OPERATOR /, = {;, NORMS OF GAUSSIAN MATRICES

RAFAL LATALA AND MARTA STRZELECKA

ABsTrRACT. We confirm the conjecture posed by Guédon, Hinrichs, Litvak,
and Prochno in 2017 that E|[(ai;gij)i<m,j<n: £y — £3*|| is comparable, up to
constants depending only on p and g, to

max | (aij ) llp~ + max l(aiz)illq + IEH;?;,X lai;gis|
,

provided that 1 < p < 2 < ¢ < co. This was known before only in the case
p =1 or ¢ = oo, and in the spectral case p = 2 = q. We also reprove the
conjecture in the case p = 2 = ¢ without using spectral theory (which was
employed in the previously known proof).

1. INTRODUCTION

Let A = (aij)i<m,j<n be a deterministic m x n matrix and let p,q € [1,00].
In this paper we study ¢ — ¢;" norms of centered structured Gaussian random
matrices G4 = (aj9ij)i<m,j<n With a variance profile Ao A = (a%j)igm,jgnv ie.,
quantities of the form

m n
[Gallpsg = 1Ga: &y = L] = sup{ZZaijgijsitj: s€ B, te B;}},
i=1 j=1
where random variables g;; are iid standard Gaussians, ¢* denotes the Holder con-
jugate of ¢, i.e., the unique number from [1,00] satisfying ; + q% =1, and B} is
the unit ball in the £,-norm in R".

Although the behaviour of random matrices with iid entries is quite well under-
stood, it is not the case for random matrices with a non-trivial variance profile,
whose £} — (' norms appear naturally in many problems in applied mathemat-
ics. However, much effort was made recently to understand ¢ — 7" norms of
structured random matrices (cf. [2, 18, 13, 7, 19, 12, 14, 1, 4, 16]).

In this paper we focus on two-sided estimates (i.e., lower and upper bounds
matching up to a multiplicative constant) for the expectation of ||Gallp—q. Such
bounds encode much more information than only the order of E||Gal|p—q. They
imply two-sided estimates on higher moments and tail bounds for ||Gal/p—q (see
Corollary 10 below). Moreover, they yield a condition for an infinite Gaussian
matrix to be a bounded operator from ¢, to ¢, (see Corollary 5 below). We also
discuss how to generalize the estimates for |G 4l|,—4 to more general classes of
random matrices with independent, but not necessarily Gaussian entries.

Before we move further, let us introduce some more notation. For two non-
negative functions f and g we write f < g (or g 2 f) if there exists an absolute
constant C' such that f < Cg; the notation f ~ g means that f < g < f. We
write Sq, ~K . etc. if the underlying constant depends on the parameters given in
the subscripts. Whenever we write p > p; or p < py we mean that p € [py, 0] or
p € [1, po], respectively. By [m] we denote the set {1,...,m} of the first m positive
integers. Let us also denote

Log0=1 and Logz=1VInz for x> 0.
1
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If p =2 = g, the £; — (" norm coincides with the spectral norm and it is known
by [13] that

E|Gallz-2 ~ max||(aij);ll2 + max l[(aij)ill2 + EH}%X |aij gisl
~ max [|(ai;gi;) |2 + max || (ai9:5) ] 2-

Moreover, two-sided bounds are also known for extremal values of (p, q), i.e., when
p € {1,00} or ¢ € {1,00} (see [7, Remark 1.4] and [1, Propositions 1.8 and 1.10]).
The question whether similar two-sided inequalities hold for other ranges of p and
g with arbitrary A was, up to now, entirely open; all known bounds match only up
to a logarithmic constant (see [7, 1]) or are valid only in some very special cases
(for the trivial structure, i.e., when a;; = 1 for all 4, j, or, more generally, for tensor
structures — this follows by the Chevet inequality). We refer to the introductions
to [1] and [10] for more details and an overview of the history of the problem.
From now on, we will consider only the case 1 < p <2 < ¢ < 00. The following
conjecture was formulated in [7] (see [1] for a discussion of other ranges of p and q).

Conjecture 1. For every p < 2 < q and every deterministic m X n matrix A =
(@ij)i<m.j<n,

EllGallp—q ~p.q max||(ai);llp- + max l[(aiz)illg + EHZ.NJ;X |aijgij-
,

The main difficulty in obtaining Conjecture 1 is to prove the upper estimate,
since the lower bound is easy. It was known before that the conjecture holds if
p =1 or ¢ = co. Moreover, for other ranges of p and ¢, it was shown in [7] that the
upper bound holds up to multiplicative constants depending logarithmically on the
dimensions. Our main result states that one may skip these logarithmic factors, so
it confirms Conjecture 1.

Theorem 2. Ifp*,q € [2,00), then for every deterministic matriz A = (ai;)i<m,j<n
we have

EllGallp—q ~p.q max||(ai);llp- + max l[(aij)illg + EHZE}X |aijgi;l
7

~ max[|(aij);lp+ + max||(ai)illg + max nf, V/Logh masx |ai;]

~pa 0% [[(ai5)jllp- +max|(aij)illy +max inf | /Logk max ]

~p.q Emax||(as9:5); - + Emax [(aijgis)illq-

Remark 3. The constant in the first lower bound of Theorem 2 does not depend
on p and gq. Moreover, it follows by Propositions 15, 16, and 18 below, that the
constant in the first upper bound of Theorem 2 is at most of order

(" V) i 1/p+1/q° < 3/2,
(p*Vvg)P®? if 1/p+1/q" > 3/2.

Remark 4. Recall that the two-sided bounds for E||G 4]|,—4 were known before if
p = q = 2 — in this case we provide a new proof, which does not use the spectral
methods as the previously known proof did. Moreover, [7, Remark 1.4] implies that
for every p*,q > 2

(1) ElGallisq = Emj‘@x (aijgij)ille < \/ﬁmj‘dx [(aij)illq + ]EHZJE}X |aijgij
and

(2)  EllGallpseo = Emax|l(aijgij)jll,- S vp* max|l(aij);lp- +EIT;&}X|az‘jgz‘j|-
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This is why in order to prove Conjecture 1 it suffices to restrict ourselves to the
case p*,q € [2,00) in Theorem 2.

Although we were able to confirm Conjecture 1, our methods do not allow us to
retrieve the exact dependence of E||G 4||p,q on p* and ¢ in Theorem 2. For example,
if a;; =1 for all i <m and j < n, then

EllGallp.q ~ vp* ALognmax||(aij);llp- + Vg A Logmmjax l[(aiz)illq

(the third term disappears since, in this case, it is upper bounded by the sum of the
first two terms), whereas the constant in the first upper bound in Theorem 2 grows
like (p* V ¢)” with v > 1. However, we conjecture, that the correct dependence of
parameters p and ¢ in the range p < 2 < ¢ is the following

pr VA Logmmjax ll(ais)illq

?

E||Gallp,q S vP* A Lognmax [(as;);|

+ ]Enl;a;X laijgij|-

1.1. Consequences of the main result. Let us now present a couple of con-
sequences of Theorem 2. Some of them are immediate and the rest is proven in
Section 2.

Theorem 2 and inequalities (1) and (2) easily imply their non-centered counter-
part:

Ell(aijgij+mij)ijllp—sa ~p.q Emax|l(ai;gij);llp- +E max (@i giz)illg+11(mig)ijllp—q

for every myj,a;; € R, i <m, j <n, and every p*,q > 2.

Moreover, Theorem 2, inequalities (1) and (2), and [1, Proposition 1.2] yield the
following characterisation of the boundedness of Gaussian linear operators from £,
to ¢y whenever p*,¢q > 2. We say that a matrix B = (b;;) jen defines a bounded
operator from ¢, to ¢, if for all x € ¢, the product Bz is well defined, belongs to
¢4, and the corresponding linear operator is bounded.

Corollary 5. Let p*,q € [2,00], and let (a;j)ijen be an infinite deterministic
real matriz. The matric (a;jgi;)ijen defines a bounded linear operator between £,
and Ly almost surely if and only if sup; ||(ai;);|lp- < oo, sup; |[(ai;)illy < oo, and
Esup; jenlaijgij| < oo.

Remark 6. The condition Esup; ;cy |ai;gi;| < oo in Corollary 5 is equivalent to the
deterministic bound

sup inf /Logk sup la;;] < oo
k>0 =k (i,5) E(NxN)\ I

(see estimate (13) below).

Theorem 2 easily implies two-sided bounds for norms of Gaussian mixtures. We
say that a random variable X is a Gaussian mixture if there exists a nonnegative
random variable R such that X has the same distribution as Rg, where g is a
standard Gaussian random variable, independent of R (cf. [6]). The next corollary
is an immediate consequence of Theorem 2 and inequalities (1) and (2). In all the
corollaries of this subsection the constants depending on p and ¢ are at most of
order ¢f, provided that p*,q € [2, qo].

Corollary 7. Assume that p*,q € [2,00] and let X;;, i < m,j < n, be independent
Gaussian miztures. Then

El[(Xig)i<m,j<nllpra ~p.g Emax |[(Xij); - + Emj‘@x 1(Xij)illg-
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We say that X is a symmetric Weibull random variable with (shape) parameter
r € (0,00] if X is symmetric and for every ¢ > 0,

P(|X|>t)=e".

Corollary 8. Let X;;, i <m, j < n, be independent symmetric Weibull variables
with parameter r € (0,2]. Then for every p*,q € [2,00), and every deterministic
matric A = (ai;)i<m,j<n we have

Ell(as; Xij)i<m.j<nllp—q

~p,q,r max [(aij);llp

« + max [(ai;)illg + Emax|ag; Xy

~p maxH(a”) +maXH(alj) |l + max inf Log YTk max |aij]
J

k>0 |1|=k (i) E1

-+ max|l(ai)illy + max - inf Log'/"k max |ay|

=+ Emax H(aw U) ”q

~p,q,r max [(aij);llp

~pgr E max l[(ai; Xij);llp

Moreover, if p*,q € [2,00], then

E||(aij Xij)i<m,j<nllp—q

~p,q,r maxH(alj)

+ + mjax ll(@ij)illq + ]Emax | Xij]

1/r

~r max I(aij)jllp + max |(aij)illq + max inf Log

k>0 | |:k
* Emjax l (a’UXU) ”q

k max |ai;|
(i,5)¢1

~pqr E max ||(al]X1])

We postpone the proof of Corollary 8 to Section 2.

Remark 9. One cannot omit the assumption r < 2 in Corollary 8. Indeed, in
the limit case r = oo the entries X;; = ¢;; are independent symmetric Bernoulli
random variables and it is known that the behaviour of the expected operator norm
is different than in the case r < 2 (see [17]). Moreover, it was conjectured in [12]
and proven in [14] up to a factor of order logloglog(mn) that

?
Ell[(aijeij)ijlla—2 ~max||(ai;);ll2 + max [ (a@ij)ill2

+ max inf sup H E ai-e--s-t-H
j€ijSil;
R0 1=k sz, 1t <115 Log

= Emax||(aijeij)jll2 + Emj‘dx [(aijeiz)ill2

+ max inf sup H g aijeijsitj’

K20 IT1=k sl el <1 52 Logh
We conjecture that for p <2 <g,
B)  Ell(aieiz)isllp—aq pqmaXH(aw) « 4 max[(aiz)illq
+ max inf H Z ;€5
B0 |11k ol 1], <1 T eog

1,1
+ Emjax”(aijfij)inq

= Emax || (aei;)lp-

+ max inf sup H aijsijsith

k20 TI=k ||| g It , <1 %,
We also believe that the methods of [14] could be adapted to the case p*,q > 2 and
that — together with Theorem 2 — they would imply (3) up to a polylog factor.
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The bounds for the expectation of the norm of a random matrix with independent
entries satisfying some mild regularity assumptions automatically imply bounds for
higher moments as well as for the tails of this norm. Let us state explicitly two
such estimates for the structured Gaussian and Weibull random matrices.

