ON THE SPECTRAL NORM OF RADEMACHER MATRICES

RAFAL LATALA

ABsTrRACT. We discuss two-sided non-asymptotic bounds for the mean spectral norm of non-
homogenous weighted Rademacher matrices. We show that the recently formulated conjecture
holds up to loglog log n factor for arbitrary nxn Rademacher matrices and the triple logarithm
may be eliminated for matrices with {0, 1}-coefficients.

1. INTRODUCTION AND MAIN RESULTS

One of the basic issues of the random matrix theory are bounds on the spectral norm (largest
singular value) of various families of random matrices. This question is very well understood
for classical ensembles of random matrices [3], when one may use methods based on the large
degree of symmetry. Recently, a substantial progress was attained in the understanding of
inhomogeneous models [18], especially in the Gaussian case [12, 4]. However, there are still many
open questions in this area, the one concerning Rademacher matrices is discussed here.

In this paper we investigate the mean operator (spectral) norm of weighted Rademacher
matrices, i.e., quantities of the form

Ell(asjei)l :==E sup Zai,jfi,jsitjv

< T
lsllzslella<1 %5

where (a; ;) is a deterministic matrix and (g;;); ;>1 is the double indexed sequence of i.i.d.
symmetric +1 r.v’s.
Since operator norm is bigger than length of every column and row we get

Ell(aijei )l ~ (Ell(as e )l*)? > max{mf“x H(az‘,j)jﬂwmjax ||(ai,j)i||2}'

For two nonnegative functions f and g we write f = g (or g < f) if there exists an absolute
constant C' such that C'f > g; the notation f ~ ¢g means that f 2> g and g 2 f. Seginer [16]
proved that for n > 2,

El|(ai,j€i.7)ij<nll < log"* n<m§X [(ai,)jll2 + max [(ai,j)i H2>

and constructed an example showing that in general the constant logl/ “n cannot be improved.
Let g; ; be independent N(0,1) random variables. We have

(L1 Elaizei)ll S Ell(ai;9:5)] S max |[(ai;);ll2 + max [(aij)illz + vlogmrgé;x lai,jl,

where the last bound was showned by Bandeira and van Handel [5]. The bound on the Gauss-
ian matrices is sharp for {0, 1}-weights; however, even in this case, estimate (1.1) often yields
suboptimal bounds (see Section 2 below).
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In [11, Theorem 1.1] it was shown that for any matrix (a;;),

(1.2) El[(ai,j€i,5)ij<nll 2 [max. [(ai;)sll2 + max [[(ai,j)ill2
max min sup Z a; ;€ jSit;
L<k<n IC[n]II|<E |s||o, |t2<1 BRI

i,j¢1 Logk

Here and in the sequel Log = = log(x V €) and ||S||, = (E|S|?)}/? denotes L,-norm of a r.v. S.
It was also conjectured that bound (1.2) may be reversed, i.e., for any scalar matrix (a; ;)i j<n,

(1.3) Ell(aij€i5)i<nll S nax l[(ai,;)5ll2 + max [[(@i;)ill2
+ max  min sup Z a; ;€ ;Sit;
1§k§n1ChﬂJH§kHSH%Hm2S1 HITBITY

ijel Log k

The proof of [11, Remark 4.5|, based on the permutation method from [12], shows that in
order to establish (1.3) it is enough to show that for any submatrix (b; ;) j<m of (ai ;)i j<n One
has

(1.4 | (bs2i )iyl S max [(bu)ylla+ max [(bi)ill2 + R(Logm),

where for a matrix A = (a; ;) and p > 1 we put

RA@)ﬁI sup “E WJQJ&@H.
sll2<1,[ltlla<1 7 P

Our first result states that this conjectured bounds holds for {0, 1}-matrices.

Theorem 1.1. Inequality (1.4) holds if b; ; € {0,1} for any i,j. As a consequence, for any
E C [n] x [n],

(15)  El(LeGDeis)isenl ~ max I(Le(i )yl + max |(166.5)il

max  min sup E L1g(%,7)ei ;85
L<k<n IC[n] ISk ||s||,, |[t] 2 <1 iGel
> Logk

Inequality (1.4) for {0, 1}-weights is a consequence of the more general Theorem 1.6 below,

0 4 ) Estimate (1.5) follows from

applied to the symmetric 2m x 2m {0,1}-matrix A = < AT 0

(1.4) as in the proof of [11, Remark 4.5].

Remark 1.2. In our results we do not assume the symmetry of (g;;);; even if we consider
symmetric matrices (a; ;). However analogous upper bounds holds for E|/(a; ;&; ;)i ||, where
(€i,5)i,; is the symmetric Rademacher matrix (i.e., & ; = &;; = ¢; ; for ¢ > j), since
Ell(aij€i5)isll < Ell(ai i€ ticsy)isll + Ell(ai;& 1> )isll
= El[(aijei1ti<iy)ig | + Ell(aijei i Lisiy)isll < 2Bl (as5€i5)il

Moreover, the lower bound (1.2) remains valid if we replace ¢; ; with &; ;.

Quantity Ra(p) involves random variables ¢; ;. It may be expressed in terms of a, ; using
two-sided bounds for L,-norms of Rademacher sums (derived in [10] on the base of tail bounds
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[15])
1/2 "
~ Zaz + ﬁ(Z(aZf) ~ sup { Zakbk: 16]]oe < 1, 0] < \/[9},

D k<p k>p k=1

n
E AK€l
k=1

where (aj)7_, denotes the nonincreasing rearrangement of (|ag|)p_;. It is still unclear how
to apply the above bounds to get a simple two-sided estimate for Ra(p). However, in [11,
Proposition 1.4], such an estimate was established for {0, 1}-matrices:

sup 1g(2,9)eii8:ti|| ~ max LG yery)])-
lslla <1 Z]: (G egsits) ~  max  NTper)l
’ p

Hence Theorem 1.1 implies the following corollary — its first part provides a positive answer to
the question posed by Ramon van Handel (private communication).

