .
Thus by Theorem 6.9 we obtain

4.6. THEOREM. For any w-graph G, [[G]] as described above is an w-category. Moreover,
the association G — [[G]] is functorial in G and the functor

[—]] : wGr — wCat

15 a left adjoint to the forgetful functor wCat — wGr, with n as the unit of adjunction,
i.e. [[G]] is the free w-category on the w-graph G.

Remark. This is essentially a special case of Proposition 4.2 in [B].

Proof. We shall show that [[G]] defined above is isomorphic to [G] defined in Appendix
6.8.
To this end, we define a functor

€9 swGr — Set
such that, for a ud-vector u, we put
¢4 (a") = wGr(a®, G).

On morphisms ¢“ acts by composition. Since colimits in wGr are computed pointwise,
€% sends pointwise colimits in swGr to limits in Set. In particular £€¢ sends the diagrams
(22) and (23) in sG to the limiting diagrams in Set.

For n € w, we have a bijection

Pn fG(O‘n) — G,

such that ¢, (f) = f(2n), for f € £9(a™). Moreover, it is easy to see that the diagram
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¢C(am) Pn G,
£4(t) \ ¢%(b) dg, \ b
fG (al) i . Gl

commutes serially, i.e. £ 'sends’ a” to G, t to d“, and b to c“. It follows, that for any ud-
vector i, the colimit o with the coprojections k7 : a2 — o is sent by £ to G with the
projections m; : G¥ — G"2i. We denote by pz : £9(a¥) — Gy the induced morphisms
commuting with the projections. Thus we have pz(f : o — G) = (f o Iii<2u2i)>ielh(ﬁ)'
Then, for any pair of vectors @, ¥ € UD, 1., €€ sends the pushout al@m9] with the
coprojections k%%, k¥ to the pullback Gliny,5 With the projections mo.z, T1.5.

For | € w, and a ud-vector u the definition of dgl is dual to the definition of t%!, one
is using d“’s, projections, and pullbacks and the other one is using t’s, coprojections, and
pushouts. Therefore £¢ is sending t%! to dgl, and for the similar reason £¢ is sending b%
to cgl, i.e. the diagram

_ d-
£9 () - -Gy
24
gG(ttru)(U)) J gG(btrm(ﬁ)) dgl { Cgl ( )
{G(atr(l)(ﬁ)) - Gtr(l)(u)
I‘(l) u
commutes serially.
Since, for n € w,

[Gll.= TI €%(a") (25)

acUD,,

we have a bijection
o, = I va: (Gl — [Gla
acUD,,
It remain to show that & commutes with the w-category operations.
The preservations of the domains and the codomains follows from (25) and the dia-
gram 24. Preservation of identities is trivial. Finally, to show that the compositions are
preserved consider the following diagram
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» Glin,,o)

D, X Dy,
_—

{G]”mnl 12

[[GTJno,mamo

R[ﬁvnl’m

where n = max(ng, n2), (@, ¥) € UDy n, ny, Caw is the coprojection morphism, i.e. the
morphism of composing with coprojections k%% and %%, and the unnamed morphism is
an inclusion. The commutation of the left triangle follows from the universal property of
the pushout, the right triangle commutes by definition of mgo’n \.ny» and the outer square
commutes by definition of ®,. The upper square commutes, since for (f : a® — G, g :
a® — Q) € [[G]]ng.ny.my> We have

(I)no X (I)nQ(fv g) = So[ﬂ’,nl,ﬁ]([fa g])

Hence the inner square commutes as well, i.e. @ preserves compositions and it is an
isomorphism of w-categories [[G]] and [G], as required. "

In the following, we shall write [G], rather then [[G]].

4.7. COMPOSABLE w-GRAPHS. In this section we make the connection between simple
w-graphs and simple w-categories. The latter are defined as free w-categories with a unique
maximal cell, i.e. free on composable w-graphs. We have

4.8. PROPOSITION. An w-graph is composable iff it is simple.

Proof. Let G be an w-graph. A cell a : a¥ — G in [G], is a non-identity cell iff ht (%) = n.
We have

Claim.

a is a maximal in [G] iff a is surjective.

Consider the surjective-injective factorization of a in wGr

at a G
Gl

Then a is in the image of [i] : [G'] — [G]. If a is maximal, then, by definition, i an
iso and a is a surjection. On the other hand, if a is a surjection then so is 7, and since it
is an injection it mast be an iso. Hence a is maximal. This proves the Claim.
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Thus if G is a simple w-graph then there is a unique surjection a : % — G in wGr,
for some ud-vector @, which is in fact an iso, as any morphism of simple w-graphs is
one-to-one. Hence [G] is a simple w-category, with the unique maximal cell a € Gy (q).-

Now assume that [G] is a simple w-category. We need to show that G is a simple w-
graph. Let m € [G], be the unique maximal arrow in [G]. By the Claim m is surjective.
To finish the proof it is enough to show that m is injective, as well. Suppose not, let k
be the minimal such that my, : ¥ — G}, is not one-to-one, and let x,y € a¥, such that
my(x) = my(y). By minimality of k, we have d(z) = d(y) = 2’ and ¢(x) = c(y) = y'. We
can divide the set of those cells o in a¥ for which d_1y(0) = 2" and c(-1)(0) = 2’ into
three classes which we can picture schematically as follows

BLUE

+ RED roo

GREEN

where the BLUE class contains those cells o in o for which ¢(k)(0) > z, the RED class
contains those cells o for which x > dk)(o) and ck)(0) > y, and the GREEN class
contains those cells o for which y > dk)(0). Clearly  and y are in the RED class. We
shall construct another simple w-graph H by dubbling the RED class in a”. The relevant
part of the w-graph H we can draw schematically as follows

BLUE

T

RED

/ y_I‘ ,--.

PINK
Y

GREEN

where the PINK class is the second copy of the RED class. A cell in the PINK class
corresponding to a cell in the RED class we distinguish by putting a bar over it, i.e. Z is
the PINK version of the RED cell z. The cell y is identified with . The domains and
codomains in H remains as they were in a” except that for those cells 0 in the GREEN
class for which we had d(0) = y now we put d(;)(0) = g and for the cell 6 in the PINK
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class we put for domains

day(0) = o' if I <k and dy(o) '

{d if | > k and dy(0) = o
o

and similarly for codomains

Q\

o if 1 > k and ¢y(0) = o
coy(0) = { o if 1 <kand cy(o) =0

~

We have a w-graph morphism
m:H— G

by m/(0) = m(o) for o which are not in PINK and m/(6) = m(o) for o in RED class.
Since m(x) = m(y) the morphism m' is well defined. By Proposition 4.5, we can assume
that H = o for some ud-vector ¥. Since H in not equal to o, m # m’. But m’ is
surjective (since m was), so by the Claim, it is a maximal cell in [G] as well, i.e. G is not
composable contrary to the supposition. [

4.9. AN INTERNAL DISK D IN §. We introduce below some notation for simple w-
categories and prove some basic facts about them.

For any ud-vector &, §° is, by definition, the free w-category on o°. However, for
some simple w-categories we need a more precise description. Below, we give a specific
presentation for the simple categories 6° and 6155+ for s € w.

It is maybe much simpler to look at the picture of §* given below to understand what
0% is, however before giving the picture we put the general definition of §°.

The n-cells of §° are

58

n

[ om+2 ifn<s
o 2s+1 ifn>s

and the domain, codomain, and identity functions
. S S . S S
are, forn < s—1

x ifxz<n
dn(z) = {x—2 ifx>n

en(z) = T ifz<n
" N x—2 ifz>n

(z) x ifx<n

b1\ xr+2 ifz>n
forn=s5—-1

z ifz<s

ds-1(2) {x—l ifxz>s
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x ifz<s
z—1 ifz>s

() B T ifz<s
L) = Y a4l ifr>s

and for n > s
d, = ¢, = t, = 1d

We don’t give an explicit formula for compositions my,, », », Since any compositions are
compositions with identities.
The first six levels of 6* can be pictured as follows:

8 7 6 5 4 3 2 1 0
VANAAS S
NN P
APk
S\ Ix 10
1 0

For s € w™, the n-cells of §**~5* are

2n+2 ifn<s—1
6555 = {2541 ifn=s-1

2s+4 ifn>s

and the definitions of domain, codomain, identity and compositions in §**~1* are left for

the reader. For example §*3* can be pictured as follows (no-identity arrows are marked
bold):

PR TRt

1 10 9 8 7 6 54 3 2 1 0

AN NNV S g
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For s < ¢, and ud-vector § and i € 1h(3) the w-functors
b,t:§ — 5 bgl,t‘ﬁl Cotro®) 5
[ e —
and for | € w and ud-vectors u and ¥’ such that trg (@) = try)(v) = @ the w-functors and
PRCT I LN X RN CRNN AK:)

are defined to be the images of the w-graph morphisms with the same name in swGr under
the free w-category functor [—]. Thus, as an immediate corollary from Propositions 4.3
and 4.4 we obtain

4.10. COROLLARY.

1. For any ud-vector S, the diagram

%V 5§ N

5262 52k (26>

580 52
N /3 E\ /o
5

582k—1

s a colimiting cone in S.

—

2. Forl € w and ud-vectors @ and U such that tr (@) = trq) (V) = @ the diagram

slaLal 5
K5 b (27)
0" = ¢l 0
is a pushout in S. m

Let G be a simple w-graph and s € w. We shall introduce some notation for the
morphisms

[G] — 9% and [G] ., §etlsstl

There is a unique w-functor [G] — §°, which we denote by |. For s € w, e,¢’ € G, such
that, e > ¢/ we define an w-functor

ele’  [G] — &1
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so that its composition with the w-graph morphisms ng : G — [G], is given for n > 0
and z € G,, by

s+1 if n > s and diy(e) =
(ele' ong)n(z) = l if n > 1 and cyy(e') > dgy(x)
o5t —1—1 ifn>1and cy(x) > dye)

The w-functor e|e’ sends e and €’ to the only two non-identity s-cells and the remaining
cells in [G] to the only cell in 6**! with the suitable domain and codomain. Tt is the only
w-functor from [G] to 6**! distinguishing e and €'. If z € G,, then we can define

I =max{l': I' <s,n and dy)(e) L dyy(z)}

Then, either

/

I =5 and dg(z) =e and cp(z) =e

or
cay(€') > dgy(x) and dgy(€') = dgy(z) forl’ <1

or
@) (.T) > d(l)(e) and c(l/)(e) = C(l/)(l’) fOI"l/ <l

Thus the formula for e| €’ong defines the only graph morphism such that e|e’ong(e) = s+1
and e|e’ o ng(e’) = s. We subsume the properties of e|e’ in the following lemma.

