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Abstract
This thesis explores the structure of directed graphs in relation to colouring, as well as algorithmic
problems regarding their connectivity.

Over the last century, a central topic of graph theory has been the study of substructures forced
by large chromatic number. These range from Hadwiger’s conjecture from 1943, to the Gyárfás-
Sumner conjecture (1975), and at the extreme end Brooks’ theorem. The first part of this thesis
deals with directed variants of these questions. In 1980, Burr conjectured that a bound of 2k − 2
on the chromatic number would ensure all oriented trees of order k as subdigraphs, and showed a
quadratic bound. We begin by proving the first subquadratic bound for Burr’s conjecture. Then,
we settle a special case of a Gyárfás-Sumner analogue proposed by Aboulker, Charbit and Naserasr
in 2020. Namely, large dichromatic number forces all induced orientations of the 4-vertex path in
sparse digraphs. Our last contribution to these questions is an analogue of Brooks’ theorem for a
more general notion of (di)colourings.

Computational questions looking to increase or to decrease the connectivity of digraphs have a
long history in computer science. In the second part of this thesis, we consider variants of the well
studied NP-hard problems of strong connectivity augmentation and feedback arc set. We first look
at making a plane oriented graph strongly connected by adding a minimal number of arcs, while
preserving planarity. We show that this problem remains NP-hard, but admits a fixed-parameter
tractable (FPT) algorithm. Our second problem, generalizing feedback arc set, aims at rendering
a digraph acyclic by inverting subsets of arcs. There, we give upper bounds on the number of
inversions required for digraphs of a given order, as well as FPT algorithms and hardness results
for tournaments.

Résumé
Cette thèse explore la structure des graphes dirigés relativement à leur colorations, ainsi que des
problèmes algorithmiques concernant leur connectivité.

Au cours du dernier siècle, un aspect central de la théorie des graphes a été l’étude de sous-
structures forcées par un nombre chromatique élevé. Ces questions vont de la conjecture de Had-
wiger de 1943, à celle de Gyárfás-Sumner (1975), et à l’extrême, le théorème de Brooks. La première
partie de cette thèse s’intéresse aux variantes orientées de ces questions. En 1980, Burr a conjecturé
qu’une borne de 2k sur le nombre chromatique assurerait la présence de tous les arbres orientés de
taille k comme sous-digraphes, et a montré une borne quadratique. Nous commençons par prouver
la première borne sous-quadratique pour la conjecture de Burr. Ensuite, nous établissons un cas
particulier d’un analogue de la conjecture de Gyárfás-Sumner proposé par Aboulker, Charbit et
Naserasr en 2020. Plus précisément, les digraphes épars de nombre dichromatique suffisamment
élevé contiennent nécessairement toute orientation induite du chemin à 4 sommets. Notre dernière
contribution sur ces questions est la preuve d’un analogue du théorème de Brooks pour une notion
plus générale de (di)coloration.

En informatique théorique, les problèmes cherchant à augmenter ou à réduire la connectivité
d’un digraphe ont une longue histoire. Dans la seconde partie de cette thèse, nous considérons des
variantes de deux problèmes bien étudiés, l’augmentation fortement connexe, et feedback arc set. On
s’intéresse d’abord au problème cherchant à rendre un graphe orienté fortement connexe à travers
l’ajout d’un nombre d’arcs minimal, tout en préservant la planarité. Notre deuxième problème,
généralisant feedback arc set, vise à rendre un digraphe acyclique en renversant des ensembles
d’arcs. Nous prouvons des bornes supérieures sur le nombre d’inversions requises pour les digraphes
d’un ordre donné, ainsi que des algorithmes FPT et des preuves de difficulté algorithmique.
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Chapter 1

Introduction

This chapter is a general introduction to graphs and directed graphs, oriented towards the main
structural and algorithmic concerns of this thesis. On the one hand, we motivate the structural
study of graphs with high chromatic number, further investigated in the introductory Chapter 2
towards Part I. On the other hand, we highlight fundamental algorithmic problems on (di)graph
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1.1 An introduction to Graph Theory

1.1.1 Preliminaries
Mathematical notation

For any set X, we let |X| denote the size of X. Given another set Y , we use X \ Y and X − Y
interchangeably, as well as X ∪Y and X +Y . We will abuse this notation to hold also for elements
x ∈ X, that is X − x = X\{x}, and X + x = X ∪ {x}. The set

(
X
k

)
consists of all subsets of X of

size k, while 2X represents all subsets of X. We let A ·∪B denote the disjoint union of A and B. If
R is an equivalence relation for X, and x ∈ X, [x]R refers to the equivalence class of x. Then, the
quotient of X by R, denoted X/R, is the set of equivalence classes of R in X. For an integer n, we
let [n] be the set of integers that are at most n. For two integers i < j, the interval [i, j] consists of
all integers greater than or equal to i and lower than or equal to j. The notation log refers to the
base-2 logarithm log2. Given two positive-valued functions f, g on the integers, we write f = O(g)
when there exists an n0 and a constant C, such that for any n ≥ n0, we have f(n) ≤ Cg(n). We
write f = o(g) to mean limn→∞

f(n)
g(n) = 0.