Theorem 2, inequalities (1) and (2), and the Gaussian concentration yield the
following moment and tail bounds.

Corollary 10. Ifp*,q € [2,00], then for every deterministic matriz A = (aij)i<m,j<n,
p>1, and t > 0 we have

(ElGall

—l—maxH(a”) Hq—l—max 1nf \/Logk max lasj]

+\/ﬁﬂgé}X|aij|,
:

p%q)l/p Pyq max [(aij);llp

and
P(IGally-a > Clpsa) (ma(asy)s e -+ ma | asy )il

+ leﬂlg())(‘mf \/Logk [nax |a”|) + t) < et/ (2maxi; afy)

In the Weibull case, Corollary 8, [9, Theorem 1.1 and Corollary 1.3], and [1,
Lemma 2.19] imply the following. (One may also deduce the moreover part, with
a constant Cy depending on p,q and r, from (4) via Markov’s inequality.)

Corollary 11. Let X;;, 1 <m, j < n, be independent symmetric Weibull variables
with parameter r € (0,2]. If p*,q € [2,00], then for every deterministic matriz
A = (aij)i<m,j<n, and every p > 1 we have

(Ell(aij Xis)i il —q)"? ~p.qr max [[(aij);ll, « 4 max [(aiz)illq

(4) +r]£1>ax 1r£f Log/ k(max |aij] +P H}%X‘aiﬂ-

Moreover, for every t > 0,

P (@ X )i llp—a = Cu(pya.7) (max]| (a1

+max inf Log!/” k max Jag|) +1) < ¢77/(@0mex e,
= 2,7

+max [(aiz)illq

Remark 12. The upper bound in (4) and, as a consequence, the tail bound from
Corollary 11 hold under the weaker assumption that the variables X;; are indepen-
dent, centered, and have uniformly bounded v,-norm. This follows by a standard
argument (see, e.g., the proof of [10, Lemma 2.1]).

The next result is a generalization of [8, Theorem 2|. Its advantage is that we
do not need to assume much about the distribution of the entries; however, two
additional summands appear in the upper bound.

Corollary 13. If p*,q € [2,00), then for every matriz (X;;)i<m, j<n with indepen-
dent centered entries,

j

.\ 1/p" 1/q
p ) —i—mjax(ZHXij\q)
b va

+<Z(ZE|XU2P*)]JZXQ)2(FWQ) (Z(ZElelgq) q )m
i J

(5) El(Xis)illpsg Spa marx(
J
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and, as a consequence,

«\ 1/p" 1/q
©) BNl Spamax(FEXG) T+ max(3EIXy )
J [

«\ 1/(2p) 1/(2q)
() T+ (X))
1,7 2,7

Remark 14. If p*,q € [2,00), « > 1, and independent centered random variables
X, satisfy

(7) (E|Xy %)) < a(E|Xy4)) /7 for pe {p",q},
then estimate (5) yields
El(Xi))i jllp—q Spa 2P 1 X11llpe +m' 9 X114

+ m1/@P"Va) 1/ (2p7) X11l2ps + mt/(29) 1/ (2(p"Vva)) 1 X11 124

o+ X g,

S nt/?" [ X11

where in the last inequality we used the AM-GM inequality and the estimate
1 X11ll2(pwve) Spigia | X11]lpeag, which follows from the assumption (7) by Holder’s
inequality. One can repeat the argument from the proof of the lower bound in [11,
Proposition 21] to show that under the above assumptions

EH(Xij)i,ijﬁq >p,q,a nl/p* HXH”p* + ml/qHXlle

~.

so in fact
EH(Xij)i,ijﬁq ~p,q,« nl/p HXH”p* + ml/qHXllHq-

We refer to [11] for more precise two-sided bounds (with constants not depending
on p and ¢) under the stronger assumption that the entries X;; are iid centered
a-regular random variables.

1.2. Strategy of the proof of the main result. Throughout the paper we denote

Dy = max [(ai;)

ps Do i max|l(ai)ill

to avoid long formulas for the first two terms on the right-hand side of our main
estimates.

Similarly as in [13], Theorem 2 is a consequence of two weaker estimates given
in Propositions 15 and 16.

Proposition 15. Assume that p*,q € [2,00). Then for every deterministic matriz
A = (aij)i<m.j<n,

(®)  ElGallioy S op.q) (V7 Dy + VD + /Loglmn) max|ay ).
where
"V if 1p+1/q" 2 3/2,
) = {(p* Vol if 1/p+1/q* < 3/2.
Proposition 16. For every p*,q € [2,00) and every deterministic matriz A =
(@ij)i<m j<n,

. . * -1
E|Gallp—q < B0, 9) (VP D1 + aD2) + B'(p,q) max(i + )BTV g,

where B'(p,q) = (p* V ¢)B(p, q) and

Bip.q) = (" V@)*? if 1/p+1/q" > 3/2,
POV o va 2 i yp 1/ <32
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In the case p = ¢ = 2 estimate (8) was proven by Bandeira and van Handel in
[2]. We cannot use their combinatorial approach based on the trace method since
for (p,q) # (2,2) we no longer deal with the spectral norm. Proving Proposition 15
is one of the main difficulties and novelties of our paper. Using our new methods
we also reprove Proposition 15 in the case p = ¢ = 2 without relying on spectral
tools.

To prove Proposition 15 we first obtain the following weaker result with a bigger
exponent of the logarithm. Then we perform the exponent reduction described in
Section 3.2.

Proposition 17. If p*,q € [2,00), then
ElGallp~q S vP* D1+ gDz + Log? (mn) max|a;;|,
where v < 5 is a universal constant.

To prove Proposition 17 in the case (p*,q) ¢ [2,3]? it suffices — by duality —
to consider the case ¢ > p*, so that ¢ > 3. We split every vector in By} into a
part with a small support and a part with a small supremum norm. To deal with
vectors with small supports we use a standard net argument. In order to bound the
supremum over vectors in Bjt with small coordinates we first introduce a certain
interpolation norm of £3'- and /7*-norms satisfying a crucial hypercontractive prop-
erty. To estimate the norm of G4 acting between £} and the interpolation space
we discretise the B} ball and use an inductive argument; in every induction step
we use the Gaussian concentration and the hypercontraction.

The proof of Proposition 17 in the case (p*, q) € [2, 3]? is based on the ideas from
the proof of the main result of [18] (a similar result for p* = ¢ € [2,4) was obtained
in [15]). However, in this case performing the exponent reduction with constants
which do not blow up when p* and ¢ are close to 2 is much more involved than
in the case (p*,q) ¢ [2,3]2. The exponent reduction in this case is described in
Section 5. This is the most challenging part of our new proof of two-sided bounds
in the case p = q = 2.

Finally, to deduce Proposition 16 we decompose the matrix A into block diag-
onal matrices A, with blocks of a smaller size and matrices B; whose norms are
easier to control (due to Proposition 32 below), and use Proposition 15 for each Ay
separately. In the proof of the aforementioned Proposition 32 we use similar tools
as in the proof of Proposition 17 in the case (p*,q) ¢ [2,3])? for vectors with small
coordinates.

1.3. Organization of the paper. In Section 2 we show how Propositions 15 and
16 imply Theorem 2 and then we prove Corollaries 8 and 13. In Section 3 we prove
Proposition 15 in the case (p*,q) ¢ [2,3]?. In Section 4 we show how to deduce
Proposition 16 from Proposition 15. Finally, in Section 5 we prove Proposition 15
in the case p*, q € [2,3].

2. PROOF OF THEOREM 2 AND ITS COROLLARIES

In this section we first show how to deduce the most challenging part of The-
orem 2 from Propositions 15 and 16. Then we give the proofs of Theorem 2 and
Corollaries 8 and 13. The proofs of Propositions 15 and 16 may be found in the
next sections.

Proposition 18. Let p*,q > 2, and oy, a2, as, 51,082,083 > 1. Assume that for
every integers m and n, and every deterministic matric A = (a;;)i<m,j<n,

E||Gallp—q < @1D1 + a2 Dy + as+/Log(mn) H}E}X la;]
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and
E|Gallp—q < B1D1 + B2D2 + B3 max (i + )PV a).

Then for every integers m and n, and every deterministic matric A = (@ij)i<m,j<n,
E|Gallp—q S (1 + B1 + B3)D1 + (2 + B2 + B3) D2

e i VEes kg bl

We will need the following deterministic lemma about norms of block diagonal
matrices.
Lemma 19. Let (¢;j)i<m,j<n be a block diagonal matriz with blocks Cy, and 1 <
p <gq. Then
I(¢ig)im.j<nllp—q = max [[Cillp—q-

Proof. Assume that the block Cy, I <y, consists of entries a;; such that ¢ € I; and
7 € J;. Then

I(ci)i<mj<nllpsg =  sup Zcust
seBL, te By

lo

= ]Sup l E Isup ; E CijSit;
©€B L WEBY 1=1 s€x B L tey Byl icly, e

1/q
sup S e wilCily g = s (Z\yn ICilla,)

reB weB 121 yeBL

Since p < gand ¢ > 1, the latter supremum is attained at y = ¢; for some [ < [y, so

1/q
sup (3 Il ICulg) = max|Cillpsg: O
yEB, Lo l

Proof of Proposition 18. Let

Dy = I?§3<|}Pfk rgagl v/ Log k|a;;|,
Ng =1, and N = 22" for k > 1. Without loss of generality we may assume that
n =m = Ny, for some ko; if necessary, we simply add zero rows and columns.

We follow the ideas of the proof of [13, Theorem 3.9] and [12, Remark 4.5],
starting with constructing a suitable permutations (i1,...,in, ) and (j1,. .., jn,,)
of {1,...,Ni,}. (Note that the change of order of rows and columns does not
change E||Galp—q.) Then we decompose the matrix G4 and bound each piece
of this decomposition separately, each time using one of the assumptions of the
proposition.

In the first step we choose Iy = {i1,...,in, } and J; = {j1,...,Jn,} in such a
way that

Dy Dy
I}%E}i(m?){'a”‘ S e, and %@me‘xm”' S oV
Suppose now that we have selected I}, = {i1,...,in, } and Jp = {i1,...,jn, }
for k < ko. To construct (in,41,-..,in,,,) wWe choose first Ny Nj_1 indices 4 from
[m] \ Ir that contain the Nj_; largest moduli of entries |a;;| from each column
7 € Ji. Next, among remaining indices we choose N1 — N — NpyNi—1 > Ni
indices i in such a way that I11 = {i1,...,in,,, } satisfies

D
(9) max max |a;;| <

¢l 1 J vV LOg Nk '
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Similarly, to construct (jn,+1,---,Jn,,,) We choose first Ny Np_; indices j from
[n] \ Ji that contain the Nj_; largest moduli of entries |a;;| from each row i € Ij.
Next, among remaining indices we choose Ny11 — Ny — NpNi_1 > Nj indices j in
such a way that Jyy1 = {j1,...,7n,,, } satisfies

D
10 max max|a;;j| < ———.
( ) J€ Tk 1 l ]| v/ Log Ny,
The above construction implies in particular that for & > 1,
(1) Jay| < DaN Y <2Dp272 /1 it j < Ny,
and i > My := N + NipNp_1,
(12)  ay| < DINZYP <2D27 77 i i < Ny and j > M.
We set (see [13, Fig. 1])
By = [1,M)* U | [Nak + 1, Mag 1 A NI,
k>1
By = J[Nok-1+1, Mox AN, >\ Er, B3 = [1,Ng, >\ (E1 U Ey),
k>1
and write G4 = U +V + W, where
Uij = aij9ijLiperys  Vij = aij9ijlanery, Wi = aijgijL{iiers)-
The matrix U is block diagonal with the first block Uy = (Xjj;)i jer,, of di-

mension |E11| = M; and blocks Uy = (Xyj)ijecr,, for & > 2 of dimension
|E1 k| < Mag—1 — Naog—a. We have

EIE)" < @030 2 < (Y Bgfad)” < Mimaxlay| S Da
i,j€[1,M;) ’

For k = 2,3,... the Gaussian concentration (see, e.g., [3, Theorem 5.6]), the first
assumption of the proposition, and property (9) imply
—k

2
(BIGKIES,) " S BIU g + 22 max oy

S OélDl —+ Oé2D2 —+ (Oég\/?log |E17k| —+ 2k/2> max |aij|
4,JEEL

S oDy + aeDs + asDe
Thus,

—k

2
M = bup(EHUka_W) S a1Dy 4+ asDs + azDy,
and Lemma 19 yields

k
E[Ullp—q = Esup|[Usllp—q < 2M + ME) 1 ]&_;)—Lq]l{\lUkqu>2M}
k>1

U 2
<2M + ME 2”’“(”’“'%) gM(2+§ 21—2k) <3M
E>1 E>1

S arDy + aDa + azDeg
In a similar way we show that
]EHV”pﬂq < 1Dy + asDy + azDy

Finally, fix (i,5) € E5 and take k € {0,1,...} such that My <i < My, where
My = 1. Observe that if My < i < Ngyq, then either j < Ny or j > My and if
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Nii1+1 < i< Mgy, then either j < Ny or j > Myyo. Therefore, either j < N
or j > Myyq1. If j < Ng, then by (11)

(i +j)(8(p*vq))’1|aij‘ < 2ngi(§ va))~ D22—2’“*1/q < 2D,.