Corollary 1.3. For any E C [n] X [n],

(1.6) El[(1e(i,5)ei5)ij<nll S Jax 1(T(i, )2 + ax (L& (i, 7))ill2
+ sup (L yery)igll-

FCE,|F|<Logn

and
(17)  EI(Leld)ens)senl ~ max [(LeG,d))ila + max [(LeG.5)ill

max  min max L i g il
* 1<k<n IC[n],|I|<k FCE,|F|<Logk 1 G.gyersgen il
Example 2.7 below shows that one cannot reverse estimate (1.6) and a more involved form
(1.7) of the two-sided estimate is necessary.

Remark 1.4. Two-sided bounds on moments of norms of Rademacher vectors [9] give that for
every p > 1,

1/p
(E\l(az‘,ﬁi,j)i,y‘gn||p) ~ Ell(a; j€i5)ii<nll + Ra(p)-
Thus, estimate (1.6) might be equivalently stated as

(1.8)  (BI(Xp(if)eiijenl® o8 ")V~ max |[(Le(i,5);ll2 + max (L 5))ill2
Sisn <j<n

e 1(Lg.pery)isl

It is quite tempting to show (1.8) for symmetric sets E via a combinatorial method, since for
n x n symmetric matrix A and k = |Logn], ||A|| ~ (tr(A2*))'/2k. Such an approach worked for
Gaussian matrices [5], but we were not able to apply it in the Rademacher case.

Remark 1.5. Signed adjacency matrices were studied in [7] in connection with 2-lifts of graphs.
[7, Lemma 3.1] shows that to each signed adjacency matrix of a graph G one may associate the
2-lift of G with the set of eigenvalues being the union of the eigenvalues of G and of the signed
matrix. Hence Theorem 1.1 provides an average uniform bound on new eigenvalues of random
2-lifts.

To state results for general matrices we need to introduce some additional notation. We
associate to a symmetric matrix (a; ;)i j<n @ graph G4 = ([n], E4), where (i,j) € Eq iff i # j
and a; ; # 0. By da we denote the maximal degree of vertices in G 4. Observe that in the case
of {0, 1}-matrices v/dal|(a; ;)|lco = Vda = max; [|(ai ;);ll2-
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Theorem 1.6. For any symmetric matric (a; ;)i j<n,
19/40
(1.9) Ell(aijeis)ij<nll S max|[(ai;)ill2 + Ra(Logn) + A"l (i)lso-

Remark 1.7. Since |[(a; ;)| = max; |a; ;| we may only consider matrices with zero diagonal.
Moreover, for any unit vectors s,t we have

1
‘ Y " aijeijsity| < ll(aig)]leo D 1{(i,j)eEA}§(S?+t§)
] 0

_ % (Z 1 Hpema + D15 ]1{0%1)6&‘})
j J !

i

< dall(ai ;)|
Hence,
(1.10) El[(ai;Liizy€ii)iill < dall(aij)lloo
and it is enough to consider only the case n > d4 > 3.

The proof of Theorem 1.6 takes the most part of the paper. Here we briefly sketch the main
ideas of this proof. Bernoulli conjecture, formulated by Talagrand and proven in [6], states that
to estimate a supremum of the Bernoulli process one needs to decompose the index set into
two parts and estimate supremum over the first part using the uniform bound and over the
second part by the supremum of the Gaussian process. Unfortunately, there is no algorithmic
method for making such a decomposition — a rule of thumb is that the uniform bound works
well for large coefficients and the Gaussian bound for small ones. We try to follow this informal
recipe, decompose vectors s,t € B into almost "flat" parts and use the uniform bound when
infinity norms of these parts are far apart. When they are of the same order we make some
further technical adjustments (using properties of the graph G 4) and apply the Gaussian bound.
The crucial tool used to estimate the corresponding Gaussian process is an improvement of van
Handel’s bound [17], provided in Section 2.1.

We postpone the details of the proof till the end of the paper and discuss now some conse-
quences of Theorem 1.6.

Theorem 1.8. For any symmetric matriz (a; ;)i j<n,
E||(as5:,1)i.j<nll < LogLog(da) (max [(ai 5);2 + Ra(Logn)).

Proof. Let M := max; ||(a; j);ll2, uo = 1 and uy := exp(—(20/19)%) for k = 1,2,.... Let ko be
the smallest integer such that (33)* > Log(d4). Then ko ~ LogLog(da) and ug, < dy'. We
have

ko

Ell(aij€i)|l < Bl Ljac s 1<ug mrei)l + D Ell@is L fugnr<ian s <us a1 -

k=1

For any k,
di == max |{j: |ai;| > ueM}| < up?,

so by Theorem 1.6
E(@i 1w ar<ar s 1<un 0y Ei )| S M+ Ra(Logn) + d” ““up 1M S M + Ra(Logn).
Moreover, using again Theorem 1.6

El| (i1 {jar | <un, mr3€0d) | S M + Ra(Logn) + dy ur, M < M + Ra(Logn) O
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Obviously, d4 < n, so Theorem 1.8 (together with the standard symmetrization argument)
implies that bounds (1.4) and (1.3) hold up double logarithms of n. However, decomposing
matrix into two parts and using the Bandeira-van Handel bound one may derive conjectured
upper bounds up to triple logarithms.