Graphs

A graph is defined by vertices and edges, which can be seen as abstractions of objects and their
relations, respectively. Formally, a graph G = (V,E) is given by a set of vertices V and a set of
unordered vertex pairs E, called edges. When G is given, we will typically use V and E to refer to
its vertices and edges, and sometimes V (G) and E(G) to avoid ambiguity. All graphs considered
in this thesis are finite, and, unless stated otherwise, simple, meaning they forbid loops {x, x}, and
two (“parallel”) copies of the same edge. The order of a graph is defined as n(G) = |V |, its size is
given by m(G) = |E|. We will often use n = n(G) and m = m(G).

Two vertices x, y that are joined by an edge e = {x, y} ∈ E are adjacent . Then, x and y are
the endpoints of e, x is a neighbour of y and vice-versa. We will alternatively write xy or yx to
mean {x, y} when there is no ambiguity. A walk between x1 ∈ V and xk ∈ V is a sequence of edges
x1x2, x2x3, . . . , xk−1xk. When no edges repeat, this is called a trail , and when no vertices repeat,
it is a path. When x1 = xk, these definitions correspond to a closed walk , a circuit and a cycle
respectively.

The (open) neighbourhood N(v) of a vertex v is the set of its neighbours. Its closed neighbourhood
is defined as N [v] = N(v) ∪ {v}. We extend these definitions to subsets of vertices X ⊆ V , where
N(X) =

⋃
v∈X N(v) \X, and N [X] =

⋃
v∈X N [v]. A graph class is a set of graphs, and often refers

to the set of graphs satisfying a given property.

Isomorphism

As graphs are meant to be abstractions of the relations between objects, most of the time, only
edges matter, and not which specific objects they are joining. To formalize this, we want to identify
a graph with all graphs that have the “same” edges. Formally, two graphs G,H are isomorphic if
there exists a bijective mapping f : V (G) → V (H), the isomorphism, such that {u, v} ∈ E(G) if
and only if {f(u), f(v)} ∈ E(H). We represent this by writing G ≃ H, and note that ≃ defines
an equivalence relation on all graphs. All chapters of this thesis, except for Chapter 8, consider
graphs up to isomorphism, and G will in fact always refer to [G]≃, its equivalence class. We
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Figure 1.1: A graph embedded as an arc diagram.

typically consider vertices as distinct elements V = {v1, . . . , vn} without specifying their nature, or
let V = [1, n].

Algorithms and complexity

As a central data structure in computer science, graphs are the objects of many algorithmic prob-
lems. We measure the complexity of an algorithm by the (maximal) number f(n) of elementary
operations used, across all instances of size n. In most problems, given a solution, we can at least
verify that it is correct in polynomial-time. These make up the class NP (for Nondeterministic
Polynomial time). Among those, the class P consists of problems for which a solution can be found
in polynomial-time, which are considered efficient regardless of the polynomial. For example, the
problem of computing the shortest path between two vertices is in P . There are problems, called
NP-complete, which have been shown to “simulate” any problem in NP, through polynomial-time
reductions. For example, determining the existence of a Hamiltonian path, visiting every vertex of
a graph exactly once, is a famous NP-complete problem. The widely admitted P̸=NP conjecture,
states that not all problems in NP are in P, and would certify our belief that NP-complete problems
do not admit polynomial-time algorithms.

1.1.2 Graph drawings and planarity
Graphs can be graphed. This is in fact the first way they were introduced in Euler’s 1741 paper on
the bridges of Königsberg [Eul41]. To this day, this visual aspect drives a large portion of modern
research. A drawing of a graph represents vertices by points and edges as line segments, or even
curves, joining pairs of them. To emphasize the absence (or the deletion) of an edge, we may draw it
in dashed lines. Formally, a drawing is an embedding of a graph on a surface, which for our purposes
will always be the plane. The same graph can be embedded in many ways, but we insist each are a
representation of the same graph: only the adjacency relation matters. We may for instance lay out
all vertices on a common line, then add the corresponding edges between them as curves above it.
This kind of representation is called an arc diagram, see Figure 1.1 for an example. The drawing of
the graph above contains multiple edge crossings, that is, edges intersecting elsewhere than at their
endpoints (vertices). This complicates our reading, but the same graph turns out to be embeddable
without any crossing, as shown in Figure 1.2. Such a drawing, avoiding crossing edges, is called
a plane embedding . For a plane (embedded) graph, the different regions delimited by areas of the
plane between edges are called faces. To manipulate a face, we associate it with the closed subwalk
following its border. Graphs admitting a plane embedding are planar , but this is hardly the case
of all graphs (see Figure 1.5). Planar graphs are in fact a very restricted class, on which many
questions become simpler.
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Figure 1.2: The same graph with a plane (non-crossing) embedding.