If on the other hand My, < j < Myiy41 for some [ > 1, then i < Ni4; and (12)
imply

(i + §) BV g | < aNEEYD T p 92T < 9,
Thus, the second assumption of the proposition yields

E|W|lpq < B1D1+ PyDy + By max (i + j)EEVaD g |

(i,J)€EEs

< (B1 +2B3)D1 + (B2 + 2f3)D>. O

Proof of Theorem 2. The two-sided estimate between the expressions on the right-
hand side of the first and the last line was proven in [1, Section 5.4]. This also
yields the lower bound in the first asserted two-sided estimate.

The second two-sided estimate follows by

(13) ]Emax|awg”| ~ maxlllnf \/Logk max lai;]
I|=k

(cf. [18, Lemmas 2.3 and 2.4]).

The upper bound from the first two-sided estimate follows by Propositions 15,
16 and 18 and estimate (13).

Now we move to the proof of the third two-sided estimate from Theorem 2. We
will show a more precise bound

(14) VP*D1+ /gDy + Do ~ \/p*D1 + /gDy + DL,
where
D! :=ma x +/Logkla;;|.

k>0 |I|= \J\ kzel,gng
The lower bound in (14) is trivial, since I C Py(I) x Py(I), where P; and P, are
coordinate projections. To establish the upper bound in (14) we need to show that
for any k£ > 1,

(15) VLogk inf max |a;;| < p D1+ /qD2+ D..

VI=k (4,5)¢V
If k£ < 3, then

vLogk inf max |a;;| < max|a;;| < Ds.
VI=k (i,5)¢V ¥

If k > 3, then put k¥’ := |\/k/3] and choose |Iy| = |Jy| = k¥’ such that

inf max |a;;j| = max |al.
|=|J|=k"igl,j¢J i¢lo,j¢Jo

Let Vo == (Ip X Jo) U V4 U Vo, where
Vi={(i,4): i € lo, lag| = (K) 77" Dy},
Vo i={(i,5): j € Jo, lagj| > (K)7/9Ds}.
Then |Vo| < |Io||Jo| + |Lo|k" + |Jo|k’ = 3(k')? < k, so that

inf max |a;;| < max |a;l
IVI=k (i,5)¢V (,7)EVo

< max |a;|+ max la;;| + max |aij]
i¢lo,j¢Jo (i,5)€E(oX[n])\V1 (@,5)€([m]x Jo)\ V2

< (Logk')"'2DL, + (K')"/P*Dy + (K')~1/9D,.
We have y/Log k < min{y/Tog &, v/p* (K)/P", /g(k')*/1}, so (15) follows. O
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Proof of Corollary 8. Assume first that p*, ¢ < co. Let s > 0 be such that % = %—&—%
(if r = 2, then s = c0) and let Y;; = gi;]gi;|*/* where (gi;);; is an independent
copy of (gi;)i ;- Then for every p > 1,

(16) (BIX 55 |P) 0 o pMT o (BIYi12) Y7,
so Theorem 2 and [13, Lemma 4.7] (applied twice) imply

p +Emax I€ailgis**)illq

El[(aij Xij)ijllp—q ~p.ar Emax (ai;1gi1**);

+EI]I€1§())(|lnf v/Logk max |ai;||gij ¥

~p,qr E max I[(aij Xij)illp

)

+Em;mx||<am Xi)illo

Moreover,

2/s

o —EIH&X||(|CLU| /29,3 ||2p*/s

E max || (ai;19i;**);

o2 2/s
. (]EmzaXHOazﬂ gz‘j)j||2p*/s>
and similarly
Bma (ol il ~r (Bmas (oss2s)ilnsa)
mjax” aijl9ii1™)illg ~r mjaX |aij|*7gi5)ill2q/s ’

so [1, equation (5.11)] yields

E max [ (aislgii [/*)5llp+ + ]Emjax (ai;1gi51**)illq

2/s
2/s 2/s s
o0 o (g |2 1507, + (Bmaxas;|*2lgs)

~p,g,r MAX I(Jaii)*2);
~r max || (@) |- + max | (aij)illq + EH}?}X laij||gij|*/*.
Note also that
2 : 2
B lasllo " < By if, Lok e, oo lloul””

~ Emax |a;|gij|*/*|3:,;] = Emax|a;;Y;;| ~, Emax|a;; X!,
1,] 1,] 2]

where the second estimate follows by the conditional application of (13) and the
last one by (16) and [13, Lemma 4.7]. Thus,

El[(aij Xij)i.jllp—q ~p.q.r max|[(aij)jllp +max|{(ai;)illg + Emax]a; X,
Let Z;; = Eij|gij|2/’", where ¢;5, @ < m, j < n, are iid symmetric Bernoulli
variables, independent of (g;;);,;. Then
(BIX3517) 2 ooy pHT o (B Zi])V?,
so [13, Lemma 4.7] and (13) yield

Emax |a;; Xi;| ~, Emax |a;; Zi;| = Emax |ag;]|gi; [/
1,7 1,7 2,7

r (Emax|aij|r/2|gij|)2/r ~ (I?géiullnfk vioghk max lai; 1)
17 = f Log'/" k ;
" RS g o

Finally, the third two-sided estimate in Corollary 8 may be established in a
similar way as in the Gaussian case (see the last part of the proof of Theorem 2).
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If p* = 0o (i.e., p = 1), then we proceed similarly, using inequality (1) instead of
Theorem 2, to prove that for every ¢ € [2,0),

El[(aij Xij)i<m,j<nlliog ~qr max ll(aiz)illg + E max laij Xij
a ax inf Log'/" k ma i
~p ijII(am)zlqurr,ngg';‘n:k g (gg_)gjlaml
~qr Bmaxa;; Xij| + Emax|(ai; Xi ;)illg-

Moreover, if p* = ¢ = oo, then (17) yields that
1/r

El[(aij Xij)i<m,j<nllimoo ~r EH}%}XMMXM ~r max inf Log

i k max |ai;|.
0 |I=k (i1

The last case, ¢ = co > p* > 2, follows by duality.
O

Proof of Corollary 13. Let (g5);; and (gi;):,; be independent matrices with inde-
pendent symmetric =1 and N(0, 1) entries, respectively, and assume that they are

independent of (X;;); ;. Let Y;; = g;;X;; and ZZ-(jp) = |Y;,|? —E|Y;;|* for p € {p*,q}.
Since X;; are centered,

® (v,
Elgij| WA

ot ]Emjax 1(Yii)illg,

El[(Xij)llp—q < 2E||(€i Xij)llp—q <

~p.q Emzax lI(Yij);

where the last bound follows by Corollary 7.
Since for every a,b > 0, (a + b)Y/ < a'/9 + b/, we have

1/q 1/q
B (1)l < mae(SUBIV 1)+ B30 1~ EG )|
By the independence of g;; and X;; we have
1/q 1/q
max(3E, 1Y) = (Elgial) max (Y ELX,[)
1/q

Moreover, by the Rosenthal inequality [5, Theorem 1.5.11] we have for every r > 2,

mmnn{ 320 [ < (S L 20 ) " < (T2
i ’ ' J i
S (Lorgr>1/q <Z(ZE|Z£JQ)|2>T/2+ZE|ZZ,(]‘?)|7~>1/(”1).
’ ]

J

T) 1/(rq)

Observe that for u > 1 we have
E|Z{P|" < 2"E|Y;;|™ = 2“Elg| ™ E|Xi5|™ < 2" (qu) ™)/ 2E| X5 ™.
Therefore for any r > 2,

1/q
Emax | (Vi) )lly S max(3ELX17)

3

(22 E|XijIQQ)T/2+ZE|XijITq)
i ij

J

1/(rq)
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In a similar way we show that for every s > 2,

B (15l S s (DB N

() S Ex )
P ~

Estimate (5) follows if we take r = 2(p* V q)/q and s = 2(p* V q)/p*. O

3. DIMENSION DEPENDENT BOUNDS

In this section our aim is to obtain the dimension dependent bound from Proposi-
tion 15 in the case (p*,q) ¢ [2, 3]>. We begin by proving a weaker estimate, asserted
in Proposition 17. Then, in Subsections 3.2 and 3.3, we show how to reduce the
exponent of the logarithm appearing in this proposition in the case p* Vg > 2. The
proof of Proposition 15 in the case (p*,q) ¢ [2,3]? is provided at the end of this
section.

The methods provided in this section work in the whole range p*Vq > 2, but they
yield the constant which blows up when p* V ¢ approaches 2. In order to obtain the
bound with a universal constant in the case when p* and q are close to 2 , we need
more involved combinatorial arguments and some additional estimates obtained
by the Slepian-Fernique lemma to run the dimension reduction. We provide these
additional tools in Section 5, together with the proofs of Propositions 15 and 17 in
the case p*, ¢ € [2, 3].

3.1. Proof of Propostion 17 in the case (p*,q) ¢ [2,3]%. In order to prove
Proposition 17 we split each s € BJ* into two parts: one consisting of vectors with
coordinates which do not exceed a certain level, and the second one consisting of
vectors with non-vanishing coordinates having absolute value exceeding the same
level. The next propostion shows how to control the suprema over points with large
non-zero coordinates.

Proposition 20. Ifv > 1 and p*,q > 2, then

(18) E sup sup Za”gwszt Lijs,|>y-1} S VP*D1+ /7 Logmmax\a”|

sEBJL teBy

and

SEBm tGB" i

E sup sup Zamgljs il 1>y S S VaD2 + \/fprognmax\alﬂ
J

In the proof of Proposition 20 we shall use the following standard lemma; we
formulate and prove it for the sake of completeness.

Lemma 21. For every fized s € B}, q € [2,00], and p € (1,2],

(19) E sup Za”g”s 7 —]EH(Zaug”sl) H < +p*D;.

tEB" -

Similarly, for every fized t € By, p € [1,2], and q € [2,0),

(20) E sup Zauguslt = H(Zaugu ) H < /qDs.

s(:'Bm
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Proof. We have
p*\1/p* P\ 1/p"
Etselglzaugzﬁt —E<Z(Zaijgij3i) ) < (EZ(ZaijgijSi) )
P i
p*/2\1/p"
= ||gl71||17* (Z(Z a;;s 7,) ) .