4.11. LEMMA. Let s € w and G be a simple w-graph.

1. Lete,e € Gy, such that et>¢€'. Then ele’ : [G] — 6T is a well defined w-functor
and it is the unique w-functor from [G] to 6** such that

(ele)y(e) = s+ 1 (ele)s(e) = s

2. The w-functor f : [G] — §°T! is onto iff there is e € Gy such that f = (d(e)|c(e)).

Proof. For 1. we argued before the statement of the lemma.
The w-functor f : [G] — 6°! is onto iff there is an s + 1-cell e € G411 such that
fst1(e) = s+ 1. But then f = (d(e)]c(e)). Thus 2. holds as well. n

If e is minimal in G,(d(e), c(e)) then, we define
el =bo(d(e)lc(e)) : [G] — &
and if e is maximal in G,(d(e), c(e)) then, we define
le=to(d(e)lc(e)) : [G] — o**

Since in the morphism (e|e’) we have e > €/, both e and ¢’ determine the morphism
(ele’) uniquely. Hence we can write e| = ele’ = |€, for short. Note that in this way,



75

for any s-cell e the morphisms |e and e] are defined, no matter e has successor and
predecessor or not.
Using this notation we can define the some w-functors. Let s € w. We have

ps . 5s+1 N

such that p® = (s]s — 1), i.e. p* 'glue together the only non-identity s-cells s + 1 and s.

Moreover, we define

0;5+1 1;5+1 . 55+1,s,s+1 5S+1€

P p
such that p%*™! = (s +2|s+1) and p'*™ = (s+1|s) with s+ 2,5+ 1,5 € 657551 and

ps+1 . 5s+1 5s+1,s,s+1

such that pitl(s 4+ 1) = s + 3, where s + 3 € 6517°°"" is the maximal cell in §**+1=5+1,

We shall prove that any s € w, the diagram

"

5s+l,s,s+1 5s+1 41), 55 (28)
ol v

is an internal bundle of intervals in §. To this end, we introduce below and in the following
lemma more notation and state some properties of the w-functors that we have defined
so far.

For w-functors 29,2, : [G] — §°T!, we write 29 < 2 iff there is an w-functors f :
(G] — 6515t guch that p'o f =2 —14, for i =0, 1.

4.12. LEMMA. Let s € w and [G] be a simple w-category, e, e’ € Gg. Then

1. We have
(le)s(e) =s (el)s(e) =s+1

Moreover, if e is mazimal (minimal) in G(d(e),c(e)) then the equality |es(e) = s
(els(e) = s+ 1) determines the w-functor le (e|) uniquely.

2. If s =0 then
po(le)=pol(el)=1;

3. If s > 0 then
po(le) =polel) = (d(e)lc(e));

4. If e € then
bo (ele') = (min(Gs(e,€e')]) to(ele') = (Imar(Gy(e,e));

5. ptop=rid fori=0,1;
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6. If e > €' then there is a unique morphism
le.€'] : [G] — getbest
such that for " € G,
le.dl()=s+1 iff e>e">¢
If e = €' we write |e] for |e..e|;

7. If e > €' then
plole.e| =le plole.e|=¢|

8. if 20,21 @ [G] — 6T are two different w-functors and zy < z then there are
eo,e1 € G, such that eg > e1 and zg = |eg and zy = eq|;

9. Let z : [G] — 6°T' be an w-functor. If z,(e) = s (zs(e) = s+ 1) then there is
ep € Gs (e1 € Gs) such that eg > e (e > e1) and z = |ey (z =e1l);

Proof. Exercise. n
Now we can prove
4.13. LEMMA. For any s € w the diagram (28) is a bundle of intervals S.

Proof. We shall verify the conditions 1. - 4. in Appendix 6.1.
To see 1. we calculate

Ps o by(s) = ps(s + 1) = s = ps(s) = ps 0 ts(s)

Hence we have pob =15 = pot.

2. is easy .

Ad 3. let 29, 21, 20 : [G] — §*"! be w-functors with G simple.

Then (a) holds since, by Lemma 4.12 p’ o p o zy = 2, for i = 0, 1.

To show (b), we suppose contrary, that zy < z; and 23 < 2z but 29 # z;. Then by
Lemma 4.12 there are cells ey, ey, €], €] € G such that eg > e1, e > €} and zp = |eg = €],
21 = e1| = |ej. Thus we get

eg > eg > e > e > e

which is a contradiction.

Ad (c). Suppose that zgp < z; and 2z; < z5. We shall show that zp < z5. We assume
that zg # z1, 21 # 2o since otherwise the thesis is obvious. Thus, by Lemma 4.12, there
are eg, €1, €], €2, such that eg > ey, € > es and

plolep.etl =z  plolepel =2z

pO o] le'l..te =21 p1 9] le'l..egl = 29
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Hence, in particular e; &> ¢|. But then eg > ey and
p’oleg.e2l =z  plolep.esl =z

i.e. 29 < 29, as required.

To show (d), we assume that zq # z;. If po 2y = p o 2; then there is e € G, such that
either zp(e) = s and z1(e) = s+ 1 or zy(e) = s+ 1 and z;(e) = s. We suppose that the
former condition holds. The latter can be treated similarly. There are s-cells ey, e; € G
such that eg > e >e; and z — 0 = |eg and 21 = e1]. So, we have

pooleo..ell = 20 ploleo..ell =z

i.e. zg < 21, as required. On the other hand, if zy < z; then, there are ey, e; € G, such
that eg > e1, 290 = Jeg and z; = e;|. But then

P oz = Poleo = d(eg)lc(eg) = d(er)lc(er) =poer =poz

as required.
Ad 4. Note that for morphisms &°, k! : 6571 — 515+ we have K = |s], k' =
ls + 1]. Therefore, we have

plor’=s|=bop plor’=|s=1
and
poom1:s+1l:top ploliozs—l—llzl

ie. bop <1< top, as required. [

Thus for any m € w and simple w-category [G] there is a partial order < on the set
S([G], 65T1). Moreover, since (28) is a bundle of intervals each element has at most one
immediate successor. We denote by < the immediate successor relation induced by this
partial order. We have

4.14. LEMMA. For any s € w and w-functors 29,2 : |G] — 8*T' we have zo < 21 iff
there is e € G such that zy = |e and z; = e].

Proof. We can assume that zg # z;. By Lemma 4.12, zy < z; iff there are eg,e; € G
such that eqg > ey, 20 = Jeg = p® o leg..e1], and 2, = e;| = p' o |eg..e1]. Thus 2o < 2; iff
eg = ey, as required. [
4.15. LEMMA. Lets > 0 and [G] be a simple w-category. Then any w-functor f : [G] —

0% is either onto and there are e, e’ € G4y such that, e > €' and f = (ele’) or f admits
one of the following factorizations

NG b N (20)
50 50
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or there are 0 < s’ < s and e, e’ € Gy_1 such that, er>€’ and f admits one of the following
factorizations
i I

AN N (30)
5 5%

Proof. Let G be a simple w-graph and f : [G] — ¢® be an w-graph morphism. If f is
onto then the thesis follows from Lemma 4.11. Suppose that f is not onto and let s’ be
the the maximal number so that the w-functor

[G] G]
ele ele

f G L 5 2

is onto. If s = 0 then f' = | and if s > 0 then, by Lemma 4.11 there is e € G/,
such that f" = d(e)|c(e). Thus in either case there is e € Gy such that fl,(e) = s'. Since
p(s’) = {s'+1, '}, we have that either fy(e) = s'+1 or fy(e) = s'. Then from definitions
of p, b, and t follows that in the former case f = t o d(e)|c(e) and in the latter case
f=bod(e)lc(e), as required. =

Thus, we have defined all the objects and morphisms of the following diagram D

5s+l,s,s+1 53,5—1,8 53—1,5—2,5—1 61,0,1
05541 1;54+1 ,0;s 1;s 0;5—1 1;5—1 0;1 1;1
p P p P p p p p

bs+1 bs bl

h -1 1
P’ P’ p ~
5s+1 - 58 >~ 5571 Ce 51 50 Y 1

h terl h t° tl

inS.

Now, we are ready to define a contravariant functor from S to D. We have
4.16. PROPOSITION. The diagram D defined above is an internal disk in S.

Proof. We need to verify that the elementary axioms of an internal disk given in Appendix
6.1 are satisfied. The first for axioms holds by Lemma 4.13. Thus, it remains to verify
the ’disk condition’. As we remarked earlier 0° is a terminal object in S. From the proof
of Theorem 4.6 follows that, for s € w, both b® and t® equalizes b**! and t**!. Moreover,
if an w-functor f : [G] — 6°T!, equalizes b*™! and t**! then f is not onto. Therefore by
Lemma 4.15, there is f": [G] — 6!, such that either f =bo f or f =to f/, i.e. 'disk
condition’ holds. n

From the proposition we get

4.17. COROLLARY. The internal disk D in S induces a contravariant hom-functor

S(—,D):8?” — D.
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Proof. Proposition 4.16, is essentially saying that hom functors send the diagram D in
S into a disk in Set. To see that it is finite, it is enough to notice that, there is finitely
many morphism from any w-category S into 0°, for s € w. Moreover, by Lemma 4.15, for
any S the numbers of such morphisms is bound by 2 times the cardinality of the simple
w-graph G, such that [G] ~ S. =

5. The duality

5.1. STONE ADJUNCTION. In this section we show that the the contravariant hom-
functors
D(—,C)
D S
S(_7D>

give rise to a Stone adjunction based on a schizophrenic object. Then, in the next section
we shall show that it is in fact a duality.

First we make some easy observation, showing the connections between ~’s and §’s,
and between internal operations and and external morphisms on those. This explains, in
what sense, the collections of 4%, for s € w and the collection of ~,, for n € w, are equal.
In fact, it is the essence of being the schizophrenic object for the adjunctions between D

and S.

5.2. LEMMA.

1. For any n,s € w we have
Yo = O

2. for any s € w and n € wt, the diagrams in Set

s s
770,“ dn—l
m’ LS
s n,n—1,n s n s
,yn,n—l,n > T = Tn-1
B . s .
7r1,n Ch-1
and
s s
7.‘-O,TL dn—l
s
m L8
S S n,n—1,n S n S
671 X5i_1 611 > 671 - 6n71
s . S .
7Tl,n Cn—1

are equal;
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3. for anym € w and s € wt, the diagrams in Set

P’ b
-1 pib_l s—1
gpsmhs o oy
pl &
and
P n
vl
<5 Tn Tn
P b
are equal, where <} s the order on vy, in the disk . "

This observation allow to define the following morphisms.
Let s € w, D be a disk and x € D®. Then we can define an evaluation w-functor

ev, : D(D,C) — §°
such that, for n € w,
eVan : D(D,y,) — 65

is a function
[:D—yn — f(x) €, =0,

Let n € w, S be a simple w-category and e € S,,. Then we can similarly define an
evaluation disk map
eve : S(S,D) — v,

such that, for m € w,

eve : §(5,0°) — v

is a function
G185 =8 s gale) €65 =

Having these evaluation maps we can define the following two natural transformations:
n:lp — S(D(—,C),D)
such that, for a disk D,
np: D — S(D(D,C),D)

is a disk map such that, for s € w and x € D™,
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Mp () = evy

e:1ls — D(S(—,D),C)
such that, for a simple w-category S,
eg: S — D(S(S,D),C)
is an w-functor such that, for n € w and e € §,,,
esnle) = eve
We have

5.3. LEMMA. n and € are well defined natural transformations.
Proof. We need to verify that

—_

. evaluation disk maps are indeed disk maps;
2. evaluation w-functors are indeed w-functors;
3. for any disk D, np is disk map;

4. for any simple w-category S, £g is w-functor;
5. m is a natural transformation;

6. ¢ is a natural transformation.