Figure 1.3: The 6-path and the 5-cycle

1.1.3 Basic graphs
Paths, cycles, and connectivity

We will now show a few simple graphs, as examples, but also because of their role in many results
and conjectures on general graphs. In the following, we will set V = {v1, . . . , vn} and specify the
edges corresponding to each graph over V .

Starting with natural definitions, the path of order n, or n-path, is defined as Pn = (V,E) with
E = {vivi+1 : 1 ≤ i < n}, see Figure 1.3.

Given a graph G, two vertices u, v ∈ V are connected if they are joined by a path. Otherwise,
they are disconnected. Then, G is connected if any pair of its vertices is connected. Maximal
subsets of pairwise connected vertices of G form (induce) its connected components, which partition
V (G). We will have a deeper look at connectivity in Subsection 1.1.7.

The cycle of order n, or n-cycle, adds one edge to the path to reconnect its endpoints. That
is, we define it as Cn = (V,E) with E = {vi, vi+1[n] : 1 ≤ i ≤ n}, see Figure 1.3. The length of a
path or a cycle is its size. Using cycles, we can express a stronger notion of connectivity, where two
vertices are 2-connected if they are part of a common cycle, and the whole graph is when all vertex
pairs are.

Trees and Forests

A graph without cycle is a called a forest , and connected forests are called trees, see Figure 1.4.
Trees (and forests) are simple structurally, and for instance, the absence of cycles enables dynamic
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Figure 1.4: This whole graph is a forest, and each connected component is a tree.

Figure 1.5: The anticomplete graph I5, and the clique K5, the smallest non-planar graph.

programming algorithms for a wide range of problems. For this reason, they have been extended to
“tree-like” graphs through the notion of treewidth, a measure of the proximity of a graph to a tree
(see [Cyg+15]).

Complete and anticomplete graphs

Definition-wise, the two simplest graphs are those containing either all or none of all possible
edges. A complete graph, or clique, on V is defined as Kn = (V,

(
V
2

)
), containing

(
n
2

)
edges. An

anticomplete, or independent graph on V is defined as In = (V, ∅). Sitting in between these two
graphs are bicliques, or complete bipartite graphs, denoted Kn,p. These have vertex set V = A ·∪B,
with |A| = n, |B| = p, no edge lies fully within A or B, and all np edges between A and B are
present.

1.1.4 Operations
In both practical and theoretical settings, it is often of interest to study operations modifying a graph
at hand. We are usually asked to transform a graph into another, or to modify it such that it satisfies
some wanted property. Let us start with the simplest operations, on a single vertex or edge. Given
a graph G = (V,E), the deletion of a vertex v yields the graph G−v = (V −v,E−{e ∈ E : v ∈ e}).
Conversely, one may add a vertex to v and choose the adjacencies towards the rest of the graph.
The deletion of an edge e yields the graph G− e = (V,E− e). Conversely, the (edge) augmentation
of G by some e ∈

(
V
2

)
\ E yields G+ e = (V,E + e).

We can also define operations involving pairs of vertices. Given two vertices x, y ∈ V , the
identification of x and y replaces them with a vertex z adjacent to all their neighbours. That
is, identifying x and y yields the graph G/{x, y} with vertex set V − {x, y} + z and edge set
E − {e ∈ E : x ∈ e ∨ y ∈ E} + {zw : w ∈ N(x) ∪ N(y)}. We extend this terminology to subsets
X ⊆ V , where identifying X yields the graph obtained by (any) sequence of pairwise identifications
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of vertices in X, ending in a single vertex. More generally, given an equivalence relation R on V , the
quotient graph G/R consists in vertex set V/R along with edges between pairs of classes admitting
adjacent members. In our uses, R will most often come from a partition of V . The contraction
of an edge e = xy deletes e, and identifies x and y. We extend the definition of contraction to a
connected subset of vertices X to mean its identification, since we may contract edges of X ending
in a single vertex (see also Figure 1.6, where blue clouds represent contractions). The subdivision of
an edge e = xy consists in removing e, and adding a new vertex w in-between, with edges xw and
wy. A graph H is a subdivision of G if it can be obtained from G by a sequence of subdivisions.
An immersion of a graph H within G is the given of an injective mapping f from V (H) to V (G),
along with internally edge-disjoint paths in G between f(x) and f(y) for every xy ∈ V (H).