Moreover, ||g1,1]|p+ < +/p* and, since [s]|2 < [|s]q < 1,

(Z(Z% Z)” /z)z/p _H(Zsz ”) p*ﬂggsfu(a?j)j

< max||(af;);lp- 2 = max | (ai;);ll = Di-

Hence, (20) follows. Estimate (19) holds by an analogous argument. t

We shall also use the following lemma, which follows by the Gaussian concen-
tration (see, e.g., [3, Theorem 5.6]) and [18, Lemma 2.3], applied with X, :=
sup;eq, X¢ — Esup,er, Xy and o; = sup,r, (VarXy)'/2,

Lemma 22. Let X = (Xy)ier be a Gaussian process and let Ty, . .., Ty, be nonempty
subsets of T such that T = Ule T;. Then

Esup X; < max[E sup X; + Cmax v/Logi sup(VarXt)1/2.
teT i teT; teT;

In particular, if X is centered, then

(21) Esup X; < maxE sup X; + C+/Logk sup (EX2)'/2.
teT i el

Proof of Proposition 20. By the symmetry it is enough to show (18). For a fixed
nonempty set [ let

X1 = [(aijij)ier,j<nllp—q-

Let S be a 1/2-net in BL. (with respect to the /4« norm) of cardinality at most 5.
Then

X7 < 2sup sup Za”gwsl
s€S teBY

Thus, inequality (21) yields

1/2
EX; <supE sup Zawgws it; ++/log S| sup sup (Z a;;s 37&3) )

s€S  teBy SteBn

Since S C Byt C B3" and B)y C By we have

22 sup su ( a2 s2t2 ) < max |a;;|.
( ) 5€gt€Bp" Z 1521 "] = i | 2J|

Estimate (19) implies that for any fixed s € S,

E Squ Zazjgzjsztj < Vp*Dy,
teBy 4>

hence,

(23) EX; S Vp*D1 + /|I| max |ag].
2,]
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There are at most Cm?"  subsets of [m] of cardinality at most 49 . Thus,
estimates (21), (22), and (23) yield

1/2
E max X;$ max EX;+ /77 Logm  sup (Z a?js?t?)

] <ye [ <vye sEBYL tEBY N

o,
SVp*Dy 4+ /AT Logmrrgz;x|aij|.

To derive (18) it suffices to note that for s € By?, [{i: |s;| >~} < 77, s0

E sup sup E aijGijSitiLlys,|>y-13 < E sup sup E aijgijsity. O
sEBTL teBy g sEBﬁJsupp(s)\qu* teBy ]

The next proposition shows how to control the suprema over points with small
coordinates. It is a crucial step in the proof of Proposition 17.

Proposition 23. If ¢ > 2, p* > 2, and a € (0,1], then
(24) E  sup sup Z a;;gijSit; S v/qD2 + a?=9)/2p, Log?’/2 n.

SEB;’L NaBZ teBY i<m.j<n
Ifp* >2,q>2, and b € (0,1], then

(25) E sup  sup Z aijgi;sit; S V/p* D1+ b3 P2 Dy Log? m.

SEBL tEBRNbBL, , =

To prove Proposition 23 we need the following two lemmas. For a given A € (0, 1],
let us first define the following interpolation norm on R™,

[2]]2,q,0 = f{ (A2 [|y[I3 + [|2]17)
Observe that BT NaBX C a®*~9)/2BY", thus

(26) sup Y st < V2[llg g cae-

m
sEBq* NaBm i<m

vz, r=y+z}.

The following lemma presents a crucial property of this norm. This will allow us
to perform the induction step in the proof of Proposition 23. We will use its second
assertion later, in Section 4.

Lemma 24. For every ¢ > 2, byc € R™, d >0, and X € (0,1],

1/2 1/2
@7)  E(d I+ agdicmllBgn) " < (@ b1 00 + allel?)
and
2\ /2 2 2\1/2
(28) E(d+ (b + cigidisml2) < (d+ 012 +allel2) .

Proof. Let b',b"” € R™. Then Jensen’s inequality implies
1/2
E(d+ A0 3 + |8 + cigismll)

< (d+ X3+ (XS Bl + il

i<m

2/q)1/2.

The hypercontractivity of Gaussian variables and the triangle inequality in L, /o
yield

2/q 2/q
(Yo BB +eigl?) ™ < (DB + Vi) = 107 + el

i<m i<m

< N®F)illas2 + all(e)illas2 = 167115 + allellz-
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Thus,
2111/1(2 1" 2\1/2 21172/1(2 112 2\1/2
E(d+ N[6']13 + |07 + cigi)imllg) "™ < (d+ N1+ 187115 + allellg)
Inequality (27) follows by taking b’ and b” such that
1B113,4.0 = A?[16"[13 + 16”15,

and observing that

10 + cigi)i<mll3. g0 < NIVN3 + 10 + cigi)i<mll3,
while inequality (28) follows by taking b’ = 0 and b" = b. O
For a givenp>1and k=0,1,... let
T<p ={t€R": ||t|, <1,|t;| €{0,1,1/2,...,1/2F}, 1 < j <n}.

Choose ko = ko(n) = [logyn] + 2 ~ Logn. It is standard to see that for any norm
on R”

29 sup ||t|| £4 max ||t]].
(29) s [ <4 o il

Indeed, we decompose t € B) as t =t' + ", where

v 2 ksen(t;) if 27F < |t;| < 27FH for k=0,1,..., ko,
! 0 if |t;| < 27ko,

and ¢ =t —t'. Then t' € T<y,. Moreover, [[t"[|, < 3/4, since [t!| < I|t;| if
t;| > 27%0 and i It | <2—Fo |t;|P < 27FoPp < 272P. Hence,

3
sup [t < max [[t'][+ sup [t”|, = max [[t]|+ - sup [|¢],.
el <1 VET<r, ltrlp<a/a | t€T<ig 4yt

The next lemma provides the crucial bound we need in the proof of Proposi-
tion 23.

Lemma 25. Foranyp <2 and k=0,1,... we have

k
(Z tjaijgij)i<m” \ < \/aDQ + CA\D; ZQ*IP/Q Log |T§l|~
’ - 1=0

j<n
Proof. We will establish by induction on & the following stronger bound:

9 1/2
(30) B max (a1~ IH3)DE + | (X tsais9i5) i<onllsn)

Jj<n

k
S \/&DQ + C)\Dl Z 271:0/2\ / LOg |T§l|.
=0

E max
tGTSk

2,q,

We will first show the induction step, i.e., that for k =1,2,...,

9 1/2
(1) B max (a1 = W33+ ]| (X 150159) <, 5.0

Jj<n

1/2
<E,amax (a0 = 1303 + ([ (X ti01396) e 3.0

Jj<n
+ C)\D12_kp/2\ / LOg ‘Tgk‘
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For t € T}, define

Je@®) ={j <n:ft;| =27F}, m(®) = (1 en0))
Je(t) ={j <n: ;| > 27’“}, T<r(t) = (L1 ier 1))

> tiaigi, Yilkt)= Y tiaigi,

JEJK(t) JEJ <k (t)

1/2
24(t) = (a1 = 3D + || (Xalk 1) + Yih0) i 30)

9 1/2
Zer(®) = (a1 = I3 + I (D13 D3 + | (58, 0) el 00) -

Observe that

1/2
(32) trenax( (L= t12)D3 + [ (>t a”g”)KmHQqA) = max Zy(t)

teT.
i<n <k

and

o o 9 1/2
(33) ter}lgf_l (Q(l - ”t“?)D? + H (; tjaijgij)iSmHZ,lL)\) - tngai Z<k( )
j<n

Let Ej ; detones the integration with respect to variables (g; j)i<m,je, ). Con-

ditional application of (27) yields for any ¢ € T<y,

1/2
EeaZu() < (a0 = 141303 + gl (BXZ(k,0)/2)ismll2 + | (k) o5 0n)

Convexity of the function x — ||9/2 yields

IEXE0) izl = 5] 5 " <im0l ¥ e 3 ol

i<m jeJi(t) i<m

< ||m(t max ai;|? < |7 (t)||2 D2
| ()IlgjeJk(t);Mgl [l ()15

Hence
ExZ(t) < Z<k(t).
For a fixed d > 0 and y € R™ define functions f: R”™ — Rand f1,..., fm: RI:OI -

R via

1/2
FE) = (@4 [ ) icnllgn) o fild = Y atiz.

JEJTR(t)

Then f is Lipschitz with a constant supy ., <1 [|z[2,¢, < A and, since (3£5)* = %,
fi is Lipschitz with a constant

1/2 X 1/2 1/2
(Z a”tf) §2—kp/2(za?j|tj|2—p) <oz g (Zazjyj)

FET(t) i<n YEBY (5 p) Vj<n

<2 kei2p),.

Hence, the function z — f(f1(z1), ..., fm(2m)) is A27%P/2D;-Lipschitz on RI7+Im,
Therefore, the Gaussian concentration yields

P+ (Zk(t) > Z<k<t) + u)\Q_kp/QDl) < €_u2/2 for u > 0.
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and

> —kp/2
]P(trenjz}; Zi(t) > trenjggZ<k(t) + uA2 Dy)

< Z E]P’k,t(Zk(t) > Z<k(t) + uAZikp/le) < ‘T§k|€7u2/2.
tETSk

Integration by parts yields

_ < —kp/2
E(%@g Z(t) ~ Z<k(t))+ < X272 D ) log | Tyl

SO

E max Zy(t) <E max Zox(t) + CA27FP/2 Dy Jlog | Ty,
€l<k -

tGTSk

which, in view of (32) and (33), implies (31).
In a similar (in fact a bit simpler) way we show that

o\ o 2 1/2
E mas (o(1— 113)D3 + !|(;tjaijgu)i§m»|2,q,k) < \/aDs + CDyy/Log |T<l,
sn
which together with (31) completes the inductive proof of (30). O
Lemma 26. We have log |T<j| < 2P Log(n(k + 1)) for p < co and k =0,1,....

Proof. Each t € T<j has support of cardinality at most 2P*. Every nonzero coor-
dinate of such ¢ may be chosen in at most 2k + 1 ways, so

T<i| < Z (?) 2k + 1) < Z @n(k+ 1) < (2n(k+1)))2pk+l. 0

0<i<2rk 0<i<2rk

Proof of Proposition 23. Tt suffices to prove (24), since (25) follows by duality.
Choose kg = ko(n) :=logyn + 1 ~ Logn. Then by (26), (29), and Lemmas 25

and 26 we get
E  sup sup Z aijgijsit; < V2E sup (Z aijgijtj>

sEBJLNaBL teBy ;= teBpll N\ i<ml12,q,a(2=a%)/2
~ p §< ij9ijlj i<mll2.g.ae-a®/2
jSsn

tETSko

ko
SVeD2 + a?=9)/2p, Z 2*”’“/2\/L0g |T<|
1=0

< VaD2 4 a*71)/2Dy (kg 4 1)y/Logn
< VD +a®71/2 D) Log®? . O

Now we are ready to prove Proposition 17 in the case (p*,q) ¢ [2,3]2. We
postpone the proof in the case (p*,q) € [2,3]? to Section 5.