In the following, we shall use Lemma 5.2 many times.
Ad 1. Let D be a disk, s € w, x € D*. We shall show that

ev, : D(D,C) — §°
is an w-functor. Let n € w, f: D — ~,. We have

eVep-i(do f) =d; o f(x) =d, ([ (x)) = d; 1 (even(f))

i.e. ev, preserves domains. Preservation of codomains can be shown similarly. Moreover,
we have

Voni1(t o f) = thpg 0 d*(@) = 141 (F°(2) = 141 (evan(f))

i.e. ev, preserves identities. To show that ev, preserves compositions, let f,g: D — ~,
be disk maps, such that co f =d o g. Then, we have

Vo (M 10 0 (f,9)) =005,y (F5(2), 9°(2)) =
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= mi,nfl,n<fs(‘r)7 gs('r)) = mz,nfl,n(evwm(f)? eVI,TL(g))

i.e. ev, preserves compositions as well and it is an w-functor.
Ad 2. Let S be a simple w-category, n € w, and e € S,,. We shall show that

eve : S(S, D) — v,
is a disk map. Let s € wt, ¢ : § — ¢* be an w-functor. Then

s—1

evs (pS’1

o) = (P op)u(e) =i (pnle) = pi (evi(y))

i.e. ev, preserves projections. Moreover, for s € w, and ¢ as above, we have
evi (b o p) = (b o p)u(e) = 03 (wale)) = by (evi(v))

i.e. ev, preserves left end-points. For right end-points the calculations are similar. To
see that ev, preserves the order let s € w' and ¢°, ! : S — §° be w-functors, such that
o <l ie. thereis p: S — 1% and o' = p’ o o, for i = 0,1. Then, we have

eve(¢”) = o (e) = py o pu(e) = py o @y e)
and
eve(p') = ¢, () = pp o pule) = ph o @ule)

i.e. eve(°) < eve(p') in 42 and ev, preserves the order, as well.
Ad 3. Let D be a disk. We shall show that

np : D — S(D(D, C),D)
is a disk map. For s € w™

ny : D — S(D(D,C),d°%)
Then, for and v € D*, n € w and f : D — ~,, we have

M (P(2))n(f) = eVpw)n(f) = [ (p(2)) = P, (f*(2)) =

= pfz_l(evx,n(f)) = pfz_l oevyn(f) = pfz_l o Np(w)n(f)

i.e. 05 (p(x)) = pS~' on}(z) and np preserves the projections. To see that np preserves
the endpoints, we take s € w and n and f as above. We have

N5 (0(@)n(f) = evywyn(f) = 77 (0(@)) = b7 (F*(2) =



83

= bfl+1 (even(f)) = bfl+1 oevy,(f) = pr—H o np(w)n(f)

i.e. 05 (b(x)) = b3t ons (x) and np preserves the left endpoints. For the right endpoints

the argument is similar. Finally, let z¢,x1 € D*, g < xy, and f: D — 7,. Then

M (2o)n(f) = [*(0) = [*(21) = np(21)n(f)

i.e. n5(zo) < m3(z1), and np preserves the orders, so it is a disk map.
Ad 4. Let S be a simple w-category. We shall show that

es S — D(S(S,D),C)
is an w-functor. For n € w,
gsn : S — D(S(S,D), )

Fix se wt,e€ S,, and o : S — 6%. Then, we have

esn-1(d(€))°(p) = pn-1(d(e)) = dy,_, (ps(e)) =

=d;,_1(¢n(e)) = d; 1 (e5m-1(€)°)(9)) = (dn-1(esm-1(€))*(9))

i.e. g preserves the domains. The argument for preservation of codomains is similar. To
show that g preserves the identities we take n € w and s, e, ¢ as above. We have

esnt1(1(€))’(0) = ni1((e)) = 141 (pnle)) =

= t511(E5n(€))°(9)) = (541 0 €5:0(€))°(9))

i.e. egny1 0L =1, 0Esy and g preserves identities. For preservation of compositions,
let e, ¢’ € S, such that ¢(e) = d(¢’). Then

gsn(mle, €))* (@) = en(mle, €)) = m; 1, (@n(e), pn(€)) =

=1, (en(e), () = ms L (E5n(€)° (), €5n(€)) (9)) =

S

= (m,, 1, © (Esm(€)*() E5:n(€)))° ()
ie. egn(m(e,e)) = m?

rn_1n © (€sm(€)’(¢),e5n(€")) and the compositions are preserved
as well. Hence €g is an w-functor indeed, as required.
Ad 5. Let f: D — E be a disk map. We need to show that the square



S i - S(D(D, C),D)
f S(D(f,C),D)
E = - S(D(E, C),D)

commutes. Let n,s € w, x € D* and g : E — 7, a disk map. Then, we have

(S(D(f,C), D) onp)(x)nlg) = (S(D(f, C), D) (11p(x)))n(9) =

(np(x) o D(f, C))nl9) = eva,n o D(f, Chn(g) = evam(go f) = (g0 f)*(z) =

= (¢°(f°(2)) = evyn(9) = ne(f(@)nlg) = (e o f)(2))n(9)

i.e. the above square commutes.
Ad 6. Let ¢ : E — T be an w-functor. We need to show that the square

S <8 ~-D(S(5, D), C)
02 D(S(p,D),C)
T . D(S(T,D),C)

commutes. Let n,s € w, e € S, and ¥ : T' — ¢° an w-functor. Then, we have
(D(S(¢,D),C) oeg)n(€))’(¥) = (D(S(¢, D), C)nlesn(€))’(¥) =

=ovg o S(p, D)* () = eve(v 0 p) = 1 0 pu(e) =
= Vg, 0 (¥) = ernlpn(e))*(¥) = (er 0 )nle)* ()

i.e. the above square commutes.
This ends the proof of the Lemma.
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5.4. PROPOSITION. The natural transformations n and € are the unit and counit of the

Stone adjunction
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Proof. We need to verify that the following triangles

D(S(D(—,D), C), D)
5@(/ y c) (31)
D<_7C) 1D(— ) 'D<_7C)

and
S(D(S(_v D)7 C)v D)
778(/ y\, D) (32)
S(_7D) 18(— D) '8(_7D)
commute.

For commutation of (31), let D be a disk, n,s € w, f : D — =, a disk map, and
x € D*. Then

((P(np, C) 0 ep,0))n(f))*(x) =

= (D(np, C)nlevy))*(x) = (evy o np)*(x) =

= evi(evy) = (evy)n(f) = f°(2)

i.e. the triangle (31) commutes.
For commutation of (32), let S be a simple w-category, n,s € w, ¢ : S — 0° an
w-functor, and e € S,,. Then

(S(es; D) o nssp))*(9))nle) =
= (S(es,D)*(evy))n(e) = eVpn 0 epnle) =

eV%n(eve) = (eve)®(p) = ¢(e)

i.e. the triangle (32) commutes. n
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5.5. THE DUALITY THEOREM. This section is devoted to the proof of the main theorem.
We show that the Stone adjunction that we established in the previous section is an
equivalence of categories. At the end, we list some specific corresponding objects and
morphisms in both categories.

5.6. LEMMA. Let s € w, D be a disk and z € D®. Then the w functors ev, and 7Z|Z;,
from D(D, C) to §°, are equal.

Proof. Fix s € w and z € D*. Then, we have disk morphisms 7z, Z; : D — ~5_1, such
that 7z > z7 and an w-functors

zlz;, ev, : D(D,C) — §°

We have
Z(2)=s Z%(z) =s+1
Then
72175, (72) = s + 1 =72°(2) = (ev2)s1(72)
and
1217, 0(7) = s = 77(2) = (ev2)s1(F)
Hence, by Lemma4.11 we get that 7z |z; = ev,, as required. [
We have

5.7. PROPOSITION. For every disk D, the disk map
b - D — S<D(Da C)7D)

18 an isomorphism.

Proof. Let D be a disk. First we shall show that np is mono. Fix n € w and z,y € D"
such that z # y. Then [ = p,, < n and the nodes p*1(z) and p*+Y(y) are comparable
but different. Suppose p+1(x) < p+1(y). Thus, with the disk morphism 775 : D — v,
in D(D,~;), we have

np(@)(T5Y) = eve (T7g) = Ty, () = # 1+ 1=

= T, (y) = evy(T77) = 15 (y)i(T77)
so, np(z) # nh(y), i.e. np mono, as required.
It remains to show that np is epi. Let s € w, and f : D(D, C) — ¢® be an w-functor.
If s =0 then f = | and n%(0) = | = f.
If s > 0 and there are e, e’ € Cut(D),_; such that er> ¢’ and f = e|e’. By, Corollary
3.29, there is z € D™ such that e = 7z and ¢ = z;. Thus e|le’ = 7z|Z;. So, by Lemma
5.6,
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np(z) =ev, =7z|z;=ele = f

Now, if f : D(D,C) — §° is an arbitrary w-functor, by Lemma 4.15, it can be factorized
as b or t followed by an w-functor considered above, i.e. in the image of np. But np is
a disk morphism so it preserves endpoints i.e. operations b and t. Hence, any morphism
f:D(D,C) — 6° is in the image of np, so np is epi, as required. n

5.8. LEMMA. Letn € w, G a simple w-graph, and e € G,,.

1. Then the disk map
eve : S([G], D) — 7,

18 outer;
2. the disk maps ev. and le;el| are equal.

Proof. Ad 1. This is an immediate corollary from Lemmas 3.22.4(c) and 4.11.
Ad 2. First note that by 1. and Lemma 3.22 both morphisms ev, and |e; e| are outer.
Moreover, we have

(Le;el)"(le) = n = (le)u(e) = (eve)"(le)
and -
(le;el)™Hel) =n+1=(el)n(e) = (eve)"(el)

By, Proposition 3.18.3, |e;e| is the unique morphism with this property so ev, = |e;el,
as required. -

5.9. PROPOSITION. For every simple w-category S the w-functor
es: S — D(S(5,D),C)

1s an equivalence of w-categories.

Proof. By Proposition 4.8, we can assume that S = [G] for some simple w-graph G. Thus
we will show that for any n € w the function

gialn ¢ [Gln — D(S([G], D), 7).

is a bijection.

First we shall show that eg is mono. Let m € w, 0,0" € [G],, and 0 # o’. Then,
there is ' < s and e € Gy such that either e C 0 and e [Z 0’ or e [Z 0 and e C ¢’. We can
assume that s’ is minimal such that e C ¢ and e £ ¢’. By minimality of s’, we have that
d(e), c(e) C ¢'. Then, there is ¢ € Gy such that d(e) = d(¢’) and c(e) = c(e’). Then,
either e > ¢’ or ¢/ > e. Since both cases are similar, we consider the case e > ¢/. We have
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s'+1 if there is €’ € Gy 44
(el)s(o) = such that d*(e”) = e and ¢ C o
651 — ' — 1 otherwise

Thus (e|)s(0) > '. By Lemma 4.2, if ¢” € Gy, ¢’ C ¢’ and ¢” L e then e > ¢”. Therefore
(el)s(o') = &' and

(evo)"HH(el) = (el)s(0) > &' = (el)s(0) = (ever) (el
i.e. (evy) # (evyr) and g)¢g is mono, as required.