Theorem 1.9. For any matric (a; ;)i j<n,
Ell[(aij€i5)i<nll S LOgLOgLOgn(lgl,ag (@i j)jll2 + max [(a;;)ill2 + Ra(Log n))
Sisn <j<n

and

E|(ai ei )i j<nll S LogLogLogn ( pax [(ai,)jll2 + max l[(ai,j)ill2

+ max min sup E Qi ;€ iSit; .
13€4,55it;
1<k<n ICIn] ISk |s])a,|It]2<1 iar
> Logk

Proof. Assume first that the matrix (a; ;) is symmetric. Put M = maxi<;<m ||(@i,;);ll2. Esti-
mate (1.1) yields
Ell(ai,j1ja, )< MLog-1/2 n}€ij)ig<nll S Jmax [[(ai,j);jll2-
We have
max |{j: |ai;| > MLog™'/?n}| < Logn,
K2

hence Theorem 1.8, applied to a matrix (ai,j 1, |>MLog=1/2n})i,j<n implies
El[(ai,j1{ja, 1> MLog-1/2 n}€ij)ig<nll S LOgLOgLOgn<1gl,aX l[(ai,5)5ll2 + Ra(Log n))-
, <i<m

Therefore, for any symmetric matrix (a; ;),

(1.11) Ell(aizei )ig<nll S LOgLOgLOgn(lgliaggnl (@i j)jll2 + Ra(Log n))-

Now, supppose that matrix (a; ;) is arbitrary. Applying (1.11) to the symmetric 2n x 2n
matrix AOT 61 we get the first part of the assertion.

The second part follows from the first one as in the proof of [11, Remark 4.5]. ]

Organization of the paper. In the next section we present several examples of applications
of the main results. In Section 3 we discuss basic tools used in the sequel, including an improve-
ment of the van Handel bound for norms of Gaussian matrices from [17]. In Section 4 we derive
a weaker version of Theorem 1.8 with log(d,) instead of loglog(ds) factors. The last section is
devoted to the proof of Theorem 1.6.

2. EXAMPLES

In the first examples we discuss how to apply Corollary 1.3 to estimate E||(1g(z,j)e; ;)| for
various classes of graphs G = ([n], E). Due to Remark 1.2 the presented bounds are valid also
for symmetric random matrices E||(1g(¢, j)€; ;)i ;]

Example 2.1. Let G = ([n], E) be a graph with maximal degree d. Then
(2.1) Ell(1e(i,j)ei )ij<nll < d

and

(2.2) E|(Le (i, 4)zi,5)ii<nll S Vd + /Logn.
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The first bound follows by (1.10). Estimate (2.2) follows from (1.1), one may also use (1.6)
and bound the operator norm of 1 by the Hilbert-Schmidt norm.

Example 2.2. Let G = ([n], E) be the disjoint union of m complete graphs of size d + 1 (i.e.
n =m(d+1) and 1 is a block-diagonal matrix with m (d+1) x (d+ 1) blocks with ones outside
diagonal). Then

d if d < y/Logmn,
E|(1e(%,5)ei )| ~ Vd + min{d, v/Logn} ~ < v/Logn if /Logn < d < Logn,
Vd if d > Logn.

Indeed, G has degree d and
~ min{d, v/Logn}.

hence the upper bound for E||(a; je; ;)| follows by (1.6). To derive the lower bound it is enough
to consider only the case Logn > d. We then apply estimate (1.7) and observe that

= max H(]l{(i,j)eF,i;éj})i,j|

Lo s .
T2 n”( {Gery il FC[d+1]x[d+1],|F|<Logn

FCE,|F|<Log

i Ligiveriier)iill = T veriein)ii
ain e A oy ((MGperieny)isll = | o max NG periz )il

~ min{d, y/Logm} ~ min{d, \/Logn}.
Example 2.3. Let G = ([n], E) have maximal degree d and girth at least eLogLogn. Then
Ell(Le (i, j)eis)l ~ V.
By Corollary (1.3) it is enough to show that any subgraph H = (V,F) of ([n],E) with
at most Logn edges has spectral radius at most C(E)\/E. Subgraph H has at most 2Logn

vertices, maximal degree at most d and girth at least eLogLogn. Let k = 2[§LogLog n| then
[(1g)|| < (tr(1%))**. Since F does not contain cycles of lenghts at most k, we have

tr(15) = Z Uity inyery Vanor,in)ery (i in)ery < 2Logn - Ny 4,

where Nj 4 < 2kdk/2 is the number of closed pathes from root to itself in the d-regular tree.
Hence we obtain the desired bound

IR < (2Logm) /FN) <2 V.
The next example generalizes the previous one. It is close to [14, Theorem 1.2], where there

was a stronger assumption on the neighborhood diameter, but a more precise bound on the
operator norm.

Example 2.4. Let G = ([n], F) have maximal degree d and suppose that the r-neighborhood
of every vertex contains at most one cycle, where r > eLogLogn. Then E||(1g(i,5)ei ;)| ~- Vd.

Observe that all cycles of lenght at most 2r do not intersect. Let us remove one edge from
each cycle of length at most 2r and let Gy := ([n], E1), where E; contains all removed edges and
Go := ([n], E3), where E5 = E '\ E;. Then G2 has girth at least 2r and the maximal degree of
G1 is at most 1. Thus by (2.1) and Example 2.3,

Ell(Le(i, j)eis)ll < Ell(Le, (i H)ein) | +Ell(Le, (i feig)ll Se 1+ Vd S Vd.

The next example is similar to [14, Theorem 1.16], where it was showned that for a random
d-regular graph G = ([n], E), |[(1g(4, )& ;)| < 2vd — 1+ ¢ with probability 1 — o0, (1).

Example 2.5. Let G = ([n], E) be a random d-regular graph. Then E||(1x(i, j)e; ;)| ~ Vd.
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By (2.2) we may assume that Logn > d and by (2.1) that d > 3. Following [8] we say that
a graph is r-tangle free if the r-neighborhood of every vertex contains at most one cycle By
Example 2.4 and (2.1) we have

E||(1£(i,5)ei ;)| < CVAP(G is LogLogn-tangle free) + dP(G is not LogLogn-tangle free).

By [8, Lemma 27]

(d—Dstes s

~

P(G is not LogLogn-tangle free) <
n

where the last bound follows since we assume that Logn > d.
The next example essentially recovers [2, Corollary 1.3].