Proof of Proposition 17 in the case (p*,q) ¢ [2,3]?. By duality it suffices to con-
sider the case p* < ¢q. Then ¢ > 3.
Let a := Log~*/®*~%)(mn). Then Proposition 23 implies

E  sup sup Z ai;9ijSit; S v/qD2 + a?=a")/2 Log3/2(mn)D1
sEBJLNaBy €8y =

= /gDy + Dy.
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Moreover, Proposition 20 (applied with v = Log® ®~7) (mn)) yields

E sup Ssup E aijgijsitj]].{‘S”ZLog—:a/(Q—q*)(mn)}
sEBJL teBp i

< VP Dy + Log!/?+347/ =4 (1) max |-
i,
The two displayed inequalities yield the assertion (with v = 5, since ¢* < 3/2). O

3.2. Exponent reduction. Proposition 17 shows that
ElGallp—q S VP D1+ /D2 + Log” (mn) max |a;j|.

In this and the next subsection we show how to reduce the exponent v and obtain
Proposition 15. The argument is based on the analysis of the graph associated
to the matrix A. Such an analysis was performed in the Bernoulli case in [14].
To run the exponent reduction procedure we also need to obtain some weaker
estimates with constants depending on the degree of this graph (we do this in
Subsection 3.3 in the case when p* V ¢ > 2, and in Section 5 when p*, q € [2,4)).
Since we work in the Gaussian setting and not with bounded Bernoulli entries as
in [14], we face some new difficulties. It is possible to deal with them making the
advantage of the fact that p* A ¢ > 2, whereas in the case p*,q € [2,4) one may
use more involved combinatorial arguments and exploit the bounds following from
the Slepian-Fernique lemma. The exponent reduction procedure in the latter case
is run in Section 5.
With an m x n matrix A = (a;;)i<m,j<n We associate the set

Ea={(i,7): ai; # 0} C [m] x [n].
We set
di,a = max|{j < n: (i) € Ea}l,
do,p = max |{i < m: (i,5) € Ea)l,
da = diaVdan.

We do not assume that A is symmetric, but we may treat ([m], [n], E4) as a bipartite
graph. Then d4 is its degree. We write i ~4 j if (i,j) € Ea, and I ~4 j (for
I C [m)) if there exists i € I such that ¢ ~4 j.

By p = pa we denote the distance on [m] U [n] induced by E4. A subset
I C [m]orJ C [n]is called r-connected if it is a connected subset of the graph
Ga(r) == ([m] U [n], Ea(r)), where (u,v) € E4(r) if and only if pa(u,v) < r for
u,v € [m] U [n].

We denote by Z,.(k) = Z,.(k, A) (respectively, J.(k) = J-(k, A)) the family of
all r-connected subsets of [m] (respectively, [n]) of cardinality k. Note that the
maximal degree of G4(r) is at most dg + da(da — 1) + -+ +da(da — 1)"1 < d7.
Thus, [14, Lemma 11] implies

(34) IZ.(k)| < ma*d¥ and |J,.(k)| < ndkdrf.
For I C [m] we define
I'={j€n]: 3ie1(4,4) € Ea}.

In a similar way we define J' C [m] for J C [n].

The next proposition reveals how one may reduce the exponent at the logarithmic
term to deduce the desired bound (8) from a weaker estimate depending on di 4
and ds 4.
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Proposition 27. Let p*,q € [2,00), 0 < 71 < p%, 0 <y < %, v3 > 0 and
a1, Q9,3 > 1 be such that for every m x n matriz A,

(35)  E[Gallpsq < 1Dy + asDs + ag(d]'y + 3?4 + /Log(mn)) max [aij|

and

(36) E|Gallpoq < a1D1 + a2Ds + a3 Log™ (mn) max lag;]-

Then for every m x n matrix A,

Log s
—In((n1p*) V (129)))

- ((a1 +a3)D1 + (a2 + a3) Dz + asy/Log(mn) max |%'|>-

Proof. Let & = ((p*m) V (¢72))~" — 1. Then p*y1,q72 < (1+6)~". Let
ko = inf{k > 1: (14 0)** > 275}

E[Gallpsq S

and define .
1
up = (Log(mn))_%(p";) o k=0,1,..., k.
Let s
M =Di+ Dy, M :=0a1D1+ azDs+ azy/Log(mn) max |a,;]|.
7’7]
Define matrices Ay = (a;;(k))i<m,j<n, K =0,1,..., ko + 1 by
ai;(0) = aijlyja,;|>ueM}> aij(ko +1) = aijl{ja,;|<uy, M}
and a,-j(k) = aij]]-{ukMg\aij|<uk,1M} for k = 1, ey ko.
Then A = ZZ(’:ng Ay, s0

ko+1
”GA”p%q < Z ||GAk||p‘>Q'

k=0
Observe that for any u > 0,

uM max |{j: |a;;| > uM}YP" < max||(ai;);,- < M,
1 1
uM max |{i: |ai;] > uM}|Y9 < max ||(aij)ill, < M.
J J
Thus,

dia, <up”, doa, <ug? fork=0,1,... k.

Since
'y, + AP, <ug? T 4 ug T < 20D = 2 Log(mn),
assumption (35) (applied to the matrix Ag) yields
1G o lpra S M.
Moreover, assumption (35), applied to the matrix Ay, yields for 1 < k < ko,
G llp—g € M + agup 1 M(d]%y, +d3s,) < M+ asMug 1 (w7 +u, 7%)
< M+ 2043Muk_1u,:1/(1+6) =M+ 203 M.
Finally, we apply assumption (36) to get
|G sy 41 lp—g < @1 D1 + a2D2 + azM.

We finish the proof by noting that ky < %. O
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3.3. Degree dependent bounds. In order to provide a weaker degree dependent
estimate (35) we are going to use the following proposition. For v > 1 we define
the set of v-flat vectors from B], with support I by

K(u,r I1,v) = {s € By, : supp(s) =1, sup|s;| < ’yin§|si\}.
iel e
Note that if s € K(u,r,I,7), then max;ey |s;| < v|I|~/". We also put

Yii(v) =Y (v,4,p,¢) = max max sup sup @;;gijSit;-
I1€Z4(k) J€Ta(1) seK(q*,m,I,v) tEK(p,n,J,y) 16;6] R

Proposition 28. For every e€(0,1]] and 1 <p <2< g < o0,

(37) E[|Gallp—q S E 1I<T}€3<Xm fglag(n Yii(d%) + Emax |aij gisl

1
(38) < 7< max max EYj ;(d%) + +/Log(mn)||(a;; ||OO)

1<k<m 1<I<n
Proof. Fix e € (0,1]. For s € By, t € B} and k,l =1,2,... define
Ii(s) = {i € [m]: d3* < [si] <dyV°),
Kt =4 € lnl: d3 <Ity] < T,

Then
“k —pl
Yo < Hlsllge, D0 PR < el
k>1 1>1
and
E||Gallp—g =E sup sup Z Z Z aijGijSit;
lslla-<1 Ht”p<1kl>1z€lk(s)j€J1(t)
Define

My = ma_x |aijgij|-
Observe that for any s € Bt and t € B"

Dood D> D aggysiti| <Y Y sl Yo D lawgilltil

E>11>k+1/e+1 i€, (s) jEJ,(t) k>14€)(s) I>k+1/e+1jEJ, ()

<MAZ Z |sild 7 1Z]lEA i, 7)

k>1i€lx(s)

SMay Y si=Malsl; <

k>1iely(s)

« < My.

Similarily,

< Malt]3 < Ma.

Z Z Z Z G;jGijSit;

I>1 k>141/e+1 i€l (s) jET, (1)

Therefore, it is enough to estimate

Z E sup sup Z Z Z a;59ijSit;

[r|<1/e+1 llsll g <1 lt]lp<1 kl>1 il (s) €T (1)
—k=

<(2/e+3) max E sup sup Z Z Z a;jgi;Sit;.

<1 1
IMISL/eHL isllgx <UIElS1 2757 s (s jedit)
l— =r

Let us fix |r| < 1/e+1, s € By, and t € B). For k,l > 1 with | -k =r
let Ij1,..., Iy, be 2-connected components of I(s) N Ji(t) and Ji, = {j €
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Ji(#): Iy ~a 3}, 1 < uw < ug. Then the sets (Ij )k>1,1<u<u, are nonempty pair-
wise disjoint 2-connected subsets of [m] and the sets (Jk,,)k>1,1<u<u, are nonempty
pairwise disjoint 4-connected subsets of [n]. Define vectors s, Sk, € R™ and
tk,ua{k,u e R" by

s
Sku = (Si]l{ielk,u})iﬁm’ Skou = #’
. _ . tk,u
i = (e, )ism T = i
aullp

Since Iy, C Ii(s) and Jy,, C Ji(t), s; and t; do not vanish if i € Iy, and j € Jy 4.
Thus, 5. € K(q¢*, m, I, d5) and t, € K(p,n, Ji 4, d5), so

Z Z Z aijgijsitjzz Z Z Z a;jGijSit;

kA>1 i€l (s) jETi(t) ko 1<u<ug i€lku j€ Ik
l—k=

=r
< Yinesea @) skl 1tk

k 1<u<ug

_max _ Y§7l~(df4) Z Z

l=k<m,1<I<n E 1<u<uy

IN

Moreover,

DS (X b)) (X X )’

k 1<u<uy k 1<u<uy k 1<u<uy

<> X DS Y )

k 1<u<uyg k 1<u<uy

*/2
= |ls)l&-"?1e)12/% < 1.

The above calculations show that

1
< = €
Gl S 2|, Jax  _ Yii(d}) + Ma,

which yield bound (37).
Moreover, EM 4 < Log'/?(mn)||(ai;)|lee and, by estimate (21),
E max Yk l(di}) ,5 max EYkJ(di)

1<k<m,1<Il<n 1<k<m,1<I<n

1/2
+ Log(mn) su su ( a 2t2)
g( )56 Pﬂ e EL E ijSily

= max EY; 1 (d%) + \/Log mn)|[(ai;)||oos

1<k<m,1<I<n

so estimate (38) follows. O

Now we need a bound for the expectation of Y ;(y). It is derived in the following
proposition.

Proposition 29. For every p*,q € [2,00) and v > 1,

EY:i(v) S vp*D1 + /qD2 + \/Log(mn) max |aij]

(39) + P2k min{ k1Y, Y21 k), Zdéfj}m%x ;]
Proof. Observe that

Y, < X
wi(y) < IénI%) I
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where
XI - XI(?#L ku 177)

= sup{ Z ai;jgijsitj: s € B;* N 'ykfl/Q*Bio, te BN 'yl*l/”Bgo}.
icl,j

Define
Ok,l = Uk:,l(p> q, ’Y)

= sup{ /Z aj;siti s € By, Nyk~'/" B2, t € By ﬂ'yll/pBgc}.
,J

Let us fix I € Zy(k) and choose a 1/2-net S in BJ. N k=14 BL (with respect
to the norm determined by this set) of cardinality 5*. Then

EX; < 2Esup sup E @ijGijSit;.
s€SteBRMWI=Y/PBI o s

By inequality (21) we have
EX; <supE sup Z ai;9ij8it; + v/ Log |T|og,.

seS teBpNyl—1/PBR icl,j

By (19)
supE sup Z ai;jgijsit; < /p*D.
s€S  teBpnyl=Y/PBL /o7

Thus,

EX; < Vp D1 + Vkoy,.
Applying estimate (21) again and using (34) we get

]EYk,l 5 max EX;+ \/Log ‘I4(k‘)|0’k,l
I€Zy(k)

(40) < VP D1+ (VkLog(da) + /Logm)oy,.
To estimate o, observe first that Bg* C Bf and B, C By, thus

sup sup g afjs?t? < max |a;;|*.
teBl, seBp iclj v}
m —1/¢" pm n -1 n
Moreover, for any s € By N~k /a BY and t € By N+l /pBOO we have
2 242 2—q* 2—p 12 a1 p
> agsit < lsll3c 7 I1tl13s max [agj|” ) |sil* [t;]
i ’ i
. .
< AP ma [y
i,

< 72k172/q l172/p max |a'ij |2
2

and
> asits < s Ntl% Y aflsil ™ < IslZ7 |13 max Y -
i, i, J
< ||5||§5q* tHZodLA HZ!%XWMF < ,Y4fq*k172/q*172/pd17A Hilf}x|az‘j|2
< 73k172/q*172/pd1’A H}gx|aij|2-
Therefore

(41) ok, < min{l, 71@”271/‘1*11/271/1”, 73/2k1/271/‘1*171/”d}{j} n}&}x lai;|.
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Estimates (40) and (41) yield
Ekal (’Y) 5 \/FDl + LOg mmax |CLU|
i,

+ 432 Y9 P min{1Y2, 4 1/2}\/Log da) max|a”|
In a similar way we show that
EYea(7) € vaD2 + vLognmax fa;;|

+ 432V =P min{ kY2 d 1/2}\/Log da) max\aw| O

To make use of the two previous propositions we consider the cases = —|— >3/2
and 1 o+ q* < 3/2 separately.