Next, we show that € is onto. Let f : S([G],D) — 7, be a disk map. In the
following diagram

ssD)—L

7u2i = 7-‘-7; ’Y’U, mﬁ. g 7

the square is the canonical factorization of f. Thus f is obtained by the operation

of composition m; and identity ¢, from the compatible tuple f of D-cuts, mo f, for
i € 1h(). Since (g is an w-functor it preserves compositions and identities it is enough
to show that the tuple f is in the image of €g. But €(g) is mono so it both preserves and
reflects domains and codomains operations. Thus it is enough to show that for ¢ € lh(u),
70 f: S([G], D) — 7y, is in the image of ¢ig).

Fix ¢ € lh(@). Since both f and m; are outer so is the composition. Hence there are

w-functors z,y : [G] — §“**! such that x <y and Z7y = mo f. By Lemma 4.14 there is
e € G,, such that z = |e and y = e|. Thus, by Proposition 5.8.2, we have

mio f=le;el = eve = €(gjuy (€)

i.e. mo f is in the image of (g, and hence gg is epi, as required. [

5.10. THEOREM. The Stone adjunction

1 an equivalence of categories.

Proof. The theorem follows from Propositions 5.4, 5.7, 5.9. [
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In the table below we show how objects and some morphisms in S and D correspond
one another via the above duality. We need two notions concerning simple w-categories.
We say, that an w-fumctor g : S — T between simple w-categories is an immersion iff
it sends indecomposable! cells to indecomposable cells. Let ht(S) = u > v = ht(T). We
say that g is essential iff g(macg) = () (macy).

The morphisms &7, k% k57 b, t, b% t% are typical immersions. The morphism p
is an essential epi. By % : 6% — 6%, where u = ht(#), we denote the unique essential
epimorphism sending the maximal cell macs. = u € 6% to the maximal cell macgz of 7.
Thus, for n € w, @l = pntl,

In the following, we denote by (—)* both dualising functors D(—, C) and S(—, D).

In the table k,I,n € w and @, ¥ are ud-vectors, u = ht(«), and if necessary trq)(u) =
tl"(l)(l_[).

in D inS
Tn o
Vi 5"

i Ve~ Yuy; PN TN L
o © Vale — Vi KO 57— I
T Vaks] —— V5 kI 67— Sl

d:vm — % t: o8 — o

C:Tn — Tk b: " — 4"
day : Ya — V(@) o Sl — 57
Ciyl * Ya — Viryy (@) b grol —, 57

LY = Yn p:o"— o
Myt1nntl © Vntlnntl — Yntl Q: 5n—i:1 E— 6n+1fl’n+l

mg: Yg — Yu o' 0% — o
f: D — FE is outer f*: E* — D* is an immersion
f: D — FE is inner f*: E* — D* is essential

We shall make some comments about the above table. It is easy to see that

0 if k>n
Cut(vn)r = 1, iftk=n

i.e. Cut(7y,) is isomorphic to a,, by isomorphism sending 1., to 2n. But the w-categories
D(vn, C) and 6" are free over the w-graphs Cut(~,) and «,, respectively. Thus they are
isomorphic via the unique isomorphisms sending 1., to n. Hence (v,)* = §".

The morphism t : a” — o™ is determined by the condition b, (2n) = 2n + 1 so
it corresponds via the above isomorphism of the w-graphs to the morphism Cut(~y,) —
Cut(yn+1) sending 1., to d : 41 — 7¥». Thus the square

'Recall that a cell a is indecomposable if it is not an identity of some other cell and if a = a’ o a’, then
either a’ of @’ is an identity.
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D(, C) ———— §"
.od t
D(Yns1,C) gt

commute, i.e. d* = t. Similarly we can prove that ¢* = b. The object 7z is a limit of
a diagram in which the morphism are of form ¢ and d and % is a colimit of the dual of
that diagram, see pages 43 and 73. Thus (7g)* = 6%. Since the projections from the limit
correspond to coprojections into the colimit, we also have (7;)* = K;.

The morphism D(¢, C) : D(Yp41,C) — D(ya, C) sends both ¢, d : 7,41 — 7, to
1,, =cot=dour. So the diagram

D(yns1, C) ———= 57+
D(¢,C) p
D(’Vm C) o

1%

commutes, i.e. t* = p.
The morphism mg : 7z — 7y, is the maximal arrow in D(vz, C), so the square

D(yu, C) 0"
D<mﬁ> C) Qﬁ
D(7ﬁ7 C) o"

IR

S

commutes as both morphism D(mgz, C) and @* sends the maximal arrow to the maximal
arrows. Thus (mg)* = p".

Let D be a disk. Then, an n-cell a : D — =, in D* is indecomposable iff a is an
outer disk morphism. The maximal cell D* is the unique inner disk morphism
macp : D — Yy(D)-

Let f : D — FE be a disk morphism, and ht(D) = v < u = ht(£). Recall that the
inner morphism from D to 7, is unique. Moreover, if g o f is an inner morphism so is f.

Consider the following diagram

f

E

macp« mac g- (33)

We have:
f:D — FEis inner
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iff
the square (33) is commutes
iff
[*(macg+) = ¢y (macp-)
iff

f*: E* — D" is essential

Since outer morphisms do compose, f* is an immersion whenever f is an outer mor-
phism.

Finally, assume that g : S — T is an immersion of simple w-categories, n > 0, and
x,y : T — d" are two nodes of the disk 7™, such that z o g = y o ¢ is an inner node of
S*. Then z o g has a splitting z : " — S, such that zogoz = idsn = yogo z, and
moreover z,(n) is an indecomposable cell. Hence

zog=d(z(n))lc(zn(n)) =yog.

Since f preserves indecomposable cells, we have

z = g(d(z.(n)))lg(c(za(n))) = y.
Thus ¢g* is an outer morphism.

5.11. CLOSING REMARKS. In this final section, we shall show that the notion of a disk
plays a similar role for w-categories to the role the notion of an interval plays for categories.
In picture

D 7

w-categories  categories

The syntactic category for w-categories

Since the theory of w-categories is a finite limit theory it has an obvious syntactic
category, the opposite of the category of the finitely presented w-categories. However,
there is a smaller category which is much easier to describe and contains all the necessary
syntactic data. We shall describe below what we mean by that.

Let S, be the sketch for the notion of w-category, which is the extension of the one
defined in Appendix 6.2 by objects Oz and cones stating that they are multipullbacks
of O,,’s. Clearly, it is still true that, for any category C with finite limits, the category
of internal w-categories in C, wCat(C) is (equivalent to) the category of models of S, in
C, Mod¢(S,). Such an extension is natural in the sense that any 'reasonable’ morphism
definable in the theory of w-categories has Oz as its domain, for some ud-vector 4. For
example, O, x Oy is not a 'reasonable’ type since any definable function from O, x Oy
to O; must be a projection followed by a definable function, i.e. there is no operation
involving two (or more) cells without a specification on what level the codomain of the
first cell match the domain of the second cell. Oz is a type of tuples of cells with a
prescribed matching condition.
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We can set a formal system to derive terms in contexts of form

i 0z Ft: Oy (34)
and to derive equations of terms in contexts of form
f:OﬁF{:FiOg (35)

Intuitively (34) means that # is a sequence of variable, the variable z; has type O,,,, the
variables x; and x,1 match in the sense that c(uy,,,)(%:) = d(ug,y)(Tis1). Moreover, # is
a sequence of matching terms ¢; of type Oy, (Clugss)(ti) = d(vyyr)(tiz1)) over S, ie. it
is build from variables in Z and the operations of domains, codomains, composition, and
identity. (35) means that the theory of w-categories proves that the terms ¢ and 7 are
equal.

Using this, we can define a syntactic category T, with objects Oz for any ud-vector
and whose morphism from Oz to Oy are terms in context (34) divided by equations (35).
The identity on Oy is

T Oﬁ Foa Oﬁ
and the composition is defined by substitution in the obvious way.
Each term (34) corresponds to a morphism in S

|2+t : 6% — &7 (36)
The definition of || — || can be given along with term forming rules. If v = vy then
|7 F to]| : 67 — 6%

sends the only non-identity vo-cell ug in 9,0 to the value of the term Z in 0%, where the
variables in & are interpreted as the obvious cells generating d%. For vectors ¥ of larger
length we can use the fact that 67 is a colimit of §%’s.

Using the fact that all the w-categories §% are free, we obtain

5.12. PROPOSITION. For any pair of tuples of terms t, 7, we have
T:0g b t=7:0; iff ||£+t] = |ZF7] O
The above proposition allow us to define a functor
=Ty — 8 (37)

sending equivalence class of (34) to a morphism (36). It can be shown that the functor
| — || is an equivalence of categories. Since the diagram

Vi

Va2 Yoz (38)

Yuo Yua
(\ /1 . c\ /1
Yur

fYUQk—l
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is a limiting cone in D (we call it a special pullback), the corresponding diagram in T,

//\\Wk

s (39)
xol—cxo\ /xll—dxl)] \ /xkl—dxk
Ouzys
is a limiting cone, as well. We have an obvious sketch morphism
| =[Sy — T, (40)

which is identity on objects and sends

Mngna,ng - Ono 1,2 OmaX(noynz)

to
[330, 1 Mpgmi,ng (3307 xl)] : Onoml,nz Omax(no,m)

etc. Composing (37) with (40) and the equivalence S(—, D), we get a sketch morphism,
also denoted by [—]

=1 S(=. D)

- Sor -D (41)

[—]: S, ~T,
Recall that if S is a sketch and A is a category then a model of S in A is an associa-
tion of objects and morphisms of S to objects and morphisms of A preserving domains,
codomains, sending of identity specifications and commutative diagram specifications in
S to identities and commutative diagrams, respectively, moreover sending the specified
(co)cones to (co)limiting (co)cones. A realized sketch S is a sketch based on a category
so that identity on S is a model of S in S.

Let Dspb be the finite limit realized sketch based on the category D, with cones being
the special pullbacks (38) in D. We have

5.13. PROPOSITION.

1. The morphism [—] : S, — D is a model of S, in D. Moreover, for any realized
finite limit sketch S and a sketch morphism 1 there is a unique sketch morphism ¢
such that the diagram

Se D

spb

(0 ¥

S

commutes, i.e. Dspb 15 the realized sketch generated by S,,.
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2. For any category C with finite limits, the functor of composing with [—] : S, — D
Modc(DSpb) —— Modc(S.,)

1s equivalence of categories, i.e. the category of functors from D to C preserving
special pullbacks is equivalent to the category of internal w-categories in C.