Example 2.6. Let A be the adjacency matrix of a d-regular graph and suppose that all eigen-
values of A besides the largest one are bounded in absolute value by A. Then E|/(a; j&; ;)| S A

We have A > v/d by the Alon-Boppana theorem, so by (2.2) we may assume that Logn > d. By
(1.6) it is enough to show that any subgraph H = (V, F) of ([n], E) with at most Logn edges has
spectral radius at most C'A\. Subgraph H has at most 2Logn vertices. Let w = n_1/2(1, 1)
be the eigenvector of A corresponding to the largest eingenvalue d. Any v € RV with [jv]js =1
we may represent as v = (v, w)w + v’, where (v',w) =0 and ||v'||2 < 1. Thus

_ _ Logn
ILrolls < 116011+ (0 wdl|Lrwlle < A+ olin™/2[V]"/2dn"/2 < A4 2422 <,

where the last estimate follows since Logn > d and A 2 1.
The next example shows that estimate (1.6) cannot be reversed.

Example 2.7. Let 1 <d <nand E = ([d] x [d]) U{(4,7): d<i<n} (ie 1g is block diagonal
with one d x d block of ones and n — d blocks of single ones). Then

sup I1(Lga.g)ery)ijll = sup I(L¢,jyery )il ~ min{d, \/Logn}
FCE,|F|<Logn FcC[d]x[d],|F|<Logn

and the RHS of (1.6) is of the order v/d + min{d, v/Togn}, whereas
Ell(L5(i, f)eis)ig<nll = Ell(eigii<dll ~ V.
The last example concerns randomized circulant matrices, investigated in [11].

Example 2.8. Suppose that (a; ;) is a circulant matrix, i.e. @; ; = bi—; modn for a deterministic
sequence (b;)7=,. Then for any i and j, |[(a;;)jlla = ||(ai;)ill2 = ||(b:)i]l2- Moreover, as was

shown in the proof of [11, Theorem 1.3]

sup E U,ij&;jsitj
llsll2;lltll2<1

< inf sup a;;€ijSit;
~ 1)<13°t%) )
IC[n] IS0/ 5|0, |1t 2<1

J Logn LIgl Log(n/4)

Thus Theorem 1.9 improves [11, Theorem 1.3] and yields that for circulant matrices

[[(bs)]l2 + Ra(Logn) < E| (as,;e4,5)|| < LogLogLogn([|(b:)]l2 + Ra(Logn)).
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3. TooLs

We will use the following estimate for suprema of Rademachers. It is a special case of [1,
Lemma 5.10].

Proposition 3.1. Let Ty, ..., T, be nonempty bounded subsets of RN . Then

N

E max sup tig; §maxEsup tic; +maxsup H tig;
paxsup > ties S ey teTZ ¢+ mex sup Z i

Logn'
Another useful result is the estimate on the number of connected subsets of a graph.

Lemma 3.2. Let H = (Vy, Ey) be a graph with ng vertices and mazimal degree dy .

i) For a fited v € V' the number of connected subsets I C Vi with cardinality k containing v is
at most (4dg)F1.

ii) The number of all connected subsets I C Vi with cardinality k is not bigger than ng (4dg)*~!

Proof. 1) We choose a connected subset I 5 v by constructing its spanning tree, rooted at v. In
order to do it we first choose an unlabelled rooted tree with k vertices and then label its vertices
by elements of V. The number of unlabelled rooted trees is less than the number of ordered
trees with k vertices, i.e., less than the (k — 1)-th Catalan number Cj,_; < 4=1. The root of the
tree has label v and the rest of vertices may be labelled in at most dlffl ways.

Part i) of the assertion immediately yields part ii). O

3.1. Van Handel-type bound. In this part we will establish the following improvement on
van Handel’s bound [17].

Proposition 3.3. For any n x m matriz (a; ;)i<m,j<n ond b € (0, 1] we have

E  sup sup > aijeigsit; S max||(ai;);ll2 + max || (a;;)sll2
sEBI*NbBT te B} NbBT & J

o i<m,j<n
+ Log((n +m)b®)||(ai,j)i; -
Let us first formulate and prove a symmetric variant of Propostion 3.3.

Proposition 3.4. Let (¢;;);; be a symmetric Rademacher matriz. Then for any symmetric
matriz (a; ;)i j<n and any b € (0, 1],

|OO'

sup > ai & jsity S max|[|(ai )2 + Log(nb?)|| (i ;)i
s, tEB"ﬁbB" ?

% i j<n
The proof uses the following, quite standard, technical lemma.
Lemma 3.5. Let Yq,...,Y, be r.v’s and m;,o; > 0 be such that
P(|Y;| > m; + uo;) < e v /2 foreveryu>0andi=1,...,n

Then

~

sup Z s2Y; < max m; + v/Log(nb?) max o;

sEB"ﬁngo i—1

and

E sup

n
E s2Y2 < maxm; + /Log(nb?) max o;.
s€EByNbBY v v

i=1
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Proof. Let (7, .

..,x¥) denote a nondecreasing rearrangement of |x1| O |xn|. We set k = n if
b? < 1/n, otherwise we choose 1 < k < n—1 such that m < b? < 1. Then Log(nb?) ~ Log(n/k)
and for any s € By NbBL,

n

n k k
>y Z sty < DIy 4+ (1= Y Isi ) v
i=1 = =1 =1

(|Sz‘|2Yi + (E - |Si‘2)yk) <O+ YY)
i=1

Forany 1 <l <mnandu>0

=0

P(Y;* > maxm; + umaxo;) <
K2 K2

N‘H

Z Y; > max m; —|—umaxal) <

N\:

u2/2
Hence integration by parts yields EY;

n

< (E|Y*[*)Y? < max; m; + Log!/?(n/l) max; ;. Thus

k k
1 N 1 n
E o 2SS gD BV Smami+ )y [Log(7) maxoy
€ % =1 1=1 =1

< maxm; + 4 /Log(%) max ;.
Similarly,

. 1
vz < By Lo +
i=1

E sup
sEBINbBL,

+Y?) <

x| =
]~

E[Y;

Il
-

< maxm; +
K2

??‘M—l

k
E rnaX ag;

/ n
< max m; + Log(E) max o;.