Corollary 30. Suppose that p*,q € [2,00) are such that % + q% > 3/2. Then for
every € € (0,1],
E|Gallp—q S & (VPTD1 + VaD2 + (€725 + /Log(mn)) max|ay| )
¥
Proof. By Proposition 28 we have

1
E[[Gallpoa S < (| max max EYii(d5*) + vLogmn) (i)l )

1<k<m 1<I<n
Observe that in the case p*, ¢ € [2,00), l + i > 3/2 we have for any k,,
p-l/a - 1/pmm{kl1/2 L2 kd}/j,ldlm} <m1n{k1 Va"[1/2=1/p p1/2-1/q" |1~ 1/p}
< (kADP2VEe <,
Hence estimate (39) yields that
EYia(d{%) S V"D + VaDs + (@ /Log da + v/Tog(mn)) max|as].

Finally we observe that for ¢ € (0,1),

<

)

™ | =

42 —cL =
(42) supe™*Loge = 7

so d/*\/Togda < d5e=1/2. O
Corollary 31. If p*,q € [2,00) are such that % +

(qvp)?
qVp*—
(@VP)? st | R

* ((qu* —oya T A ) + VLog(mn) ) max o
Proof. We proceed as in the proof of the previous corollary. The only difference is
a more delicate estimate of

Tt - qkfl/q*lfl/p min{kl1/2, k1/2l, kd},/i’ ldé,/j :

q%ﬁ% and qV p* > 2, then

E|Gallym < [rDl © /aDs

Suppose 2 < p* < g and g > 2 (the case when 2 < ¢ < p* and p* > 2 follows by
duality). Let p > 0 be a constant to be chosen later. We consider two cases.
Case 1. k < pl. Assumption ]% + q% < % implies that % + pi — q% > 0, and so

Tea < KM min k2 (/)12 4y /1)y
< P pl/2=1 /e (min{k, pdy1,4}) v

< (pdl’A)1/p*—1/q*+1/2p1/2—1/1)* - pl/qdi,/g +1/4-1/2
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Case 2. k > pl. Then

Mg < KYP TV (mink, do,a}) (1K) VP < p7 P MYV (mindk, do a})
< pfl/p*d;/i*—l/q*-‘rl/Q _ p71/p*d;,/£*+1/q—1/2.

1/2

Choosing p = (dg’A/dl’A)l_p*q/@(p*“‘q» we obtain in both cases

ha S O <3 0 )

Therefore, Propositions 28 and 29 (applied to € := ¢/3 and ~v = dil/3) yield for
every € € (0, 1)

E”GAH;D—W ~ (\/ *D1 +\[D2
2 __a 2__p*
+ (dfﬂ/LogdA (d{’*A prta +d§A”*+q) + Log(mn)) ma_x\aiﬂ).
’ ’ 4.
Recall that estimate (42) implies

d{*/Logdy < e'/2ds,

— 2 2 _
and dq = dy, 4 Vda 4. Note that 5 g < o Pl
. q o p 1 I
€0 ::fmm{ " - —, *7—7} and € := —¢p.

2 prtq p*prtqg g q
. 2 3 _ q 1
For such a ch01ce of € we have o *_‘_q tes v +q T < pr

3 1 .

and -5 +q +e< q -5 +q +e0< 3, 2(p +q) < . Moreover, the assumption

1/p—|— 1/q¢* <3/2 y1€1db that 1/p*+1/¢ > 1/2 and thus 2/p* —q/(p* +¢q) > 0 and
2/q—p*/(p* + ¢) > 0. Hence, the AM-GM inequality implies
2 _ _4q

2 A P q e (2 q
27 5 a e P* P +q PF T pFoq TE0 €o 26 (57~ 7q TE0)
dlA dA<l +e df a T3 q dy’s
p* P +q 0 p*
2
T_*i"ra[) +50
S df,A p*+q + d
and
« * 2 P~
2 2 P = — 2
€ da_pf-%—q < Eiod%(gip*Jqurso) + q p*+q da 7 rq Teo0
1,A%2,4 =3 e b 2 _pt o, %A
q p* +q ¢ p*tq
Q- | E-Podey (-t | 2Pt
< dso P +q +dq P*+q S dli,Aq p*+q +d§,AP +q
Z 8 te +60
S d{:A p*+q +d
. : -1 < q3 < q3
To finish the proof it suffices to note that e ™" < D=0 < 753 O

Now we are ready to prove Proposition 15 in the range (p,q) ¢ [2,3]?. The case
(p,q) € [2,3]? is considered in Section 5.

Proof of Proposition 15 in the case (p*,q) ¢ [2,3]?. The assertion follows by
e Corollary 30, applied with € = (2(p* V ¢)) !, and Propositions 17 and 27 if
1/p+1/q* = 3/2.
e Corollary 31 and Propositions 17 and 27 if 1/p+ 1/¢* < 3/2.
To get the claimed bounds on a(p, q) we observe that in the case 1/p+1/¢* < 3/2
we have 1 > 3 — > 1/2, so that

(p +q
3 qp” qp* L p'vg—=2
—In(=Z— ~ >, O
2 20 +q)/ 20 +q) 2 < p*Vyq
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4. PROPOSITION 15 IMPLIES PROPOSITION 16

To prove Proposition 16 we decompose the underlying matrix A into block
diagonal matrices Ay (with blocks of appropriately small size) and matrices B;
whose norm may be controlled by the following proposition providing a crude, but
dimension-independent bound.

Proposition 32. Let p*,q € [2,00). Then for every partition Jy, Ja, ..., Jx, of [n],

< 3| 7,(1/2
(43)  E[Gallp—q <E[Gall2»q S VD2 + 125220 112?<ka | 1] lgmax |ai;].

Similarily, for every partition I, ..., I, of [m],
3 2
(44)  ElGallpq < EllGallpe S VP D1+ max max k247 max ;).

In order to show Proposition 32 we need estimate (28) and the following lemma,;
they allow us to perform the induction step.

Lemma 33. For every q > 2, J C J' C [n], a finite set T C By and functions
c=(c1,-.yem): T = R™ and d: T — [0,00) we have

q 2/q 1/2
(S0 + S euat )"0
teT Yo jeJ

a\ 2/q 1/2
< sup]E(( t) + Zaijgijtj > +d(t ) + C'y/Log |T max |a”\
teT “ ‘
1< JjeJ
Proof. Observe that
2/q 1/2
(( )+ Z aijGijt; ) "’d(t)) = sup Xov,ts
i<m sEB;'}HUEBS
where
Xs,v,t =11 Z Si (Cl(t) + Z az-jgz-jtj) + U2 d(t)
i<m jeJ
We have
sup sup  Var(X,,) = sup sup vf Z Zj ft?
teT s€ BT vE B3 teT se€BL wEBS  j<py ieg
< sup sup Z %sft? = max |a;|%.
teBy SEBIL g i<m,jeJ
Hence the assertion follows by Lemma 22. O

Proof of Proposition 32. We will prove (43); the second estimate (44) follows by
duality.
For 1 < k < ko let Th  be a 27*-net in By* of cardinality at most 2417+l Set

T =J D, Jsx =]
1<k I>k
and for t € R",
m(t) = (t))jes € R, mer(t) = (t;)jes, € R7<H.
Define
Ticp={teBJ*: m(t) €Ty, 1 <1<k},
T =T <k, ={t € By: mi(t) € T1 g, 1 <k <k}
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Then T; is a %-net in By, and hence,

Q)l/q.

We will show by the reverse induction on k that for 0 < k < kg,

E sup (Z‘Z aijgijtj‘q) Va < E sup ((Z‘ Z aijgijtj‘q)wq + qDS Z t?) 2
b oy

teT: teT! .
[SYA €1 €Tk

(45) +C Z \/Log |T1 < maxmax|am|

I=k+1

ElGallp—q < E[|Gall2—q < 2E SuTP(E ‘ > aijgijt;
teTy s -
i

For k = ko inequality (45) holds with equality. Observe that

a\ 2/q 1/2
swp (30| X2 awguts| ) +ab3 > &)
t jEJ<k j

teT) JEI>k

e (2] 3 ewoi)" +a) ™

tETl <k i jed<y

where

d(t) = qD3 sup Z £,

teTr: mek ()=t je g,

Let Ej, denote the integration with respect to random variables (g;;)i<m.jeJy-
Conditional application of Lemma 33 yields

Ji _SUp ((Z‘ Z ij9ijt; ’)/q"’d(g))l/2

teTy <k i jed<s
~ 19\ 2/4q ~\1/2
< sup IEJ,C((Z‘ Z a;jgijt; ‘) —i—d(t)) + C'\/Log |T1 <i| max max |a;;/|.
teTy <k i jed<k v jeJg

Inequality (28), applied conditionally, implies that for any ¢ € Ty <,

5 (Y] 32 ewouii])" +ad)

i jeEJ<k

((Z‘ aijg]ij{j"1>2/qer~(t~))1/27

i jE€EJ<k—1

1/2

where

(Z‘Z 117

i JjEeJk

) +d(D).

Note that

(ST e < (3] T e

i jEJk jE€Jk JLGBA i jeJk

- S 2 ( ) <p2S 2
2 G2 lal’) < DE 26

JE€Jk

q/2)2/q

SO

d(t) < qD? sup Z t2.

J
teTy: <k (t)= ]EJ>k N
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Thus,

Esup((Z’ Z aijGijt; ‘1>2/q+qD§ Z tf)l/z

teT - . .
€Ty i jeJ<i JE€EI>k

_jaN2/a - . \1/2
<E sup ((Z‘ ai;Gijt; ) —I—d(t)) +C L0g|T1,§k|miaX§Ié{i]f|aij|
i

t€T1 <k JE€EJ<k—1

ay 2/9 1/2
SEsup((Z‘ az‘jgz‘jtj‘) +aD3 ) t?)

T .
teh JE€EJ<k—1 JE€EJI>k—1

+ Cy/Log|T <x| max max |a;;/|,
i jEJg

so the reverse induction step immediately follows.
Estimate (45) for k = 0 gives

k
a\ 1/q 0
E (§ (E t)) < V4D > \/Log|T max |da|-
sup A2 @ij9ijlj <Vq 2+C’k:1 og [T1,<k m?XjeE}}:MA

teT
We have
k k
Log|T1 <] <Y TLog|Tii| <D I,
=1 =1
so that
Z \+/Log|T1 <k maxmax|a”| < Z V|| M2 maxmax\a”|
1<I<k<ko
l
< max k3|J|1/? maxmax|a”| Z 4
1sisksko €I 1<I<k<ko
< max  KP|Jy) Y2 maxmax|a”| O
~ 1<i<k<ko jE€J

Now we are ready to prove that Proposition 16 follows from Proposition 15.

Proof of Proposition 16. Let r = 8(p* V q) and
Dq, = max(i + )7 |l
Define the sequence (ng)g>0 by
ng =0, ng = [erk] for k > 1.

Then
(46)  /Log(nrn;) < \/Logny + /Logn; < (k1 +mny_1 +2)Y/" for k,1 > 1.

For k =1,2,... define

= {1 c [m] np_1 <1< nk}7
Jr={j €n]: ng_1 <j < ng}.

Then

a7 2)'/"|ay;| < Y7ai;| < DL
L A
Let

Ap = (aij)ier, jea,-
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Then Proposition 15 and estimates (46) and (47) yield

E(|Ga,, llp—q S alp, q)(\/p*Dl + 4Dz + /Log(|1x|| i) max |az‘j|>
K3 k> l

(48) < alp,q)(Vp* D1 + /gDy 4 rDL,).
For u € Z set
Ay = Z (aijLiier, je o} )i<m j<n-

k>max{0,—u}

For every u (after deleting some zero rows and columns) A, is block diagonal with
blocks Ay i+ Hence, Lemmas 19 and 22, together with estimates (47) and (48),
imply

ENGa, lpq = Emax |G ay vy g
< maXE|[Gay o lpog + max v/Togh _ max oyl

1€1K,jE€ETktu
S a(p,q)(Vp*Dy + /qD2 + D).