The nerve of w-categories and geometric realization

The above result is to be compared with the well known fact that the category Cat(C)
of internal categories in a category with finite limits C, is equivalent to the category of
functor from the category of intervals Z to C, preserving analogous special pullbacks. The
essential inverse functor is the nerve functor

N : Cat(C) — CAT(Z,C)

associating to any small category its nerve. N is full, faithful and its essential image
consists of special pullbacks preserving functors.
A similar w-nerve functor can be defined for w-categories

N, : wCat(C) — CAT(D,C)

with similar properties, i.e. N, is full, faithful and its essential image consists of special
pullbacks preserving functors. For C being the category of sets Set, it can be defined by
the formula

N,(A) = wCat((—,C), A) : D — Set

for any small w-category A.
The w-nerve functor composed with the geometric realization functor

R : Set? — Top
defined in [J] give rise to a geometric realization functor for arbitrary w-categories
R : wCat — Top

The image of AV, can be identified in a different way, using the notion of a homogenous
theories, cf. [Be]. In our terminology this can be explained as follows. The canonical
topology J on the category of simple w-graphs swGr, consists of the jointly surjective
families of morphisms. Moreover, we have two faithful, essentially surjective functors:

[—] : swGr — S
the free w-category functor restricted to the simple w-graphs, and

D(|—-1,C): T — S
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associating to a given tree T' the simple w-category dual to the disk whose internal tree is
T. The morphisms in the image of [—| are immersions, and the morphisms in the image
of D(|—|, C) are essential (homogenous in the terminology of [Be]). Since the immersions
and the essential w-functors form a factorization system on S, S together with the above
embedding functors [—], D(| — |, C), and the topology J form a homogenous theory. The
models of this homogenous theory, i.e. the contravariant functors on &, which are J-
sheaves when restricted to swGr via [—], constitute the essential image of the w-nerve
functor
N/ : wCat — Set®”

given by
N/ (A) = wCat(—, A) : S — Set.

This is due to the fact, that for any presheaf X : S — Set, the functor

D(—,C
p PEO g X g,
preserves the special pullbacks iff the functor
sG - -SSP X . Set

is a J-sheaf.
w-categories as f-categories

N, is also an embedding of strict w-categories into #-categories, i.e. the strict w-
categories are those #-categories which preserves special pullbacks. To be more precise,
recall from [J] that a face of disk 7z is any disk epimorphism with domain ~z. The

dimension of disk ~; is Z}Egﬁ)fl(—l)i u;. A O-category is a cellular set X (i.e. an object in
Set”) such that any compatible filling of all but one inner face of 7z in X can be extended
to a compatible filling of all faces of vz in X, for any ud-vector u. Note that this condition
can be rephrased as saying that X is a 6-category iff it sends limits of inner horns in D
to weak limits. The strict w-categories satisfy the following much stronger "horn-filling’
condition: for any ud-vector u if outer faces of the shape m; : vz — 7u,, are filled in X
in a compatible way then all other faces of vz, including vz itself have a unique filling in
X extending the given one. However it is not the case that the nerves of w-categories are
necesserily flat functors. For example, they don’t preserve the following equaliser:

_d
Yn+1 Tn
C

Tn

in general.
The disk classifier

In [SGL] it is shown that the topos Set” classifies intervals. Using essentially the same
method, adopted for the disk case it can be shown that the topos Set? classifies disks, cf.
Theorem 1 of [J].
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6. Appendices

6.1. THE NOTION OF AN INTERNAL DISK. In this Appendix, we present the concept of
disk. Note that this concept is not (generalized) algebraic; we need a category with rich-
enough internal logic in which existential quantifier and disjunction can be interpreted.
We take a category C, and the only assumption we make on C'is that it has a terminal
object. Our concept of an internal disk 'in C” will have all its data located in the category
C; however, the conditions imposed on the data will be evaluated in Set®”, a topos, into
which C' is embedded be the Yoneda functor. e also give a reformulation of the resulting
notion that is purely elementary, without reference to Set®”. We do not distinguish
between an object in C' and its image under Yoneda. A diagram

in C'is a bundle of intervals over B if it is a linear order with (not necessarily different)
endpoints b and ¢ in the topos Set®” /B, cf. [SGL] p. 455.
A disk D in a category C' is a diagram

Rn—i—l Rn Rn—l Rl
TO;n—H Tl;n+1 T.O;n rn;l T.O;n—l Tl;n—l TO;l rl;l
bn+1 bn bl
T n+l B n 1
p p p
D?’H-l - D - Dn—l .. Dl DO &~ q
g+l D 11

in C, such that for n > 0 the diagram

,r()m b:lb
Rn Dn p Dn—l
Tl;n tn

is a bundle of intervals over D" and moreover, in Set®”, the boundary of D™, i.e. the
subobject d(D™) = im(b™) U im(t") of D", is the singular set for the bundle p"*!, i.e.
the equalizer of "' and ¢"™! for n = 1,2,.... By convention, we put 9(D°) = 0. A
morphism of disks in C' is a family of morphisms {f, : D" — D! },c. preserving all the
additional structure, i.e. projections, order in fibers and endpoints in the obvious internal
sense.

The notion of a disk can be expressed in elementary terms as follows:
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1. b™ and t™ are splittings of p", i.e. p"ob™ =p" ot" = 1pn-1;
2. r% pln are jointly mono;

3. R™ is a linear order in fibers of p™. Explicitely, for zp,2; : Z — D", we write
20 <pn 21, whenever there is z : Z — R", such that r%" oz = z;, for i = 0,1. Then
for any zg, 21, 20 : Z — D™ we have

(a)

(b) lf 20 <R7L 21 and 1 <Rn 20 then 20 = %21,

(c) if 2o <gn 21 and z; <gn 23 then zg <gn 2s;
)

(d) if p" 0 zg = p" o 2 iff either zg <gn 21 or 21 <gn 20;
4. b and t are bottom and top endpoints in the fibers, i.e. " op™ <pgn 1pn <gn t" 0 p™;

5. disk condition: for z : Z — D™ we have b" oz = t"tloz iff thereis 2/ : 7 — D!
such that either z =b" 02 or z =t" o 2.

6.2. THE NOTION OF AN INTERNAL w-CATEGORY. It is well known that the concept of
w-category is equational over the category of w-graphs. In this section, give the details of
a definition of w-category that exhibits its equational character over w-graphs, and which
works internally in any category. Although of course the idea of an internal equational
description is common place, the details here are crucial for our purposes.

Our procedure here is slightly different from Appendix 6.1. We do not assume that the
category C' has all finite limits, but our definition implicitly assumes that certain finite
limits exists in C. This will be seen e.g. in condition (ii) where the definition requires
that we have certain pullbacks in C' as part of the data for the internal w-category. In
the application, when the category C' will be the category D of finite disks, we will have
one particular internal w-category for which all the required pullbacks do indeed exist in
D, despite the fact that D is not a finitely complete category.

Since the notion of w-category is generalized algebraic, we do not need to refer to the
topos Set®”

An w-category A in C consists of data (i)-(v) subject to the conditions (vi)-(xi).

Data
(i) an w-graph (or w-globular object): i.e. the following diagram

An An—l tte AQ A1 AO

such that the globularity conditions hold

dod=doc cod=coc
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Notation: If | < n, dgy = duy) © Ay — A we denote a compositions of d’s with the
codomain A;, and similarly by ¢ = cmg) @ A, — A; we denote a compositions of ¢’s
with the codomain A;. By convention, if [ > n, d) and ¢ denotes the identity on A,.
When both domain and codomain of d(;) and ¢y is clear from the context we also write
d and c for d(;) and ¢, respectively.

(ii) for a 3-tuple (ng,ni,ny) such that ny < ng, ns a pullback

!
An()anl ,TV2 Am
o d
Ano An1

(iii) for a 5-tuple (ng,ni,ne,ng,ny) such that ny < ng,ne, ng < ng,ng a (triple)
pullback

o T2
Ano Ano,nl,ng,ng,m; An4

c Ty d

- A,

Ang 3

A <
n1 d

(iv) composition morphisms
Mpgnims = My = M2 Apg iy — Amax(none)
(v) identity morphisms, for n <1
Ly = Lty - An — A

Conditions
(vi) Domains and codomains of compositions
We have the following commutative squares:

1. for I <mny
Anmmmz AmaX(no,ng)
o dqy
Ano Al

2. for ny < I < max(ng,n2)
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Ano,nl N2 Amax(no n2)

day x dq) day

Amin(no,l)m,min(ng,l) —m Ay
and similarly for codomains,

3. for I < my
Anoﬂh,nz Amax(no,m)
m <)
Ano ) :
4. for ny <l < max(ng,ns)
An()7n17n2 4L A”O
EORSE0! =0

Min(ng,l),n,MiN(n2,l) 773 > Ay

(vii) Domains and codomains of identities

for n <1
1. )
A, —O 4
1 C(n)
A,
2, )
A, — D 4
1 din)
A,

(viii) Associativity of compositions
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1. for n; = ns
m X 1

Ano,n17n27n3,n4 Amax(nomz),ns,m;

1xm m

Ano,nl,maX(nz,’rm) m > AmaX(no,ng,’ru)
2. for nqy < n3 < ng

(m(mo, 1), (¢ o, T2))

Anoml M2,M3,M4 > Amax(no n2),n3,n4

1xm m

Ano,n1,maX(n2,n4) m > AmaX(n07n2,n4)
3. for ng < ngs

(m(mo, m1), m(mo, m2))

ATLQ,')’L1,TL2,')’L3,TL4 An27n37n4
1 xm m
Ano,nl,maX(ng,n4) m > AmaX(ng,m;)

4. for ns < ny < ny

m X 1

Ano,nl,ng,ng,m; AmaX(n07n2),n3,n4
<m<7T07d(n1)7T2)7m(77177T2)> m

Ano,nl,maX(ng,n4) m AmaX(no,ng,n4)

5. for ny < mny
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m X 1

Ano,m,nz,%,m Amax(no,nz),ns,m

(m(mo, ma), m(my, m2)) m

_— >

Ano,ni g m AmaX(no,m n4)

(ix) Associativity of identities
for ng < ny < na

L(n2) L(n2)
Ap,
(x) Compositions with identities
On the left:
1. for I > ng
Ly X 1
Ano,nl,ng Al,nl,nz
m m
Any . Amax(i,ns)
2. L(ng) © d(ny), 1
Am( (no) © d(my) >An0’mm
) m

AmaX(no,nz)

On the right:

3. for I > ny
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1 x L)
Ano,nhnz Ano,nl,l
m m
Ang L AmaX(no,l)

Amgiﬁif@QA

no,ni,n2

Y
AmaX(ng,ng)

(xi) Middle Exchange Law
for nqy <1 < ng,no

(m(d(l) X 1),m(1 X C(l))>

Ano,mﬁm i Anz,l,no
(m(L x dgy), m(cq x 1)) m
Y ¥
An07l7n2 m > AmaX(n()7n2)

6.3. SOME PROPERTIES OF w-CATEGORIES. In this Appendix we shall prove that the
analogs of the axioms of w-categories, expressed for the 'multi’-version of the operations
of w-categories (dg, ¢z, ma, etc.) defined in section 2.6, holds. For example, Lemma
6.7.1, gives some general form of the associativity law for w-categories. We also prove,
a more general form of the Middle Exchange Law. The definition of an w-category is in
Appendix 6.2.

In the whole section A denotes is an internal w-category in a category C. We assume

that for any ud-vector @ the 'multi’-pullback A; exists.