Proof of Proposition 3.4. Let (g; ;)i j<n be a symmetric Gaussian matrix (i.e

i .. . gi,j = gj,i and
(9i,j)i>; are iid N(0,1) r.v’s), independent of &; ;. We have for any matrix norm || - ||

- - 2 _
Ell(ai;9i)|l = Ell(ai,;€i.519:,51) | = Ell(ai,;€:,;Elg:,; )l = 4/ ;EH(%,J‘&J)H

For any symmetric matrix B we have (Bs,t)

O

=1((B(s+1t),s+t) — (B(s — ),

s —t)), hence,
sup (Bs,t) <2 sup [|(Bs,s)].
s,te BRINbB™, s€BPNbBT,
Therefore,
E sup E a; ;€ 58t SE sup E ai jgi jsis]‘
s€ByMbBL, 52, seBybBL, |52,
<E sup g a; ;gi;8:5; +E  sup g (—ai,j9i,j5i5;)
s€BEbBY, /52, s€B}NbBY

o0 4,7<n

=2E sup E Q;,59i,55iSj-
s€EBINbBL

o 7,j<n
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Now we follow van Handel’s approach from [17]. Let g1,9s,...,gn be iid A(0,1) r.v’s and
Y = (Y1,...,Y,) ~ N(0,B_), where B_ is the negative part of B = (a7 ;). Define the new
Gaussian process Zg by

It is shown in [17] (see the proof of Theorem 4.1 therein) that for any s,s’ € R™

<E|Zs - Zy|*

2
!/
E‘ Y aijgij(sis; — sis))

3,j<n
Hence the Slepian-Fernique inequality [13, Theorem 3.15]. yields

E  sup Z a;,;9i,;5:5; <E sup Z,.

sEBRNbBL, T2, s€BFNbBT,

Variables Y; are centered Gaussian and (see the proof of Corollary 4.2 in [17]) (EY;?)'/2 <
|(ai,;);lla. Hence Lemma 3.5 applied with m; = 0 and o; = |[(a;,;);/4 yields

sup Z s7Y; S \/Log(nb?) max | (a; ;)4
seB"ﬂngo = i
< v/Log(nb?) max i ;|'/* max|| (ai 5); 15
< max||(ai ;); 2 + Log(nb*) || (ai ;)i ;|-

We have

E sup 50 E aj;s? <E  sup E ajjsigi =E  sup E s3V2,
seB"mng” 1 seByrvsy, \[ 55 sepypvBz \[ 5

where V; = /> . a” g2. The Gaussian concentration [13, Lemma 3.1] yields
2
PVl = l[(aig)illz + tll(aig)illos) < e 72,
so Lemma 3.5 applied with Y; =V}, m; = ||(a;;)ill2 and o; = ||(ai,j)i]l oo yields

sup Zsz /ZausjgzNmaxn(ai,j)inﬁ\/Log<nb2>||(ai,m,jnoo. O
J

GGB"ﬁbB”

Proof of Proposition 3.3. We apply Proposition 3.4 to the symmetric (n +m) x (n+ m) matrix

A= (@4,5) of the form A= ( 0 4

AT 0 ) Observe that max; ; |G; ;| = max; ; |a; ;|

mae | (@i, l2 = mae{ max [ ag); 2 mae (o)l }

and

E sup E i j€;58:it; > E sup sup E a; ;€ jSit;. O
s,tGB;erﬁngjm i j<nt+m sEB"MNbBT te By NbBT, i<m,j<n
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4. BOUNDS UP TO POLYLOG FACTORS

In this section we derive weaker estimates than in Theorem 1.8 (with powers of log d4 instead
of loglog(d4)). They will be used in the proof of Theorem 1.6 to estimate the parts of Bernoulli
process (), j QijEijSit) j)s,te By, where coefficients s; and t; are of the same order.

Let us first introduce the notation which will be used tlll the end of the paper. Recall that
Ga = ([n], E4) is a graph associated to a given symmetric matrix A = (a; )i j<n. By p = pa
we denote the distance on [n] induced by E4. For r =1,2,... we put G, = G.(4) = ([n], Ea,),
where (i,7) € E4, iff p(4,5) < r. In particular G; = ([n], E4) and the maximal degree of G, is
at most da +da(da —1)+...+da(da —1)"" < d7. We say that a subset of [n] is r-connected
if it is connected in G,..

We denote by Z(k) = Z(k,n) the family of all subsets of [n] of cardinality k£ and by Z.(k) =
Z,(k, A) the family of all r-connected subsets of [n] of cardinality k.

For a set I C [n] and a vertex j € [n] we write I ~4 j if (i,j) € E4 for some ¢ € I. By
I' = I'(A) we denote the set of all neighbours of I in Gy and by I” = I"(A) the set of all
neighbours of I’ in Gy, i.e.,

(4.1) I'={jen]: Jier (i,j) € Ea}, I"={i€c[n]: Jierjem (i0,4),(i,7) € Ea}.

Observe that I is a subset of I, but does not have to be a subset of I'. Moreover |I’| < dal|I|
and |I”]| < d4|1).

By Remark 1.7 we may and will assume that a, ; = 0 for all 3.

For 1 < k,l < n define random variables

1
Xp1 = Xp(A) = a; i€ iM;
k,l k,l( ) \/HIEI(]C) JEI(Z) . 77J 16;EJ €i,57 77]
and their 4-connected counteparts
Xy = Xpi(A) = @i €i M
“) \/k:l I€I4(k) JeI4(l)m,777 elzj:ef 7 37777]
Set
1
4.2 X =X(A):= max X,;= max Qi i€; iMiNs-
(42) (A) = 30, Xt = | I ] S D i

Observe that X is nonnegative.

Variables Yk,l are easier to estimate than Xy ;, since the number of 4-connected subsets is
much smaller than the number of all subsets — calculations based on this idea are made in Lemma,
4.2. Lemma 4.1 shows that in expectation these variables do not differ too much.