We have )
A= 3" Ay+ Bi+ By,
where o
B, = Z Z (aijliier, jey)s By = Z Z (aijliier, jeay)-
I k>1t2 K I>kt2

Estimate (43) applied to the matrix By yields

3
EG5, lp—q < VaD2 + maxmax®y/|Ji| max maxmax a;|

< /gDy 4+ max [®\/n; max max max |a;;|.
<V 1 k>142 icly jed; |

Observe that if ¢ € I, j € J; and k > [ + 2 then
Hence,

IE||G31 ||p—>q 5 \/QDZ + Dgcr
Similarily, estimate (44) implies

EHGBQHp—NJ 5 \/ﬁDl + D</>o' U

5. ESTIMATES IN THE RANGE p*, ¢ € [2,4)

The aim of this section is to give proofs of Propositions 15 and 17 in the range
p*,q € [2,3]. The arguments presented in this section work in the whole regime
p*,q € [2,4), but they yield a constant which blows up when p* or ¢ approaches 4.

The crucial new tool we need to establish Proposition 15 in the case p*,q €
[2, 3] is the following result, which allows to run the exponent reduction; this is a
counterpart of Corollaries 30 and 31 from Section 3.3.

Proposition 34. If p*,q € [2,4—0) and € € (0,1/2], then
C

EGallpg S 2Dyt Dot (724 (5

To prove Proposition 34 (and Proposition 17 for p*, ¢ € [2,3]) we will need the
following result.

2/5
) )dz/4+€+ Log(mn)) rrllajx|a,~j\}.
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Proposition 35. If p*,q € [2,4) and a,b € (0,1], then

E  sup sup g a;jGijSit;
sEBm NaBm teB"ﬂbB"

o 4,5

S Dy + Dy + (a(Q_q )/2 Log#(ma(f) + b2 P2 LogTa (nb”)) max |a;;|.
i

Proof of Propositions 15 and 17 for 2 < p*,q < 3. Proposition 35, applied with a =
b = 1, yields Proposition 17 (with v = 2). Propositions 15 follows from Proposi-
tion 27 together with Propositions 17 and 34. (|

To prove Proposition 35 we will use a modification of van Handel’s argument
from [18]. Let Ao A = (a u)l<m j<n be the variance profile of G4 = (@i;9ij)i<m,j<n
and

0 Ao A
B= (bij)i7j§m+n - ((AOA)T 0 ) .
Let Y be an (m + n)-dimensional Gaussian vector with mean 0 and covariance
matrix B~ being the negative part of B, i.e., B~ = — .7 " (\A0)u;ul , where B =
Zm+" Aiwiul is the spectral decomposmon of B. The proof of [18, Corollary 4.2]
yields that Y;C are Gaussian random variables with variance EY;> < (37, b7, Y2
Hence,

Var(Y;) < (Z a;lj)l/z, 1<i<m,
(49) ’
Var(Viem) < (Dal) . 1<i<n.

The proof of Proposition 35 uses the following two lemmas. The first one is based
on the ideas from [18] and the second one is quite standard (cf. [14, Lemma 14] for
cases p = 1,2).

Lemma 36. For any bounded, nonempty sets K C R™ and L C R",

m

E sup ajjgi58:it; <E sup z:slgZ
seK tel sEKtEL Y

+E sup ti Gt
Semz s

1 1
+ —E sup S; 2y; + Ehup t2Y i
2 SEKZ teL Z mr

Proof. Let us define the symmetric Gaussian matrix
0 Ga
X = (Xij)i,jSern = <(GA)T 0 ) .

Then B is the variance profile of X. Consider two centered Gaussian processes
indexed by v € R**™;

m—+n m—+n m—+n
— 212 2
E Xpvpy, and 2, =2 E Vi 9k E V] bk’l—l— E v, Yk,
kJl<m+n k=1 =1 k=1

It was shown in [18, proof of Theorem 4.1] that for any v,v’ € R*"*™ E|G, —G|? <
E|Z, — Z,|? and, as a consequence, the Slepian-Fernique lemma (see, e.g., [3,
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Theorem 13.3]) yields
E sup G, <E sup Z,.

veK XL veK XL
Thus, to finish the proof it is enough to observe that

sup G, = sup E Xy
vEK XL vEK XL

k,l<m4n
T
= sup ( > (Ga)igsiti+ Y ((Ga) )jitj8i>
SERAEL Nigm j<n i<m.j<n
=2 sup E aijgijsitj
sEREL,

and

n

Ztiafj—i-Qthgmﬂ Zsl a;;
j=1 j=1

+ i s7Y; + zn: t?Ymﬂ) . 0
i=1 j=1

Lemma 37. Suppose that 1 < p < pg, ¢ € (0,1], mj,0; > 0 and nonnegative
random variables Z1, ..., Z, satisfy

m
sup Z, = sup (22&5%
i=1

vEK XL seK teL

P(Z; > mj +toj) < e t'/2 for every 1 < j <n.
Then

2 p /p 5
sup ( E u;Z; ) Spo maxm; + /Log(nc?) maxo;.
uEB"ﬁ(‘B" J J

Proof. Let k be a positive integer such that m <ct< 1 rand (Z7,...,Z}) be the
nonincreasing rearrangement of (Z1,...,Z,). Let m = max; m;, o = max; o;, and

M = (m+ +/2Log(n/k)o)?. Then

N T

N‘M—l

k
(3 my) " < 2(ur +
=1
(M+ Zop/ pt*~t P(Z; > m+ o(/2Log(n/k) +t)dt>
< (M+ Eo”/ pt’”‘le‘<t+\/m)2/2dt> e

0

> 1/p
< <M + ap/ pt”_le_tz/zdt) Spo M+ /Log(n/k)o,
0

SO

ueBbr}lran (Z UQZJP) l/p (% Zk: ) Spo M+ /Log(n/k)o

~ m + v/Log(nc?)o. O

Proof of Proposition 35. We apply Lemma 36 with K = Bj* NaBY and L =
By NbBYZ,. Observe that [[s|la < |[|s 1279721 6[|9./2. This, together with a similar
calculatlon for £,-norms, yields

(50) K ca® /2By na?/?B7), LcbPP/2(BynipP/2BR).
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Estimate (49) implies that Y7,...,Y,, are centered Gaussians with Var(Y; ) <
[(ai;);]|3- Thus, (50) and Lemma 37, applied with Z; = |Y;|, p = 1, ¢ = a? /2,
m; =0 and 0 = ||(ai;),|l4, yield that

EsuszQY <a®> TR sup ZSQ|Y\
SEK’L 1 SEB"Lﬁaq*/QBm,L‘ 1
< @~ \/Log(mat") max||(as;); 4

<a* 7T LOg(ma"*)maX||(aij)j||§* 4m?ﬂt_X|az‘j|(47p*)/4

IA

by 4_T 420"/ (4=2") Log2/ (") (1mad” ) max |ag|
%]

4
Dy 4 a?=9)/2 Log¥ =P (1nq?” )max|a”|

IA

In a similar way we show that

sup t Yoot < b*>7Py/Log(nbP) max ||(ai;)i|4
+i S g : j
tel 3 J

< Dy + b2 Log? =9 (nb?) max |ayy).
2,7

By (50) and the convexity of the function x s |z|9/? we get

S| 320 < oup($ (3 3) )
sEKteL i1
a/2\1/q
< p2-n)/2 sup ( |gz|q( 2a f) )
teBRNbP/2 BT Z Z Y
1/q /& 1/2—1/q
<BEPR sup (Zt lasgiliz) (> 8)
teByNbr/2B7, j=1
(51) <P gy (Zt I(aisg:) ||)
teBRNbP/2BL j
Note that
Ell(aijgi)illq < (Ell(aiig:)ill Y < vall(ai)illg,
and

sup [|(aijsi)illq = max|ag].
s€BY z

Therefore, the Gaussian concentration (see, e.g., [3, Theorem 5.6]) yields
P(ll(aijg:)ills = vall(aij)illg + t max fai;|) < e™* 2.

Estimate (51) and Lemma 37, applied with Z; = ||(ai;:)illqs p = ¢, ¢ = bP/2, and
po = 4, imply

sup Z Sig;

seK, t€L

n

3 202 < max||(ai;)ill + 03P/ /Log(nb?) max |y |
J 1,7

j=1
< Dy + b3 P2 Log? =D (np?) max [a, ;]
]
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In a similar way we show that

sup Z tig;

Z 5202, < Dy +a®71)/2 Log? 4P (ma? Y max |a; ;|. O
seK, tEL Y]

1]~

Now we go back to the proof of Proposition 34. We will need a refinement of the
arguments from the proof of the main result of [1]. Let

Ky, = conv{ull/p(aj]l{jg})?_l: JCH{l...on}, J#0,(g5)1- € {-1, 1}”}
Recall [1, Lemma 2.3].
Lemma 38. Ifp > 1, then BY C In(en)"/?" K, ,,
Following the ideas from [1] we obtain the following bound.

Lemma 39. Assume that p*,q > 2. Then

E sup Za”gws t; S Vp*D1+ /qD2 + /Log(mn) max la;;].

SeKq*ﬁm,,ter "4

Proof. The proof of [1, Proposition 3.1] (see estimate (3.6) and the last formula
on page 3492 therein, based on the Slepian-Fernique lemma) shows that for every
1<k<mand1<I<n,

EHIIE}X sup sup Z a”gmnmJSmaXZ Za”—i—maxz Za”

NEBX M EBL T jeg iel \| jeJ jeg \| ier
JrIEmaXZgl Za +]Emax2g] Zau,
i€l JjeJ JjeJ i€l
where the maxima are taken over all sets I C {1,...,m}, J C {1,...,n} such

that |[I| =k, |J| =1, and g1,...,9m,G1,- -, gn are independent standard Gaussian
variables. Moreover,

kl/q e i Z Za sup sup Zsz

b=y sEBM™ teBy 1

Similarly,

kl/q [1/p ]J Z Za?g < Dy,

el
and

(52) RV ll/pEmauxz;gZ /Z}a ]Emjax I(aijgi)illq-
1€ JjE

Estimate (21) yields for every g € [2,00),
Emax[(ai;g:)illy S maxEl(aijgi)illg + v/ Lognmax|as|
< max (Bl (asjgi)i§) " + v/Tog nmax|ay|
S VD2 + \/ITgnH%&jyxmij\.
This and (52) yield

RYCE ll/p]EmaXZg, Za \/§D2+\/Lognrrz;7z;x\aij|.

iel jeJ
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Similarly,

i€l

kl/a* ll/pEmaXZgz\/ﬁ < Vp Dy + /Logm maX|a”|
JjEJ

This implies that for every k,1 > 1,
(53) EWy,i S VP* D1+ /qD2 + /Log(mn) max |a;|,
i

where

Wit = sup E a;jGijSit;
seK® 1ex®) i

q*,m’

and
Ké{ZL = {l_l/p(njlje]): ne {_17 1}n7 J C [n]v |J| = l}'
Hence, by inequality (21) we obtain

E sup E a;jGijSit; = max Wi
SeKq*,7nat€Kp,n i.j 1<k<m,1<I<n

< max  EWj; + +/Log(mn)  sup Zam sit;

1<k<m,1<I<n seB". ,teB?
a* p

= E /L .
1§k§r?n%¥§l§n Wi+ og(mn) IIil%X lai;]
Thus, (53) yields the assertion. O

As in Section 3.3, we estimate E|G4l|,—4 using Propostion 28, so we need to
upper bound EY}, ;(d5 ). The rest of this section is devoted to do so. We begin with
an easy consequence of Lemma 39 and Proposition 28.