We have
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6.4. LEMMA. Let A be an w-category in a category C, | € w, @ a ud-vector, | < u = ht().
Then the following squares

di,
Aﬁ: , Atr(l) (u)
A (42)
mé mtr(l) (@)
Au dA . Al
and @
A
Ca.
Aﬁ Atl‘(l) (u)
A (43)
mé mtr(l) (@)
Au CA . Al
commute. U

Proof. We shall prove, by induction on [-size of @ that the square (42) commutes. The
commutation of the square (43) is similar and is left for the reader.
If @ = up <1 then all morphisms in (42) are identities on A,,.
If @ is [-primitive then trqy (@) = I, di; = d{}) o o, and mﬁ(l)(ﬁ) = ida,. Thus the
commutativity of (42) reduces to the commutation of the following triangle
A

di'l
Aﬁ : Al

a4 (44)

and the commutation of (44), we can show by induction on the length of the I-primitive
vector 4.

If Th(@) = 1 then (44) clearly commutes. Assume that (44) commutes for vectors of
length smaller then Ih(@) > 1. Let z = min(@) > [, @ = o/, z,u”, k' = lh(«), ' = ht(«/),
and u” = ht(u”"). Then the triangles

A A A A
A © o diy © ™o d
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commute. The left one by inductive assumption on u' and the right one by the axioms
(vi).1 of the definition of an w-category. Moreover, since

A A A A A A A
dlz/;l (e} To. k! = d(l) (e) 7T0 (e} WO..k’ - d(l) (@] 7TO == dﬁ;l
and
A A A A
Mg = My 0 (Mg X M)

the outer triangle is (44). Thus (44) commutes for any ud-vector .
Finally, let size;(@) > 1 and (42) commutes for ud-vectors of [-size smaller than size; ()
Let @ = o,z u", where z = min(@) < I, v = ht(d@), ' = ht(«), v’ = ht(u"),
I'=min(l,u), and {” = min(l,v”). Then in the following diagram

A A A
m- X m > mu/ 2l
AJ’,z,u_”’ “ - > Au’,z,u” = > Au
A A A A A
i, > diy dipy % djyy di
- - - A / " - A
trepy (u),z,tr u”) U,z 1
W)zt (W7 g < mA mit,

tr(gy (u) tr(gy (u’)

the left square commutes by inductive assumption on ud-vectors u and o , and and
the right one commutes by condition (vi).2 of the definition of an w-category. Thus 42
commutes. The commutation of 43 is similar. n

We have

6.5. LEMMA. For any w-graph A and | € w and ud-vectors u, U such that trg(u) =

A
tr (V) = W the square .5
(l)( ) q A[ﬁ,l,ﬁ] 1 A{;
Wéﬁ dvé;l (45)
Az Ag
Cé.l v

u;

18 a pullback.

Proof. We show that (45) is a pullback by induction on [-size().
If ¥ =wy <1 then (45) is the following commutative square

A
cs
H
Az “ Ay,
id Ag ZdAUO
A?I Avo
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The case 4 = ug < [ is similar.
If both « and ¢ are [-primitive then (45) is

A
m
ki1+1..k1+ko+1
Aﬁl g—————— Ag

56U

where k1 = Ih(@) — 1, and ks = 1h(¥) — 1. Since ¢, = c(}) o7 and df, = d*(‘}) oy, it is a
pullback, as well.
/

Assume now that [-size(#) > 1. Let w = min(d) < [, 4 = v, w,u", ¥ = v/, w,v",
trgy (') = trgy(v') = w’', and trgy(u”) = trg(v”) = w”. Then (45) is

<y

A A

™ X T

l;v_" 1;1}7’

AR 1,7 a0, i 1,71 - A
A A A A
L X . 2 % dA

71-O;u’ 7TO;u” dv’;l u'’;l
AJ,w,tﬁ’ A A > Au?,w,u?’
c- X C5
u’;l w5l

and it is a pullback, since by inductive hypothesis on o and o it is a pullback of two
pullback squares. This ends the proof. [

In Lemma 6.7 we shall prove among other things a kind of general associativity law.
But for this, we shall need the following form of the Middle Exchange Law.

6.6. LEMMA. Let v, u", o', v" 1,z € w, z <u',u", v, 0" . Moreover
min(u', 1) = min(v', 1) =1',  min(u”,1) = min(v",1) =1"
uw = maz(v',u"), v=maz(v V"),
n' = maz(u',v'), n"=maz(u",v"), n=max(u,v).

Then the square

<m(7r0> 7T2)a m(7rl> 7T3)>
A[u’,l,v’],z,[u”,l,v”] > A[u,l,v]

m[u/J,UI] X m[u//J,U//] m[u,l,v}

An’,z,n” > An

mn/,zn//

commutes.
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Proof. We need to show that the outer square in the following the diagram

A[u’,l,v 2z, u’ L

mxm \\% m(my, ms),
n ,z,n! > A[u,l,v] (46>

commutes. Below we explain what are the unexplained shapes in this diagram and why
they commutes. The square [1] is

< m(mo, d(Z)Wz), m(my, d(1)7T2)7

m(cqym, T2), m(cqym, ms) >

Apr 107 2, L] = Al 10/ 1w 1,0])

mXxXm m X m

An’,z,n” A ' ln
(m(mo, dgym1), m(cqymo, 1)) [’ L’

and it commutes by the axioms for domain and codomain of compositions (vi) and asso-
ciativity (viii).3 and (viii).5.
The square [2] is

< m(7r0, d(l)ﬂg), m(d(mrl, 7T2),

m(my, C(l)7T2), m(C(l)Wb T3), > A
[/ L], L]

At 1,07 2 [ L]

< m(mo, d(l)ﬂ'Q), m(my, d(l)7T2>7

m(cqym, T2), m(cqym, ms) >

Ixmx1

([’ L]0 [ o] ~ Afw 1 max v u) v

1xmx1

and it commutes by middle exchange law (xi).
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The triangle [3] is

Al 107 2, L]

< m(mo, dgyma), m(dgym, T2), (m(mo, ma), m (1, m3))
m(my, cqyme), m(cqym, T3) >

4

Al 101,07 10 — At

and, again, it commutes by middle exchange law (xi).

The triangle [4] is
An’,z,n”

(m(mo, d@ym1), m(cqymo, m1)) m

A[n’,l,n”] An

m

and, again, it commutes by middle exchange law (xi).
The square [5] is

1 1
Al 1071, 1,07) XX v A max (vl o)
m X m m
A[n’,l,n”] m > An
and it commutes by associativity axiom (viii).1.
Finally, the square [6] is
Al 1,10 1,07) mxm = A0
I1xmx1 m
A[u’,l,maX(v’,u”),l,v”} m > An

and, again, it commutes by associativity axiom (viii).1.
Thus all the shapes including the outer square in the diagram (46) commute. [
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6.7. LEMMA. For any w-category A.

1. forl € w and ud-vectors i, U such that tr)(d) = tr (V) = W the triangle

Mg1.5)
A[E7l717] o Amaw(u,’u)
m§ X mvf‘ m[ﬁ,z,v] (47)
[u,l,v]

commutes;

2. for any u,v,u', v, 2,2l € w such that u < u', v <V, | <u', vV, z = max(u,v) and
2" = maz(u',v'), the square
A
m
A[U/J,U] [’ll,,l,’ll} AZ

A A A 48
ORI L) (48)
Au’,l,v’ Az’
mu’,l,v’

commutes.

Proof. Ad 1. We argue by induction on the [-size of .
If ¥ = vy, then (47) is

IS

m

Az

- A,

A
mé La,

Ay
so it commutes. The case © = ug is similar.
If @ and ¥ are [-primitive then (47) is the following triangle

A
ms, -
u,l,U
Aﬁ,l,f)’ > AmaX(u,v)
A A A
mg X 77:7\ mu,l,v
Au,l,v

commutes, by definition of mz; 7, since [ = min([a, [, v]).
Finally, we assume that size;(@) > 1. Let

z =min(u), 4=
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' =min(l,v') = min(l,v"), " = min(l,v”) = min(l,v"), (= min(l’,1"),
To= T O T0;[u',l,0'], T1= T1 O To;[u! l,v']»
Tg= T © Tu” dw]s  T3= T1 O Ty’ v

Then, the following diagram

[ 1,07),2,[u’ Lo

A~
Tosu y T X T

A (mg xmg) x (mg X mg) 7o
N /
/l >< d //l
Au?’,z,u?’
mu, X mu7, Y mg, X mw7, m;, X mv7,
Ape )2, 107)
<7T0, 7TQ> \ . .
M
Az (m(mo, m2), m(m1, 73)) Avr 2o
Cry X C(r v
@) G2 (1 X d(l”)
J Al',z,z”
m m
Afu 0] m
\”1‘
Ay A,
&0 ’ d
@)
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commutes, in which, the three horizontal squares are pullbacks by Lemma 6.5, the four
back squares commute formally, and four front squares commutes by Lemma 6.4. More-
over, by definition of m%, the composition of vertical morphisms on the left is equal to
m# and the composition of vertical morphisms on the right is equal to mZ%. This shows

that the following triangle
A A
mZ X m%
Ap 1 1071 = Cr Afut]

ma x mf xms, x m?, (mA(mo, m2), m (7, 73)) (49)

A 107 2, L]

commutes. Then the triangle (47) commutes by Lemma 6.6.
Ad 2. To proof that (48) commutes we consider four cases according to whether the
conditions

u <l v <l
hold true.
If u <l and v <[, then the square (48) is
1
A, —— A,
() b)) (=)
Au’,l,v’ m Az‘
If v <, it can be decomposed as a diagram
1
A, — A,
b(u') L)
Ay T Ay
<1, L(v’)c(l)> m
Y
Au’,l,v’

in which the square commutes by associativity of identity (ix) and the triangle commutes
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by axiom (x).4, and if v’ > ¢/, it can be decomposed as a diagram

A Ay
L) L)
Ay g A
{tndy, 1) m
Au",l,v’

in which the square commutes by associativity of identity (ix) and the triangle commutes
by axiom (x).2.

If u> 1 and v <, then the square (48) is the outer square in the diagram
la,

A, A,
(1, twycqy) La,
Au,l,v m Au
Ly X 1 0%
4 Y
Au’,l,v m Au’
1 x L(v") L(z")
Au’,l,v’ m Az’

in which the top square commutes by (x).4, the middle square commutes by (x).1, and
the bottom square commutes by (x).3.

The case u <[ and v > [ is similar to the previous one.