Lemma 4.1. For any 1 <k, <n,

< X I
EXk: S lgk,ggiigl,gl]EXk 2+ Ra(Log(kl)).

Proof. Let us first fix sets I € Z(k) and J € Z(l). Let I1,...,I. be connected components of
INJ in Go and J,, := JNI. Then sets Ji, ..., J, are disjoint. They are also 4-connected subsets

of J, since otherwise there would exists a nonempty set V' C Jy such that pa(V,Ju \ V) > 4
and taking for V neighbours of V in I, we would have ) # V C I, and pa(V,I, \ V) > 2,
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contradicting 2-connectivity of I,,. Hence, for every 7;, r]; = +1 we have

S aigeigmmy= Y. aisEimin, = Z > aljgljnlnj<ZX\IHJ\\/|I||J

iel jed ieInJ’ jeJ u=1i€l, j€
r 1/2 1/2
< g Foew L VITT < e, T (S 10) (2 101
= u=
< \/ .
k’I<r}cal)’(<lel eVl

Taking the supremum over all sets I € Z(k), J € Z(l) and n;,n; = £1 we get

4.3 Xp; < max Xy
( ) kol k' <k,l'<l ko

Observe that

§ a; ;€ z,ﬂh??]

sup H E ai7j€i,jsitj

max max
T€Zy(k'),JELL (V) miymj==%£1 v/ k‘ll/

icljed Log(’“l) lIsll2:lItll2<1 Log(kt)
= Ra(Log(kl)).
Thus, by Proposition 3.1
B g Xow S max EXww + Ra(Log(kD)).
O

Lemma 4.2. We have for any 1 < k,l < n,
EX;,; < /Logda max l(ai;)jll2 + Ra(Logn).

Proof. Obviously X < ||(a; j€i )|, so by (1.10) we may assume that n > d4 > 3. By the
symmetry it is enough to consider only the case [ > k. By Lemma 3.2, 2%|Z,(k)| < n(8d%)*
ndSk.

We have

1

X1 < — max max p a; ;€4 Mt
, E E : J€4,57i
K 1€Za(k) m==1 4| ,< 1555

For any fixed I € Z,(k) and n; = %1,

]ET up Zzaz,ﬁz,ﬂh i= (Z(Zaw@z,ﬂ?z)Q) -
K jiela< j

%\

W(ZE<;LL2]€”U¢)2>1/2 (Z;a”)l/g
T(ZZ J) <m?X||(ai,j)jH2-

In the case n > dSF, 10g(2’“|1'4(k)|) < logn and

RA (log ’I’L)

max max H E g a;, ;€ jMit;
T€Zy(k) ni=+1 |\t\|2<1 \f

Log(2%|Za(k))™



ON THE SPECTRAL NORM OF RADEMACHER MATRICES 13

In the case n < dF we have log(2¥|Z4(k)|) < klogda and

Log(2*|Z4(k))

< max max sup \/MTA(ZZ(%WJJ‘)Q)IQ

™ IeZy(k) mi==%1 Itll2<1

max max H E E @i j€ M j‘
I€Zy(k)ni==%1 HtH <1 f

i€l j
= s, mi V0w 3 (5 )" < Viog @ max | (ai )il
The assertion follows by Proposition 3.1. O
Corollary 4.3. We have
EX =E max # Z i j€i MM S Mmaxﬂ(a”) ll2 + Ra(Logn).

0£1,0CV \/T|]J] ’717’7] Lierjed

Proof. Lemmas 4.1 and 4.2 imply that for a fixed 1 < k,l <n

EXk: < max_ EX,C/ i + Ra(Log(kl)) < \/Logdamax |(a;;);ll2 + Ra(Logn).

R <k,l'<
Moreover,
T 2
max max —— max i j€i,MiM;
1<k, I<n IeZ(k),JeZ(l inh=%+1 ’ Log(n?2)
<k,I<nI€Z(k),JEL(l) /Kl nin} ieT e og(n
< H E a; ;€i itis; < Ra(Logn)
IItH2<1 H o<t 5ev 2Logn

and the assertion follows by Proposition 3.1. |

Proposition 4.4. For any symmeric matriz (a; ;)i j<n we have
E||(aij€i ;)i j<n| S Log®*(da) max|[|(ai;)ll2 + Log(da) Ra(Logn).

Proof. By Remark 1.7 we may assume that a; ; =0 for all 7 and n > d4 > 3.
For vectors s,t and integers k, [ we define sets

L(s)={i<n: e " T <s| <e ¥}, Jt)={j<n: el <ty <e '}

Observe that for any s,t,k,,

—k—1 /
Y aigeigsit; <e max > i, i€ MM
i€ (s).JE€ T (1) T eI (s).deq(t)

therefore

. —k—1 . /
[(aijeii)ijen]| < sup Y e sup N @i j€i,jMiM;-
. [
llsllzlltll=<1 7 1= e 1 (s) g€ (1)
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We have

—k—I !
E E € max E @4,5€4,57071;

77“77jfi1 . .
K I>ktlogda i€ (5) g €1 (8)

SIDSEFEIED SN

k 1>k+logda 1€, (s),jE€J(¢)
—k —1
—Ze Do 3 gl Yo e Mgenmy
i€lk(s) J 1>k+logda

<D D angle RN < laij)lle Y D e

k i€li(s) J k i€li(s)
<lailoo Y D €57 = elsl3ll(@i;)]loo-

k i€l (s)

In the same way we show that
—k—1 / 2 2
Yoo et max o Y aggeigmat < 3l ai) ]
I k>l+logda TN e (s).de i (4)
Moreover, for any s, t,

—k—1 /
E € sup E Qi,5€4,57i7;

kl: |k—l|<logda mmi=El e p (o) jeT (1)
<X > e k()| Ti(1)]
ks [k—1|<log da

For any fixed integer r

S et IR 0] < (3 e ne)l) (S et ])
k k k

< e[tz sll2-
Hence,

(@i jeig)ig<nl| < e <1€2((||5||2 + ) (@5l + (2log da + 1) X[t]2]5]]2)
sli2, 2>

< e*(2/(ai )]0 + (2logda + 1)X)
and the assertion follows by Corollary 4.3.