There are also more “global” operations, acting on the whole graph, or even combining two
graphs into a new one. The complement of a graph G is defined as G = (V,

(
V
2

)
\ E). Given two

graphs G,H, possibly sharing some vertices, we may want to combine these two into a new graph.
The simplest way to do so is by taking their union, defined as G∪H = (V (G)∪V (H), E(G)∪E(H)).
If G and H have disjoint vertex sets, their join is defined by taking their union, and adding all
edges between V (G) and V (H). Identifying a vertex u ∈ V (G) and a vertex v ∈ V (H) yields the
graph G ∪H/{u, v}, which can be seen as “gluing” G at vertex u to H at v. The substitution of a
vertex v ∈ V (G) with a graph H consists in replacing v with V (H), along with all edges of H, and
for any vertex in V (H), adding edges towards all neighbours of v. When H is anticomplete, this
operation is called a blow-up.

1.1.5 Relations
To understand the structure of a graph, it is natural to want to compare it to other graphs. We
have seen the equivalence relation of isomorphism, but we will be more interested in containment
relations. These allow us to give a precise meaning to the vague notion of substructures. Equiv-
alently, we may consider graphs forbidding some substructure (understood as those forbidding it
for a specific relation). Relations can also be seen as (partial) orderings among graphs, which also
raises interesting questions. We consider a graph G = (V,E) to present the three main relations
on graphs: induced subgraphs, subgraphs, and minors, from most restrictive to least. The first two
will be our main consideration in Part I.

Considering any X ⊆ V , the subgraph of G induced by X, is defined as G[X] = (X,E ∩
(
X
2

)
).

A subgraph which can be obtained this way is called an induced subgraph of G, see the first graph
of Figure 1.6. Equivalently, induced subgraphs are those obtainable from G by (successive) vertex
deletions. Then, a graph class is said to be hereditary if it is closed under taking induced subgraphs.

A subgraph H of G is a graph such that V (H) ⊆ V (G) and E(H) ⊆ E(G), see the second
graph in Figure 1.6. In that case, we write H ⊆ G. Equivalently, subgraphs are those obtainable
from G by (successive) vertex deletions and edge deletions. Remark that induced subgraphs are
also subgraphs. When referring specifically to a subgraph that is a tree or a path, we will use the
terms subtree and subpath. Then, a graph class is said to be monotone if it is closed under taking
subgraphs.

A minor of a graph G is any graph that may be obtained from G by vertex or edge deletions, as
well as edge contractions, see the third graph in Figure 1.6. Note that this is the most permissive
notion, as (induced) subgraphs are also minors. A class of graphs which is closed under taking
minors is simply called minor-closed .
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Figure 1.6: An induced subgraph, a subgraph, and a minor of the graph in Figure 1.2, re-drawn
below in (dashed) grey. Highlighted in blue are the objects preserved in defining substructures:
vertices for the induced subgraph; vertices and edges for the subgraph; vertices, edges and contracted
connected sets of vertices (shown by the blue dotted clouds) for minors.

1.1.6 Properties and parameters
In the following, we define basic qualitative and quantitative properties, or invariants, to describe
a graph G. Typically, quantitative properties are referred to as parameters of the graph. Many
questions look at comparing parameters by bounding one in terms of (a function) of the other. We
will often describe the value of parameters for induced subgraphs. There, for a parameter p and a
subset X ⊆ V (G), we abuse notation by using p(X) = p(G[X]).

Degrees

The degree of a vertex v ∈ V (G) is the number of its neighbours, denoted d(v) = |N(v)|. The
handshaking lemma, which Euler already noticed in [Eul41], relates the sum of degrees with the
number of edges. Indeed, any e = xy contributes exactly twice in the following:

∑

v∈V (G)

d(v) = 2m

The maximum degree of G is defined as ∆(G) = maxv∈V (G) d(v), its minimum degree is defined
as δ(G) = minv∈V (G) d(v). Its average degree is then ad(G) = (

∑
v∈V d(v))/n = 2m(G)

n(G) , thanks to
the handshaking lemma. Then, the maximum average degree is mad(G) = maxH⊆G ad(H). The
degeneracy of G is the minimum integer k such that every subgraph of G has a vertex of degree
at most k. Then, a k-degeneracy ordering is an order on V (G) such that every vertex is adjacent
to at most k predecessors. It follows immediately that, if mad(G) ≤ k, then G is k-degenerate.
Conversely, if G is d-degenerate, any subgraph H ⊆ G satisfies m(H) ≤ dn(H), so mad(G) ≤ 2d.