If u> 1 and v > [, then the square (48) is the outer square in the diagram

m
Au,l,v Az

L) X 1 Lmax (v’ ,v)
v Y
Au’,l,v m> Amax(u’,u)
1 X g L(z")
v Y
Au’,l,v’ Az’

m
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in which the top square commutes by (x).3 and bottom square commutes by (x).1.
This ends the proof of 2. [

6.8. FREE INTERNAL w-CATEGORIES. Let us fix for the whole section a category C with
pullbacks and stable disjoint countable coproducts, wGr(C) is the category of w-graphs in
C and wCat(C) is the category of w-categories in C. Then we have a forgetful functor

| — | : wCat(C) — wGr(C).
In this section, we shall construct a left adjoint to | — |:
[—] : wGr(C) — wCat(C)

Let G be an w-graph in C. We shall construct an w-category [G], and w-graph mor-
phisms 7g : G — [G], which is universal from G to | —|.
Since C has pullbacks, for any ud-vector u, we can define, as in section 2.6, the multi-
pullback Gy, for 0 < i < j < lh(%), the projections
G G
T G’J - Gu2i7 7Tz] : Gﬁ - G'LLQZ' ..... uUj 9

for | € w, the morphisms of multi-domain and the multi-codomain in an w-graph G
G .
gy, ezt Ga — Gy (@)
and for (@, v) € UD,, n,.n, the projection morphisms
G . G .
Tog - Glap,5) — Ga T Glan5 — G

Then, the object of n-cells of [G] is the following coproduct

G, = H Ga
acUD,

with the embedding morphisms kg : Gz — HﬁeUDn G g, for any ud-vector @ € UD,,.
For n > [, the domain and the codomain morphisms

are so defined that, for any @ € UD,,, the squares

(Gl (G, (Gl (G,
K Koty (@) Ka Fotr ) (@)
Gy . tr() (4) G Ca tr() (@)
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commute. For n <[, the identity morphisms

iy« [Glu — [G)
are so defined that, for any @ € UD,,, the triangle
‘o
[Gln (G,
Rg Kg

commutes.
In Lemma 6.5 we have shown that the square

e
Gl Gy
G G
7]—0’ 78 dﬁvnl
Ga e G
Cﬁ;nl

is a pullback. Since the countable coproducts are disjoint and universal in C they com-
mutes with pullbacks and hence [G],, 1, n, in the pullback

(Clagngng —— Gl
To d
Gl c Gl,.,
is given by the coproduct
(Glig,mrna = I Ganma
(@3 €UDng ny1ng

with the embedding morphisms kg5 : Glan,,5) — [Glngini e, for any (@, v) € UDpg pn; n,-
The projections

To - [G]no,nl,nz - {G]no - [G]no,nl,nz - [G]nz
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are so defined that, the squares

iy m
[ ]no,nl,ng 0 [G]no [G}no,nhng ! [G]TLQ
Rgg Rig Rag Ry
Glini o) o Gi Gl T Gy

commute. Similarly, for a ud-vector ng, ni, ng, n3, ng, the object of compatible triples of
cells in [G] is the coproduct

[G]noynhnmn&m = H G[ﬁ,nl,ﬁ,nsﬁ]

(@,5,3)€UDng ny ng.ngimy

—

with the embedding morphisms kg5 : Glan.,o,ns,5 — |Glnoni,nanama, for any (@, v, w) €
UD g n1mamsng- We have a limiting diagram in C

[G]no o [G]no,nl,nz,ngﬁu L [G]’fhl

c st d

(G, (Gl c (Gl
d

The composition morphisms

mglc();],nhng : [G]Tbom«lﬁ@ - [G]maX(no,ng)

are so defined that, for any (@, U) € UD, s, ny, the triangle
e

[G]nmnl:nQ — O [G]maX(nomz)
A

Ri,g KRl n,]

Gliini o]

commutes. This ends the construction of [G]. We have

6.9. THEOREM. The functor | —|:wCat(C) — wGr(C) has a left adjoint

[—]: wGr(C) — wCat(C).
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Proof. We verify that [G] is indeed an w-category and that
¢ : G — [G]
is given, for n € w, by
Nen = kn : Gn — [G]n

is a universal morphism from G to | — |.

Note that since [G,, [Glngni.ngs a0d [Glng .y nams.ng are defined as coproducts the com-
mutations of diagrams involving such objects reduces to commutations involving objects
Ga, Gag, and Ga.g.5, where © € UD,,, (4, V) € UDyy ny ny, and (@, 0, W) € UDypy 01 no.ms.m4s
respectively. After such reductions the commutations of the resulting diagrams follows
from some equalities concerning ud-vectors and additionally, if these diagrams involve
domains and codomains, some facts concerning muti-domains and multi-codomains of
w-graphs (from the previous section) are needed.

First we verify that [G] is and w-category in C. To show that d o d = d o ¢, note that,
for n € w and ¥ € UD, in the diagram

d d
(o — 1Y - (6,
K Ktrqy (@) Ktr () (i)
dﬁ;n—l—l
i tren )(’ﬂ:) > M) (@)
Cin+1 o dtr(n+1)(ﬁ)§n

the right square commutes and the left square commutes serially, by definition of d and
c. Thus the equality d o d = d o ¢ reduces to

dtr(l)(u Yin © du n+1l — dtr(l)(ﬁ);n O Ci;n+1 (5())

for any n € w and @ € UD. We prove (50) by induction on length .
If Ih(w) = 1 then (50) reduces to d;, © dnt1 = dy © g1 which holds in any w-graph.
Assume that 1h(@) > 1, z = min(@) and that @ = o/, z,u”. If z > n, using inductive
hypothesis and Lemma 6.5, we have
dtr(n+1)(ﬁ)§n odgn+1 =dnod

tr(n+1)(12’);n o/

o © Cy 1y (yn © Togs = dn 0 d O Ty s =

d,oc

tT(n +1)(u7’);n

tr(n+l)( H) © Trl;u” dtr O Cu 7‘L+1

If z = n, using inductive hypothesis, we have

dtr(nJrl)(u )in © du in41 — d ©To © <d1;’;n+1 X du7’;n+1> =
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dnomoody, 1 Oy =dn om0 Ch, g Oy =
d" ©Too° (C’l;/;n-‘rl X Cu7’;n+1) = dtr(n+1)(ﬁ);n O Cin+1

If z < n, using inductive hypothesis, we have

dtr(nﬂ)(@)m o dgpi1 =

(dtr<n+1>(17);n x dtr<n+1>(u7/);n) O (dgps1 X inyr) =

X Cu7,, =

<Ctr(n+1)(77);n X th<n+1>(u7’)m) © <Cff’;n+1 ,n+1)

dtr(n+1)(ﬁ);n O Cig;n+1

So (50) holds.
The equality ¢l o dl¢l = €€l o ¢l¢l can be proved similarly.
Ad (vi).1. Let ny(ng,ne and < @, 0) € UD,, s, n,- Then in the diagram

G[ﬁ,nl,ﬁ] 1 . G[ﬁvnhﬂ
Riao K,
[Glagnime — = [Gla
To:a o d(nl) d[ﬁ,nhff];nl
Gl Gl
Glro =[Gl
Ki /{tr(l)(m\
G - - G, (@)
TR

the four side squares commute. Thus the commutation of the inner square reduces to the
commutation of the outer square for any pair (@, 7) € UD,,n, n,- The commutation of
the outer square can be proved by induction on n;-size of «@. From this (vi).1 follows.

To show (vi).2, let (@,¥) € UDygnynys | < max(ng,ne) = n, ny = min(l,ng), nj =
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min(l,n;), and consider the diagram

1
Gl > Gy,
Ri;w li[a,m,ﬁ/
[Glngini e — 2 (Gl
digg X dgy | dy x d dy i,y 111
[G]ng,m,ng —m [Gi
/;(z)(ﬁ);tra)(i) Rtr g (i@ )tr(z)N
Y Y
G[tr(l>(ﬂ),n1,1’;‘} G[trm ),n1,0]

1

As the four side squares commute, then again the commutation of the inner square reduces
to the commutation of the outer square for any pair (@, v) € UD,, , n,- This is left as an
exercise.

The commutation of (vi).3 and (vi).4 can be proved similarly. The fact that [G]
satisfies (vii), (viii), (ix), and (x), essentially follows from the equalities on ud-vectors
proved in Lemma 2.4.

We end the verification that [G] is an w-category in C by showing that it satisfies
Middle Exchange Law (xi). We need to show that for, [ < n; < ng,ns, n = max(ng, ns),
the diagram

(m(d(l) X 1),m(1 X dm))

[G]noml,m ~ [G]n%l,no
(51)
m
Gl
commutes. Let (4,0) € UDyynn,- By Lemma 2.4.13, we have [u,n;,v] =
[[w, na, trpy (V)] 1, [try (@), ny, v]]. Moreover the square
1 x Cyil
G[ﬂm,ﬁ] - >~ G[a,nl,tr(l>(a)]
dg;l x 1 dﬁ‘;l x 1

[tr (1) (@),n1,7] TC”’ G[trm( @),n1,tr () ()]

is a pullback. Thus by Lemma 6.5

dﬁ;l X Zd = WO;[tI‘(D(ﬁ),Tll,’l_f] : G[[tr(l) (ﬁ)vnlﬂj}7l1[ﬁ7n17tr(l)(g)” - G[[tr(l) (ﬁ)vnlvﬂ (52)
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Zd X CU,l = Wl;[ﬁ,nl,tr(l)(ﬁ)] : G[[tr(l)(ﬁ)ynl’m’lv[ﬁvnhtr(l)(aﬂ] - G[QI’nl’tr(l)(a)} (53)

Thus to show that (51) commutes , it is enough to show that the following three
squares

G["_’:vnlvg] 1 > G[[tr@(ﬁ),n1,17],l,[17,n1,tr(l)('D')]]
Kao Kltr () (@),n1,0);[@n1,t1 gy (9))] (54)
Gn ni,n . Gn n
T (m(dg) x 1), m(1 x dg)) #hne
R o
G[ﬂvnlvﬂ [G]n07n17n2
1 Mng,n1,ne
Gl gy

Kltr ) (@),n1,0)[d@,n1,tr 1) ()]
(Gligting ~——0 : Gty (@)1, )0, [@m1, by ()]

m 1

(Gl Gl 4]

K
commute. The second and the third squares commute by definition of 1, n,n, and
My 1.ng» Tespectively. Thus it remains to show that (54) commutes, as well. As [Glpng .11,
is a pullback, we shall show that the square (54) commutes, when composed with the
projections

7o - [G]nzl,no - [G]nz e [G]nz,l,no - [G]nO'
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Composing (54) with my, we get the diagram

Gl o) 1

> Glltrg) (@),0,8,0 @1t (9)]

(m(dgy x 1),m(1 x d))
7o
m - [G]n2

003 [tr 1) (@),n1,7]

Gltrpy (@),m1,7]

where the unmarked morphisms are the obvious embeddings into coproducts. The outer
triangle commutes as it is (52). The left and right squares commute, by definition of

dqy and mo, respectively. The triangle at the bottom commutes, by definition of 12, y,.
Hence (54) followed by my commutes.

Composing (54) with 1, we get the diagram

Gl 1

Glitrqy (@),m1,8].4, (@m0, b0y (7]

G na,l,n
(m(d(l) X 1),m(1 X d(l))> [ ] bino
T
m - [G]no
\ / (@ tr ) (@)

which by similar reasons as before shows that (54) followed by 7 commutes. Therefore
(54) commutes as well, and [G] satisfy (xi). In this way we have proved that [G] is an
w-category in C.

Now we show that n : G — [G] is a universal morphism. So assume that F :

[G] — A is an w-graph morphism into an w-category A. We construct an w-functor
F:[G] — A, extending F.
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Since F'is an w-graph morphism, it preserves both domains and codomains, and hence
it induces a morphism between pullbacks

Fg : Gﬁ — Aﬁ
for any ud-vector 4. Then, for m € w, we define the morphism
Fk : [G]k e Ak

so that, for any ud-vector @ € UDy, its composition with the embedding kz : Gz — [G]
is the following morphism:

ES
b

L
- Az s Ape(a) ® A

To see that F' so defined preserves domains, it is enough to note that, for any { < n,
u € UD,,, the following three squares

Gy - Ay — A, - A,
diz dgq dary d

rp (4 A rp (4 A ! >

t (l)( ) Ftr(l)(ﬁ’) t (l)( ) m ! L(l) Al

commute, where u = ht(«) and I’ = min(l, u). The commutations of these squares can be
easily shown by induction on [-size of .