5. PROOF OF THEOREM 1.6

By Remark 1.7 we may assume that a;; = 0 for all i and n > ds > 3.
For k=1,2,... and t,s € By we define

Ii(s) == {is ;" <|s;| <d{ 9% () o= {52 a0 < ;) < df TV,

Then
—k 20 -1 20
(5.1) STa ) < Isl3 Y ) < 13
E>1 >1
and

El[(aij€ij)ij<nll =B sup sup > ) Y aijeigsity.
Isll2<1HE12=1 757 5e 7, (s) jeTi(t)
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Observe that for any s,t € By,

DD DD DD DIRTFCEE = S SIS DI S 1| 01

k>11>k+414i€l,(s) eI (t) k>14€l,(s) 1>k+41 jEJ, (t)
(k+40)/40
<D 2 lsildy Zlaml
k>1ieli(s)

< M@l D D f < llaig)lloo-

k>1iel,(s)

Similarily,

DI DD DD SR

I>1 k>1+414€l,(s) jET (1)

< [[(@s,5)loo-

Hence it is enough to estimate

ZEsup sup Z Z Z ;i j€;,55it;.

r=—a0 lsll2=<t2=1 g5y e, () jeqr)
l— =r

By symmetry it is enough to bound only the terms with » > 0. Let X be defined by (4.2).
Then for a fixed » > 0 and a > 0,

sup sup >N > L )zl [} 3,i€0iSits
lIsll2<1t][2<1 k>14€14(s) jETpsr(t)

2—2k— 40
< sup Sup max E E E d§ n/ L i ()2 al L ()]} B, €, T
lIslla<1 ([t <1 755 = k>1 1€15(8) JE€ETk4r(t)

2—-2k—r)/40
< X sup sup Zd; Y/ \/\Ik(s)‘|Jk+r(t)|]1{|Jk+7v(t)\2a|1k(8)\}

Isll2<1 l1¢ll2<1 557

<a V2x sup  sup def%#)ﬂoukﬂ(tﬂ < a_1/2d5:+2)/40X7
Isll2<1 [t <1 657

where the last inequality follows by (5.1).
Hence Corollary 4.3 yields

E su su E Z Z ! TS
ol el 51 (a1 2d G 1 (o) [} T 50720
2 2=2k>14€Tx(s) j€Tpir(t)

S max||(ai;)jll2 + Ra(logn).
In a similar way we show that

sup Z Z Z L s ()| <alLi(s)[} 0,50, Sit

H ”2<1 ”tH2<1 k>1161k(3)_7€.]k+,~(t)
<a'?X sup sup def%ﬁ)/wﬁk(sﬂ < a1/2df427T)/40X
lsll2<1 1t <1 7

and
E sup sup Z Z Z ]l{\Jk+r,~(t)|§d(jr_5)/4oIIk(S)l}ai’jgiJSitj
lIsllz<1 fItll2<1 355 ieTn(s) JETmn(®)
S ax II(a;i ;) ill2 + Ra(logn).

15
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Hence it is enough to bound for r = 0,1, ..., 40,

E sup sup Z Z Z d<2r75)/40<\Jk+r(t)\/Uk(s)|<dffr+5>/40}ai’j€i’jsitj'
Isll2 <V o >1 e 1, (s) jeTipn ()
Recall definition (4.1) of sets I’ and I"”. Let us fix 0 < 7 < 40 and k, ¢, s such that dfT_5)/40 <

[ Jotr (O)|/| 11 (8)] < dfr+5)/40. Let |I(s)] = m. Let us consider the following greedy algorithm
with output being a subset {iy,...,ip} of Ix(s) of size M < m

e In the first step we pick a vertex i; € I;(s) with maximal number of neighbours in

Jk_;,_r(t).
e Once we have {i1,...,in} and N < M, we pick iny1 € I(s)\ {i1,...,in} with maximal
number of neighbours in Jy.(¢) \ {i1,...,in}".
If Iy is the number of neighbours of ix in Jiin(¢) \ {i1,...,inv—1}, then iy > Iy > ... > I,

so My < |Jk4r(t)]. Choose M < m to be the maximal integer so that Iy > df:+18)/40
and set I := {i1,...,ip}. This way we construct a subset I C Ij(s) with cardinality |I| <

d U0 1 ()] < T such that for every i € Ii(s)\ I, [{j € Jor()\I': i ~a j}| <
d{ 40 Note that if (4,7) € Ea and (i, §) € (Ix(s) X Jpgr(£)) \ (I” x I'), then j € Jyip(t)\ 1.
Therefore,

+18)/40 ;(1—k— 40
> s llsits] < laslloe D [sildy S/ 0al
(4,5) €Ik (8) X T r ()N X 1) i€1k(s)
(5.2) < laig)loedy™ Y 82
€I (s)
Let
s’ = (s))iernn(s)y U= ) jerng.(s)
where
P
[(si)ier,(s)ll2 1(t5)jererll2
Then
I <1, (1 lloo < A Tu(s)| 712 = d{ Om1/2,
1#12 < 10 oo < A aer ()72 < 20 50m 12
Hence,
(5.3) > €i,jijSit; < Ymrll(si)iero(s)ll2ll(t)jesir tyll2s
(4,3) €Ik (8) X T (£))N(I"" X I")
where
Yo ri= max sup sup Z a; ;€ jSit;.
111<d ™% m se ppnd!/**m-1/2Bn teBynd~>"/*m-1/2Bn el jer
Define Y, := maxi<m<n Ym,»~ The main advantage of introducing the variables Y, is that

in their definition, the suprema are taken over delocalized vectors from the sphere of dimension
|I| with all coordinates bounded essentially by d$|I|~'/2, and Proposition 3.3 can be used to
estimate these quantities.
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Estimates (5.2) and (5.3) yield