A less trivial observation which is often useful is that high average degree implies a minimum
degree (induced) subgraph.

Observation 1.1.1. If a graph G satisfies ad(G) ≥ 2k, then it contains a subgraph with minimum
degree k.
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Indeed, consider any vertex v such that d(v) < k. Then, m(G − v) > ad(G)n
2 − k = k(n − 1),

meaning ad(G − v) ≥ 2k. Therefore, the successive removal of vertices with degree less than k
finishes with a graph of minimum degree at least k.

Structure

Often times, properties are characterized using substructures of G, either through their own form,
or because of a certain interaction with the rest of the graph. The distance between two vertices
x, y ∈ V (G) is the length of a minimum subpath of G between x and y, and infinite if none exist.
The girth of a graph is the length of the minimum cycle it contains, and is infinite if the graph is a
forest. The diameter of a graph is the maximal distance between all pairs of vertices. A spanning
subtree of G is a subtree containing all vertices, note that any minimal connected subgraph of G
yields such a tree. Moving on to induced subgraphs, an independent set , or stable set , of G, is
an independent induced subgraph. The order of the largest independent set is the independence
number of G, denoted α(G). A clique of G is a complete (induced) subgraph, and the order of the
largest clique is called the clique number of G, denoted ω(G).

A dominating set of a graph G is a subset U ⊆ V such that any w ∈ V \ U has a neighbour in
U . The size of a smallest dominating set in G is its domination number denoted γ(G). A vertex is
universal (or an apex) if it is adjacent to all others, and isolated if it is adjacent to none.

1.1.7 Connectivity
Given a pair of vertices, asking whether they are connected is probably the most natural question
we can come up with. What if we now want to define a quantity to express wider ranges of
connectivity? There are two natural ways to express that a pair of vertices is “highly” connected.
The first one is to say there are many ways to connect them, which can sensibly be interpreted as
many (disjoint) paths. The second one is a negative definition, saying they are hard to disconnect,
with few vertex or edge deletions. Strikingly, these two interpretations are dual in a very tight
sense, as the associated values are equal, through the following theorems of Menger.

Vertex connectivity

The local connectivity between x, y ∈ V (G), denoted κ(x, y) is the maximum number of internally
vertex-disjoint paths between them. The term internally expresses that those paths share only
their endpoints. Then, x and y being connected corresponds to κ(x, y) ≥ 1. Now, a x, y-separator
is some X ⊆ V such that x and y are disconnected in G−X.

Menger’s theorem, which we state below, is the foundational result on graph connectivity, high-
lighting the duality between separators and vertex-disjoint paths [Men27].

Theorem 1.1.2 (Menger ’27). Let G be a graph and x, y ∈ V (G) two non-adjacent vertices. The
size of a minimum separator between x and y equals κ(x, y), the maximum number of internally
vertex-disjoint paths between x and y.

Then, G is k-vertex-connected , or simply k-connected , if for any x, y ∈ V , we have κ(x, y) ≥ k.
Note that being 1-connected corresponds exactly to being connected.
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Edge connectivity

The local edge connectivity between x and y, denoted λ(x, y), is the maximum number of edge-
disjoint paths between them. Note that λ(x, y) ≥ κ(x, y). Then, a cut between x and y is a subset
F ⊆ E such that x and y are disconnected in G− F . Menger showed cuts and edge-disjoint paths
enjoy the same duality as in the vertex case.

Theorem 1.1.3 (Menger ’27). Let G be a graph and x, y ∈ V (G), the size of a minimum cut
between x and y equals λ(x, y), the maximum number of edge-disjoint paths between x and y.

Similarly, we then say G is k-edge-connected if for any x, y ∈ V , we have λ(x, y) ≥ k. This notion
also coincides with connectedness for k = 1, though there are 2-edge-connected graphs which are
not 2-(vertex-)connected.

Disconnection problems

The edge version of Menger’s theorem is a special case of the more general duality between minimum
(weighted) cuts and maximal flows, as shown by Ford and Fulkerson [FF56]. As such, there is
a polynomial-time algorithm to compute a minimum cut between two vertices, also due to the
same authors. Their method starts with an arbitrary collection of edge-disjoint paths (a flow)
and employs an auxiliary directed graph to find “augmenting paths”, whose combination with the
initial collection increases their number. The vertex-connectivity version also reduces to a max flow
problem by splitting every vertex into an edge, yielding polynomial-time solvability as well.

Rather than disconnecting a single pair of vertices, what if we wish to disconnect G as a whole?
If we take this to mean finding a minimum set of edges (or vertices) whose deletion disconnects G,
or reduces its connectivity below a certain value, this is rather simple. We can iterate over all pairs
of vertices and select the lowest minimum cut (or separator), which will also be minimum for the
sake of disconnecting G.