Corollary 40. If2 < p*,q < oo, then
E[Gallyq
< Log(da) (Vo max | (agy) - + vama||(as;)illy + v/og(m) max fay ).

Proof. If I C [m], J C [n], and 7 > 1, then for every (b;)i"; and (¢;)"

sup st,<’y sup stl

J=b

s€K(q*,m, 1) SEK * m —1
and
sup cht <fy sup th
teK (pin,Jyy) 5= Kpin =1
Hence,
Yia(d3) <d% sup  sup > aigisit.
SEK g m tEKp n i

We choose e = 1/ Log(d4) and apply Lemma 39 and Proposition 28. O

To derive better bounds for EY} ;(d5) we first need to introduce some additional
notation. For I C [m] and o > 0 define

B(p,I,a) = B(p,I,a, A) = {tEB” maXZa t2§a}

ij7g

and for I C [m] and J C [n] let
”:{ie[m]: Hjel’ (Z,])EEA} and J”:{jE[’I’L]I Eliejl (Z,])EEA}
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Without loss of generality we may assume that matrix A has no zero rows and
columns, so I C I"” and J C J” for any I C [m] and J C [n].
Lemma 41. Foreveryp <2, 1 <r<k<m and1l <l <n we have
EYk(d%)

S E max max max sup sup E aijgijsitj
1€Z4(k) IoCLo|=r J€Ts(l) seK(q*,m,1,d5) te€K(p,n,J,d5,) iernljerng
0 ’ 0
(54)
+E max sup sup E a;;j9i5Sit;,
TeZy(k) s€BJ% teB(p,1,a) il jeln]
where

a, = min{1, d51"/2= /P12 max |ay;).
1,7

Proof. Let us fix I € Zy(k) and J € J4(1) and consider the following greedy algo-

rithm with output being a subset Iy = {i1,..., .} of I of size r.
e In the first step we pick a vertex iy € I with maximal number of neighbours
in J.
e Once we chose {i1,...,i,} for u < r, we pick iy41 € I\ {i1,...,%,} with
maximal number of neighbours in J \ {i,...,4,} .
If I, denotes the number of neighbours of 4, in J\ {i1,...,4,—1}', then [y > I3 >

. > 1, sorl, <|J| =1. Hence, using this algorithm we get a subset Iy C I with
cardinality r such that for every i € I\ Iy, |{j € J\ I}: (i,5) € Ea}| <1/r.

Observe that if ¢ € I and j € I)NJ are such that a;; # 0, then ¢ € I§ NI, and if
i€l andje€ J\Ijare such that a;; # 0, then i € I'\ I. Hence, for any s € By
and ¢ € By,

Z aijgijsity = Z @ijgijsity + Z ijGijSity-

i€l jed i€ NI jelNg i€I\Io,j€J\I}

Moreover, for any i € I\ Iy and t € K(p,n, J,d5),

l
Z a”t] < maXa2 mln{l ma}{tj} < maxag min{1, d% 1"~ 2/pr—1} — a2
T Je 4,7
jeJ\I

Therefore,

sup sup E Q;59ijSit;
IEI4(k) JeJ4(l) s€K (q*,m,I,d5) tEK(p,anA)zel\IOjEJ\I/
> 0

< max sup sup E aijgijsit;. O
I€Z4(k) sEBm teB(p,I,or) ic€l,j€[n)

We begin by estimating the second term on the right-hand side of (54).

Lemma 42. Forp*,q € [2,00), 1 <k <m, and o € [0,1] we have

E max sup  sup E aijGijSit;
I€Z4(k m
(k) s€BL t€B(p,I,o) ieljeln)

S VP Dy + a(y/kLogda + v/Logm).
Proof. Observe that for any I € Zy(k), s € By: C By*, and t € B(p, I, ) we have

52 2
Z U Zt <r£16‘a[XZa”tJ Soz

i€l,j€[n]
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Define for s € Bj%,
D(p,s,a) = {t € B,: Za” 1t3 <o« }

For I € Z,(k) let us choose a 1/2-net S; in BL. = {s € BJ}: supp(s) C I} (in
{,«-norm) of cardinality at most 5% and put S = Urez, ) S1- Then, by (34),
|S| < 5%|Z4(k)| < m20*d¥F, so

max sup sup Z a;jgi;Sit; <2 max sup  sup Z ;5 9i5Sit;
I€Zy(k) SGB’" teB(p,I,x) iel,jen] I€Z4(k) seS;y teB(p,I,a) iel,jen]

<2max sup g @;59ijSit;-
s€S teD(p,s,a) i

Thus, estimate (21) implies

E max sup sup Z al]gzjszt < max E sup Z Qij9ijSi t

IeZy(k m seS
a( )squ* teB(p,I,a) ieljeln) teD(p,s, a)
Log|S|max sup (E am E ])
tED(p7s )

(2]

For any fixed s € S C Byt estimate (19) yields

sup Za”g”s it; <E sup Za”g”st < Vp*D7.
tED(p,s a)

p 0,7
Moreover, y/Log|S| < v/Logm + /k Log(d4) and
max  sup (Z ai;$ ftf) < o. (|

ses teD(p,s,a)
Now we estimate the first term on the right-hand side of (54).
Lemma 43. Ifl >r, € € (0,1/2], and p*,q € [2,4), then

E max max max sup sup E @;59ijSit;
ICIm] IoCL lo|=r J€Ts(l) seK(q*,m,I,d5) teK(p,n, 1d%) e rrng jertng
0 ’ 0

<l [Dl +D,

+ ((5 Log(da))*/“~7"V9 + /Log(mn) + \/Log da d1/2+35(l) /p) max |‘“jq'
]

Proof. Let us fix I C [m], In C I with |Iy| =r, J € Ju(l), s € K(¢*,m,I,dy),
and t € K(p,n,J,d5). Let Ip1,...,Iov be 4-connected componets of Iy. Then

(191, .-, 1} ) is a partition of Ij, and (I 4,...,I}/) is a partition of Ij. Hence,
v
E @ijgijSity = E E aijgijSit;-
iely NI v=1ierf NI
JerinJ JEI ,NJ
Let

eyl ey |J
V= {v <V, NJl< dA2E”;|IO7U| - dA25p||IO|IO,U|}.
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Then
Z Z a;jGijsit; <||GA||quZ|| zEI{)’U (tj)jelé,vaHp
veY zEI”Y, NI veV
JEI; ,NJ
1/2
NGl (S Msiergnrl ) (M ser, ol2)
veV veV
1/p
< NG alposa (X Nshiengrnl) " (I sers )
veY vEV

ep 1/p
sllq- (Z ﬁ\lé,v a JI)
veVY
- 1 1/p _
< a3 NGl (X lloal) < 471G Al
veY

For a nonempty Iy C [m], 1 <u <n, and v > 1 define

Zlo,u('}’)
Zz‘el”ml JEINNT aijgijSitj

‘= max max sup sup )
IoCICIm] JC[n]|INI)|Zu se K (q*,m,I,y) teK(pn,J) ”( )zGI“ﬁIHq ”( )JEI’OJ”;D

Moreover, for 1 <r <m, 1 <u <n,and v > 1, set

Zy = Z ,
() e | Lo, (7)

and for o € (0,1] and v > 1, let

Zal) = s, ey Zra):

Observe that for v ¢ V, |1, N J| > ally|, where a = dz%p% > d,?, so

Z Z aijgijsit; < Za(dy Z” (s:) el ﬁI”q [t )jel{)vﬂI”p

vV iely NI vV
jer, g

oSN, 2 (S esen i)
o)X oy ) (Zn ]EIWH)W

< Za(dix)H Hq*”t”p < Zoc(dEA)~

The above argument shows that

max max max sup sup E a;i59:5Sit;
T€Z4(k) IoCL | Io|=r JET4(1) seK(q*,m,I,d5) teK(p,n,J,d5) ielynljer,ng

S A7 |G allp—g + Za(d).
Corollary 40 and estimate (42) yield that
d5EG llpog < sup( *Log ) (D1 + Dy + /Log(mn) max |a,-j|)
€ <D1 + D2 + +/Log(mn) max |aij‘)a
0.

Therefore, the assertion follows by part iii) of the next lemma.



38 R. LATALA AND M. STRZELECKA

Lemma 44. Let v > 1 and p*,q € [2,4).
i) If Io C [m] and 1 < u < n satisfy u > |Ip|d,>, then

EZ1,u(7) S D1+ Dy + (3Log(dav))* =7 max |a;;].
i,
i) If 1 <r <m and 1 <u <n satisfy u > rd;2, then
EZT,u(’Y) ,S Dl + D2
+ ((3 Log(dav))*/ "7V 4 \/Togm + /r Log de,lax/Qu_l/p) max |a;; .
i,

ii) If a > d;2, then
EZ.(v) S D1+ Dy
+ (3 Log(da))?/ 47V 4 \/Log(mn) + v/Log davd{*a” /") max|ay].
)

Proof. Let us fix Iy C I C [m], J C [n] with |Ip| =, |JNI)| > u, s € K(g*,m,I,7)
and t € K(p,n,J,v). Define

5= (s)ierynrlly (s)ierznr, T = 1t)jennally () jemns
Recall that Iy C I, 50 ||8]lg= = 1, [|5]lee < A|IY NI|~YT < A|Io| Y0 < yr= Va7,
lltll, = 1, and [|t[|« < ~v|[Ly N J|7VP < qumlP < fydi/pr’l/”. Hence, part i)
of the assertion follows by Proposition 35 applied with the matrix (ai;);e 1y jel
=1 <d}r,n=|I}| <dar,a= (yr~"T)A1land b= (’ydi{pr—l/p) Al
To show part ii) observe that

Z ’sz 12_? = I?eajx a” i< maxa2 min{1, dA”t”2 }

ieli'nl,jerinJ JjeJ

< maxa? ; min{1, day?u~2/PY,
i

Moreover, estimate (34) yields /Log |Z4(r)| < vLogm + /r Logda, so part ii)
follows by part i) and estimate (21).
Part iii) easily follows from ii) and another application of (21). O

Corollary 45. If 1 <k<m,1<1<n,p*,q€[2,4), and e € (0,1/2], then
EY;(d5) < 5_1[D1 + D,

) 40 \YEPVON s
E (2 + (vg) Y ) mae gl
+( og(mn) + (& + I vg A rrilz}x\aﬂ

s

Proof. By symmetry we may assume that [ > k.

First assume that k& > di‘/ ?. Lemmas 41-43 yield that for every 1 <r <k,

EYi(d5) < e ! [Dl + D,
+ (5 Log(d.a))*/="¥0 + /Toglmm) max]as|
Z7J
+ (VEogdad{* (1) + ViLogdady /212 ;
gdad) ; + ogdady r ngz;x|a”|.

Moreover, estimate (42) implies

40 )2/(47p*Vq)d1/4
4—p*Vyq A

(55) VLogda < e V2d5,

(5 Log(da))?/ ="V < (
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and
(B () R ) < () V)

S d}q/4+35,

where the last estimate follows by taking r = Ucdzl/zj € [1,k].

Now assume that k < dz/ ?. Recall that for a fixed nonempty set I,

X1 = X1(A,p,9) = |(aijgij)ier jemlp—q-
Note that

Ykl(d )< max Xr.
€Z4(k)

Therefore, estimates (21), (23), and |I4(k)| < mdPd4F (see (34)) yield

1/2
EY:(d%) S mazc)IEXI + Log|Z4(k)| max sup sup (Z az; 52152) .
IET

IGIM) [E nq*<1 lltlp<1

(56) < Dy 4+ (Vk 4 /Logm + vk Log d4) max |ag|.
2,7

The assertion follows easily by the assumption that & < d114/ ? and estimate (55). O

Proof of Proposition 34. We apply Proposition 28 and Corollary 45 (with €/4 in-
stead of €). O
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