E sup sup E E E 1 Qi i€ ;iSit;
(2r—5)/40 (2r+5) /40 IV AV R ]
llsll2<1t]]2<1 k>1icli(s) §€Tnpr(t) {dA < Tkgr (B)/ Ik (5)|<d 4 }

19 40
< op s (zd e S 2 4GS [(siheno el >jemr<t>n2)

lsllz<1lell2<1 \ 357 i€i(s) E>1
<Al + Y s (S lsdienld) s (S henol)
lsll2<1 %57 2<1 >3
< a7 (ai 3)lloo +EY;.
Therefore, to establish Theorem 1.6 it is enough to prove the following lemma.
Lemma 5.1. For every 0 < r < 40,
EY, =E max Y, S max||(a;);l2 + Ra(logn) + Log(da)l| (@)oo

First we show a connected counterpart to Lemma 5.1.
Lemma 5.2. We have

Elr?]?é( In%a)i sup sup E a; ;€7 8it;
sksn I€Z4(k) seByndy/®k=1/2Bn teBrnd,'/'°k=1/2Bn 17 jer

S max [(ai3)j]l2 + Ra(logn) + Log(da)||(@ij)]loc-
Proof. Let us first fix k and I € Zy(k). Then |I’| < dak and |I”| < d% k. Proposition 3.3, applied
with (a; ;) = (a; j)icr jer, n=[I"|, m =|I'|, and b = di‘/sk_l/2 yields

E sup sup Z ai7jei,jsitj
seBpndy/®k—1/2Br. teBpnd,'/**k-1/2BL iel” jeI’
S max [ (as,5);l2 + Log(da)ll(@:5) oo

By Lemma 3.2, |Z,(k)| < n(4d%)* < max{n? d2¥} (recall that we assume that d4 > 3). We
have

sup sup H g @;,j€;,58 ltJ’
seBgmdi/Sk—l/an teBrNd, 1/16 1/2Bn Log(|Z4(k)I)
< sup E a; ;€ ;Sit; H + sup sup H E ai,jsi,jsith
s,tEBY 2Log(n)  scBp tEBgﬁd;l/wk*l/zB" g 12kLog(da)
oo k2

1/2
< R4(2Logn) + sup sup vV 12kLog(da) (Z a; ;s ft?)

s€BY teBpnd, '/ "*k—1/2Bn,

1/2
S Ra(Logn) 4+ +/kLog(da) maxdzll/lﬁlc_l/2 (Z a?’j>

< Ra(Logn) + v/Log(da)d; """ max ||(ai;); o S Ra(logn) + max||(a); l2-
Hence, by Proposition 3.1,

IEEIH%a%€ sup sup E a; €5 8it;
€Za(k) se ppra®/*k-1/2Bn teBynd; "/ Ck-1/2Bn el el

S max [[(ai,5)jll2 + Ra(logn) + Log(da)| (i,;)lloc-
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Applying again Proposition 3.1 and observing that

max sup sup ’ a;i j€; jsitj’ < Ra(logn)
mnax ; B E , €,
Isksn seBrnd?/®k=1/2Br, teBpnd;'/*%k-1/2Bn, " i Log(n)
we get the assertion.
Proof of Lemma 5.1. Let
7y ‘= max sup sup E a; ;€ 58;t;.

T€Z4(®) seppna’{®k-1/2Bn teBynd; "/ **k=1/2Bn el jer

Let us fix 0 < r < 40, I C V such that |I| < d¥"*/*m, s € By nd{**m=1/2B" an
i

te By N dfj 2r)/80 m~1/2B" . Let I,,..., I, be 4-connected components of I. Then {I},...
is a partition of I’, {I{,...,I]'} is a partition of I” and
1
(5.4) Yo aigEigsiti =) Y aigeigsit
i€l jET’ u=14€l jeI],
Define

U= {1 <u<l: ||(si)ieryll2 > dy " m= 2L},
= {1<u<l: |(t)jenlla > d3> 7 *0m V2 /L[ }.
For u € U; N Uy define vectors

i )g " ~ ti)q 4
g(u) — (51)1€Iu , t(u) — ( ])]EIu .
l(si)ierr|l2 () er |2
Then [|3(u)[|2 = [[F(u)]2 = 1,
~ r—12)/80 _ r—10)/80 _ 3/8 _
15(w) (oo < dYy 2 S0m 2|1, |72 5|0 < d§ MO 1|17V < @)L, 72,

E(u) oo < d5 % 0mY2 L7Vt 0 < dy UV LY < a0 L, |,

Hence
YooY agEgsiti < Y Znalierllall(t)ser 2
ueUNU2 i€l ,jEI], ueU1NU3
<maxzk(2|| sdierel3) (St en )
u<l
(5.5) gm]?ka.

Observe that
Z ” Sz zeI”H2<Zd12 r)/40 _1|[ | d(12 r)/40 —1|I| <d 1/40
ugUs

and by the same token

STl ier, 13 < dy.

'U/¢U2

d
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Hence
Yo D aigeigsity < laigen)igl Y Nsdiersllallt5)sernllz
u¢U1 ieI{j,jEIL u¢U1
1/2 1/2
< lagei)isl (D2 Wsidiersl3) ™ (30 Its)ser 3)
ugUy u<l
—1/80
(5.6) e [CHDBN
and
Do D agEigsity < laigeig)igll Y N(soierllall(t))er ll2
uweU\Uz €1 ,j€I, u¢Us
1/2 1/2
< @i gei)igll (3 Wsidiersl3) (D0 Its)ser 3)
u<l ugUs
—1/80
(57) < (@i 60014l
Bounds (5.4)-(5.7) yield
E max Ym,r S Em]?,x Zk + 2d;‘1/80E”(ai,j€i7j)i’j||
and the assertion follows by Lemma 5.2 and Proposition 4.4. 0
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