An intrinsically different question arises when we impose that connectivity decreases everywhere
in G, say below a given threshold k.

Question 1.1.4. What is the minimum number of deletions resulting in a graph where no pair of
vertices is k-(edge)-connected?

If the goal is to prevent any two vertices from being connected at all, we are asking for the
resulting graph to be anticomplete. For vertex deletions, this is the same as searching for a minimum
set of vertices incident to all edges of the graph, which is the Vertex Cover problem. This is a
fundamental NP-hard problem, which is well-studied and admits a polynomial-time algorithm for
any fixed solution size, as well as a 2-approximation. For edge deletions, this is not very interesting
as all edges would have to be removed, but the story is different for the directed analogue. In
the introduction to Part II, we continue this thread with feedback problems, which correspond
Question 1.1.4 for 2-(edge)-connectivity.

Connection problems

The converse question is also interesting, how do we increase the connectivity of G? Note that here,
the question is already a global one by definition, and the connectivity between every pair should
increase. If we allow vertex addition, we may add multiple universal vertices, and it is clear that
both vertex and edge connectivity increase across all (initial) vertices of G. A more “well posed”
problem is to only allow edge augmentations.
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Question 1.1.5. What is the minimum number of edge augmentations making a graph k-(edge)-
connected?

These connectivity augmentation questions have a long history, and we discuss them more deeply
the introduction to Part II. There, we will also be interested in restrictions on the resulting graph,
such as maximal degree, and especially for us, planarity.

1.1.8 Colourings
Another way to handle the structural complexity of a graph is to split it into simpler parts. The
first question of this kind is one of Guthrie, from 1852, asking whether the regions of every (planar)
map can be coloured with four colours such that no two neighbours are of the same colour. To see
why this is really a graph question, associate each region to a vertex, and link two regions if they
share a border. It is easy to see that the resulting graph is planar, and that the question is to split
its vertices into four independent sets.

A (proper) colouring of a graph G is the assignment of a colour to each vertex such that no
two adjacent vertices are of the same colour. That is, a colouring G = (V,E) with k colours,
or k-colouring, partitions V into subsets V1, . . . , Vk each inducing an independent set. Then, the
chromatic number χ(G) of a graph G is the minimum integer k for which such a partition exists.
We will say vertices in Vi are those “coloured” i, and Vi is a colour class, or even colour for short.
A subset of vertices is monochromatic if all have the same colour. We note that these notions can
also be adapted to define edge colourings, but this is not the goal here. A graph G is k-critical if
it has chromatic number k, but any of its subgraphs has chromatic number at most k − 1.

In turn, the conjecture of Guthrie is equivalent to asking whether every planar graph is 4-
colourable. This stood for more than a century, and became probably the most famous problem in
graph theory, before Appel and Haken gave a computer-assisted proof [AH76] (see [Rob+97] for a
shorter proof).

Theorem 1.1.6 (Four Colour Theorem, Appel, Haken ’76). Every planar graph is 4-colourable.

Upper bounds

A simple way to obtain a proper colouring of a graph is to greedily colour vertices one by one. Say
we colour with integers, and at each step, we colour the new vertex with the lowest integer that
is not present among its neighbours. This immediately yields a ∆+ 1-colouring of our graph, but
most of the time ∆ colours turn out to be enough, according to Brooks’ theorem [Bro41].

Theorem 1.1.7 (Brooks ’41). If G is a connected graph, then χ(G) ≤ ∆, unless G is an odd cycle
or a clique.

This is already a fundamental result in graph colouring, but in the scope of this thesis, it is
the first example of structures forced by (very) high chromatic number (here, relative to ∆). This
greedy colouring approach can in fact be used whenever the degeneracy is bounded, which is why
degeneracy is also called colouring number .

Observation 1.1.8. For any k-degenerate graph G, χ(G) ≤ k+1. The same applies if mad(G) ≤ k.

Indeed, take a minimal counter-example G to the above, and let v ∈ V (G) be such that d(v) ≤ k.
By minimality, we can colour G − v with colours in [1, k + 1], then colour v with an element of
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[1, k+1] that is not already taken by its neighbours, which contradicts χ(G) > k+1. In fact, planar
graphs are 5-degenerate, which by the above already yields a bound of χ ≤ 6 for the four-colour
theorem.

Lower bounds

A trivial way to lower bound χ(G) is to find a subgraph of G with large chromatic number. The
clique Kk is perhaps the simplest such object: every pair of vertices is adjacent, so χ(Kk) = k.
Then, we obtain the following.