The fact that F' preserves codomains and identities is left for the reader.

To prove that F' preserves compositions, we need to show that for n; < ng, ng, the
diagram

Fo, X F,,
[G]no,m,nz ° Ano,m,m
m m
[G]n = - Ay

n

commutes. But this reduces to the commutation of the following diagram

F{[XF{; mg X Mg L(n)XL(n)
G[ﬁ,nhﬂ A[ﬁ,nl,ﬁ] Au,nl,v - : A”07n1’n2
1 1 m "
Gl Flan, a1 A Mg g Ln) ~ A
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for any (@, ) € UDy 1y nys Where u = ht(@), u = ht(?), k = max(u,v), n = max(ng, na).
The commutation of the left square is trivial, the commutation of the middle square
follows from Lemma , and the commutation of the right square follows from axioms (x).1
and (x).3. of the definition of the w-category. Thus F' is an w-functor.

The uniqueness of F' can be proved by a similar easy inductive argument. [

Having the explicit description of the free internal w-categories we can easily show the
following corollary.

6.10. COROLLARY. The functor
[—]: wGr(C) — wCat(C)

preserves pullbacks.
Remark. This result appears in [S]; see the Proposition in Section 5 in [S].

Proof. Suppose that

p—F g
h g
G K
/
is a pullback in wGr(C). Thus for n € w, the square
L
h,, In
G, K,
In

is a pullback in C. Since limits commutes with limits and £, h, f, g preserves domains and
codomains, for any ud-vector u, the square

Pz by a
h,ﬁ i
Ga Kz
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is a pullback in C, as well. Then, since coproducts are commutes with pullbacks in C, the
coproduct of pullbacks

Ha UD., ka
zcup, Pa < - lzeuD, Ha
HzeUD, ha HzcuD, 9a (55)
Hﬁ Gﬁ Hﬁ Kﬁ
<UD, HﬁeUDn r <UD,

is again a pullback in C. But the above square is just

P}, (),
[ [9]n
and hence [—| preserves pullbacks.endproof

7. Notation

The numbers in square brackets indicate the page or pages where the notation is first
introduced.
Conventions:

1. The ud-vectors are invariants for finite trees, finite disks, simple w-graphs, and
simple w-categories. For a given ud-vector @ we define a specific finite tree 6z [10,
45], a specific finite disk 7z [33, 43] (ud-vector in subscript), a specific simple w-
graph a¥ [62, 63], and a specific simple w-category 6% [71] (ud-vector in superscript).
All the above structures are 'graded’ structures. The levels of trees and of disks are
marked in superscripts, and the levels of w-graphs, and of simple w-categories are
marked in subscripts. Thus, for example, D" is the n-th level of the disk D, whereas
A, is the set of n-cells of the w-category A. Adopting this convention, we have for
any n,s > 0 that

Vo = Op
i.e. the s-th level of v, is equal to the n-th level of §°.

2. The operations in (specific) structures are not in bold-face, whereas the operations
on (specific) structures are in bold-face. Thus, for example, for s > s’ and any
natural n, the projection inside a disk 7, from level s to level ' is marked p : 75 —
'yﬁ, and the projection morphism between the simple categories §° to 6 is marked
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p : 0° — 6*. Then the some specific instances of bold and not bold morphisms
coincide, e.g.

V)

pi sttt — s = pi ot

— 0,.
7.1. UD-VECTORS.
1. @ a ud-vector [15];

2. Some functions defined on ud-vectors:

(a) 1t(@): the length of a ud-vector @ [15];
(b) ht(@): the height of a ud-vector u [15];
(c) sizeq)(w): the l-size of u [16];

3. Some sets of ud-vectors:

(a) UD,: the set of ud-vectors of height less or equal n € w [18];

(b) UDjg.ny.me: the set of pairs of nj-compatible ud-vectors of height less or equal
no and ng, respectively [18];

4. Some operations defined on ud-vectors:

(a)

a) trg(w): the l-truncation of @ [16];
(b) [u,l,v

i, [, v]: the l-amalgam of [-compatible pair ud-vectors « and ¥/ [16].
7.2. TREES, BUNDLES, AND DISKS.

1. A tree T [10]:

s+1

T+ T* T 7021

2. Some special trees:

(a) Oz the tree corresponding to a ud-vector 4 [10, 45];

(b) The tree 63 can be drawn as [10]:

S = —N —W
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7777777777

\/
NSNS
\\/

3. A bundle of intervals over B [10]:

rY . . b
R X B
l T
4. A (finite) disk D [10]:
bs+1 bs bO
s+1 s 0
p Ds+1 p Ds Ce Dl p DO ~1
ts—i—l ts tO

a) (D™) = b(D" ') Ue(D"1): the boundary of D" [11];
D"™) = D™\ 0(D"): the interior of D" [11];

D): the internal tree of the disk D [11];

(d) = <y: the successor in a fiber relation, z,y € D,, n € w [32];

(e) pf, =max{l:p O(z) = p®(y)}: the level on which the nodes x and y of D do
match 32].

5. Some special disks:

(a) 7z the disk corresponding to a ud-vector @ [43];
(b) The first six levels of 3 (the inner nodes are marked bold) [33]:
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0.1 \2 \3 4 ,5 6
NN S
o. 1.2 ,3 4
NN S
0.1 2
N/
0
(¢) A bundle in a disk 7, over 72, s > 0,n > 0 [80]
5 bs+1
ot -
S S pTL
< - gl
T

6. Some special disk morphisms:
(a) d =d() = ds), €= Cs) = Clngs) : Yo — 7s: the domain and the codomain
morphisms [35];
(b) mg : v — (@) the compositions [51];
(€) t=1tq) = tesy) : ¥s — Y the identity morphisms, for [ > s [51];
(d) in the diagram: [ <n

N0

(€) i : Yz — Yuy,: the projections, for ¢ € lh(@) [43]:

Vi

7u2k—2 7u2k

VYuo Vuo
cu\ /11“ cu\ /L%
Yz

,Y'UIQk:— 1
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(f) n-cuts of disks (outer morphisms into v,,) [55]:
T:D — ,: if x € D" is a leaf in D [45];
TY: D — Yo i o # y, m = gy, pm T (2) <p™T(y) [45];

(g) the canonical factorization of a morphism f in D [53]:

D f Tn

o]

f L(n)

Va Yu

my

with f outer part of f, ¢(,) inner mono, mg inner epi;
(h) Cut(D): the w-graph of cuts of D [55];
(i) A (fragment of) an internal w-category C in D at level s, s > 0, n > 0 [54]:

S
TOn+1 d;
%

s mn+1 nn+l _s Ln+1 s
’Yn—&—l n,n+1 > In+1
% —_—

Trl,n—l—l Cn

7.3. w-GRAPHS AND w-CATEGORIES.

1. A general w-graph G [12, 97]:

(a) dgl,cgl 1 Gz — Gluyy@: the multi-domain and the multi-codomain mor-

phisms [23];
(b) Gpi1(z,y): hom-set of n + 1-cells with domain x and codomain y in G [12];
(¢) x> y: predecessor relation [12];
(d) max(Gy,): the set of maximal elements in G,, [14];
(e) max(Gpyi1,,y): the maximal element of G,1(x,y) [14];
(f) Ly : xis comparable with y [32];
(g) voo =max{l:dg(e) L dy(e’)}: the level on which domains (and codomains)

of cells e and ¢’ are comparable [62].

2. Some special simple w-graphs:



127

(a) a® the w-graph corresponding to a ud-vector # [63];
(b) o can be pictured as follows [62]:
8
/\
7,6

3. Some special morphisms of simple w-graphs:

(a) b, t:a® — a™: the bottom and the top morphisms [63];
(b) bt o"0@ — o7 the multi-bottom and the multi-top morphisms [64];

(c) k':a" — a% the coprojections into a® [63]:

//\N

u2k 2

\ ﬁ b\ /E

uzk 1

(d) K% : Q¥ — ol gl o7 — @8 the coprojections into @7 [64].

4. A general w-category A [12, 97]:

(a) dA = dj.,, c{\ Cls) = st An — A, the domain and the codomain morphisms
[97]

(b) dgy,cay = Az — Awrgy@: the multi-domain and the multi-codomain mor-
phlsms [23}

(d

(c) Lé%l) = L{}) =4 A, — A;: the identities [98];

)
(e) m4: Ay — Apga): the canonical composition morphism [25];
(f)

)

A A A ) o )
momyme = My =M% 2 Apo oy — Amax(no,ng): the compositions [98];

f) mf;: Az — Au,..ous,: the projection i < j [23];
(g) 74 Ay — Az, i Al — Ag: the projections [24].

U

5. The free w-categories:
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) [G]: the free w-category on a w-graph G [66, 112];
) [Gln = 5cup, Ga: the set/object of n-cells in [G] [112];
(¢) kg = Kan : Gz — [G],: the coprojections [112];
)

(d) [Glagnime = Ha)eUD g nyms Glin,,9: the set/object of ny-compatible pairs of
no- and no-cells in [G] [113];

(€) Kiw = Kigmnomins * Glang,d) — [Glnomime: the coprojections [113]; ;

—~
s

) 6% = [a¥]: the simple w-category corresponding to a ud-vector @ [71];

(g) A fragment of a simple w-category 6° in S, s >0, n > 0 [71]:

s

7T0,n+1 dfz
f f’
58 (58 mn+1,n,n+15 Ln+1 (58
n+1 X(s% n+1 n+1 n

ﬂ-in—&—l sz
(h) I<n
G
LS
s (n) s
5n 5l

the composite morphisms;

(i) macg and macg: the maximal cells in [G] and S, respectively (if exist) [13].
6. Some special morphisms of simple w-categories:

(a) b, t:8° — §*: the bottom and the top morphisms [73];
(b) b, £t ") — §%: the multi-bottom and the multi-top morphisms [73];

c) kU 58 — §lELY kY7 69 — 6187 the embeddings into the coproduct
0 . 5 STl Lo § ST th bedd h d
[73];
(d) I <s
t(s)
(1)
b{y

the composite morphisms;

(e) | :[G] — 0°,  ele : [G] — 6°TL: the morphisms into 67, e > €, e, ¢’ € Gy
[73];

(f) p*:d°tt — 6°: the projection [75];
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(g> pO;s-i—l,pl;s—&—l . 5s+1,s,8+1 _ 554—17 ps—i-l . 63-‘,—1 _ 68+1,S,8+1: the order on
5s+1 [75],

(h) The (a fragment of) the internal disk D in S at level n, s >0, n >0 [75]; :

p0;5+1 bfz
n
n s
s+1,s,5+1 s+1 p’fl s
Oy 0, ———— 0,
1;54+1 t°
pn n

(i) @ : 0" — 6% the unique essential morphism from 6% to 6% [89).
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