Observation 1.1.9. For any graph G, χ(G) ≥ ω(G).

Observe that C5 contains no triangle yet has chromatic number 3, so clearly there are cases
when χ > ω.

Since we are partitioning G into independent sets, it is natural to ask for a dependency on
the independence number α. And indeed, since each colour class is of size at most α, we get the
following.

Observation 1.1.10. For any graph G, χ(G) ≥ n(G)
α(G) .

Algorithms

In all generality, computing the chromatic number of a graph G is NP-hard, even if G is planar and
we ask for 3-colorability, see Garey et al. [GJS76]. Of course, we may always colour G with ∆+ 1
colours in linear time through the greedy approach described above. It is also possible to produce
a ∆-colouring in linear-time when G is not one of the obstructions to Brooks’ theorem, as shown
by Baetz and Wood [BW14], building on a proof of Lovász [Lov75]. Thus, considering graphs such
that χ ≥ ∆ is one of the few restrictions under which deciding chromatic number (between ∆ and
∆+ 1) is polynomial.

1.1.9 Minor structure
Connectivity and chromatic number give ways to measure the simplicity of a graph, but what is it
that makes a graph simple in general? We cannot satisfyingly ask this for a specific graph, since
any answer would be relative, so we should rather ask what “simple” classes of graphs are, and
justify this simplicity. In this subsection, we overview the well-known theory of minor structure,
and its consequences. This is outside the scope of our results, but it is a fundamental development
of structural graph theory, where minors seem to be the most well-behaved notion. Results for
minors routinely raise questions about generalizations to other containment notions.

As a first non-trivial example of a simple class, we may consider the class of trees, which are
simple thanks to the absence of cycles as subgraphs. A more elegant way to express this is that
trees are exactly the graphs forbidding C3 as a minor, and now trees are expressed through a single
obstruction. A larger class which we still feel is simple is planar graphs, but for a different reason
based in their geometry. Surprisingly, they too admit a definition of the same nature, as they are
exactly the class of graphs forbidding K5 and K3,3 as minors, which is known as Kuratowski’s
theorem [Kur30]. The unification of these two seemingly distant simplicities through forbidden
minors characterizations begs a generalization to other classes.
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To go beyond planarity, we may consider graphs which can be drawn without crossings, but now
allowing for other surfaces than the plane. Robertson and Seymour show that for any g, the class
of graphs embeddable on a surface of genus at most g is characterized by a finite list of forbidden
minors [RS90]. This list is not known for any surface other than the plane, and already for the
torus (g = 1), it is in the excess of 17535 minors, see Myrvold and Woodcock [MW18].

For a less geometric example, consider treewidth, which measures the proximity of a graph to a
tree. Let us start by formally defining it.

Definition 1.1.11. A tree decomposition of a graph G is the given of a tree T on vertices, or bags,
which are subsets Xi ⊆ V (G), satisfy the following:

1.
⋃

i Xi = V (G),

2. If v ∈ Xi ∩Xj , then v belongs to any Xℓ on the path from Xi to Xj in T ,

3. For every (u, v) ∈ E(G), there exists a bag Xi containing (u, v).

Then, the width of a tree-decomposition T is defined as maxi |Xi| − 1. The treewidth of G is the
minimum width over all of its tree-decompositions.

Graphs of treewidth at most k are well understood in terms of minors, through their relation
with grids. The k×k grid is the graph on [1, k]2, where vertices (i, j) and (i′, j′) are joined whenever
exactly one of their indices differs by 1. Robertson and Seymour [RS86] showed that the k× k grid
has treewidth k, and most crucially, that the following loose converse holds.

Theorem 1.1.12 (Robertson, Seymour ’86). There exists a function f such that every graph with
treewidth at least f(k) contains the k × k grid as a minor.

This is the cornerstone to many theoretically efficient algorithms (actually, FPT, see Subsec-
tion 1.3.1) for problems where large grids certify a yes or no answer, as we may then assume all
grids are small and solve the problem using a “tree decomposition”.

All classes above are minor-closed, and in fact, any minor-closed class can equivalently be defined
by the (possibly infinite) set of graphs which do not belong to it. So the remarkable part is the
finiteness of the obstructions. The graph minor structure theorem of Robertson and Seymour [RS04]
is probably the most important result in graph structure, as a far-reaching generalization of all
results above.

Theorem 1.1.13 (Robertson, Seymour ’04). Every minor closed class of graphs can be defined by
a finite set of forbidden minors.

This includes a large variety of classes defined structurally, and the proof of this result also uses
a generalization of tree-decompositions for graphs forbidding any minor, witnessing that graphs
forbidding a minor are indeed “simple”. Theorem 1.1.13 also has deep algorithmic consequences.
Indeed, consider any problem on a graph G asking for a solution of size at most k, and for which tak-
ing minors does not increase it. This means that positive instances form a minor-closed class. Then,
our problem is equivalent to asking whether one of the forbidden obstructions is present as a minor
in G. Such a test can be done in polynomial-time, as shown by Robertson and Seymour [RS95],
and recently brought down to near linear-time by Korhonen, Pilipczuk and Stamoulis [KPS24].
Since there is only a finite list of forbidden minors (for a given problem and fixed k), this shows
a polynomial-time algorithm exists. Still, there is a catch, which is that there is no constructive
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method to build the set of obstructions, so this is only an existence proof, and cannot produce an
actual algorithm. Still, efficient algorithms have been devised for plenty of such problems, either
by using Theorem 1.1.12, or through ad-hoc techniques.

1.1.10 Substructures and chromatic number
To get a better grasp on chromatic number, we could first look for alternative characterizations. In
terms of other parameters, all our upper bounds on χ are (qualitatively) justified by bounded degen-
eracy, but there is no hope for even a loose converse because of bicliques. In the following, we look
at chromatic number through the lens of structure, and first investigate whether a characterization
by forbidden structures exists.

It is easy to see that the class of graphs satisfying χ ≤ k is not minor-closed, so Theorem 1.1.13
is of no help to obtain a characterization by forbidden minors. Such a characterization is hopeless,
even asymptotically, as 1-subdivisions of sufficiently large cliques contain any graph as a minor, yet
have χ = 2. Large cliques are a certificate of high chromatic number only when they appear as
subgraphs. Then, can we characterize k-colourable graphs by forbidden (induced) subgraphs? This
class is both monotone and hereditary, so we may indeed define it as graphs forbidding the infinite
list of graphs with χ = k + 1. The question now becomes: can this list be made finite? That is,
are its (induced) minimal graphs finite? The answer is negative already for k = 2, where all odd
cycles are incomparable obstructions, which generalizes to larger values as well. In both cases, a
satisfactory characterization is impossible, but we can still ask which structures are necessary for
high χ, even if they do not have high χ themselves.

Question 1.1.14. What structures are forced to appear in graphs with high chromatic number?

Taking the contrapositive, we are equivalently asking which forbidden structures bound χ.

Forcing minors

Setting the full characterization aside, we turn to asking which minors can be found in graphs
of large chromatic number. Recalling Kuratowski’s characterization of planar graphs as those
forbidding K5 and K3,3 as a minor, we may wonder if forbidding them independently bounds χ. It
turns out that forbidding K5 already implies χ ≤ 4, as Wagner showed this to be a consequence
of the four-colour theorem. This lead Hadwiger to conjecture the generalization of this result to
Kk-minor free graphs.

Conjecture 1.1.15 (Hadwiger ’43). Let G be a graph such that χ(G) ≥ k, then G contains Kk as
a minor.

This is the strongest statement we can ask for, as Kk shows that no graphs on more than k
vertices may be obtained, and minors of Kk include any graph on at most k vertices. Despite
considerable effort, this is only known to hold for k ≤ 6 thanks to Robertson et al. [RST93].
The best bound for Hadwiger’s conjecture is due to Delcourt and Postle, showing that if χ(G) ≥
O(k log log(k)), then G contains Kk as a minor [DP25].

Towards forcing subgraphs

The existence of Kk as a subgraph implies χ ≥ k, but odd cycles having χ = 3 show us that we
cannot always expect Kk to appear provided χ = k. Morally, this does not yet imply cliques are
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not responsible for high χ. They may still be, in a weaker sense, if for any clique Kk, there exists
a value of χ that ensures Kk appears.

This possibility was ruled out in the 1950s, through constructions showing high χ cannot even
force a triangle (K3) to appear as a subgraph. Perhaps the simplest counter-example is the one of
Mycielski, dating 1955 [Myc55].

Theorem 1.1.16 (Mycielski ’55). There exist K3-free graphs of arbitrarily large chromatic number.

The recursive construction of Mycielski produces a sequence of graphs, which, through a kind of
blow-up operation at each step, manages to simulate the addition of a universal vertex, increasing χ
without creating triangles. There are plenty of other constructions of triangle-free graphs with large
chromatic number, such as that of Blanche-Descartes [Des54], Zykov [Zyk49], and Burling [Bur65].
A more recent and elegant construction was given by Bonnet et al. [Bon+23].

To overcome this obstacle, graph theorists have resorted to studying classes of graphs in which
χ is indeed tied to ω. Here, we only consider hereditary classes, as otherwise any such class with
arbitrarily large chromatic number would contain arbitrarily large cliques. This means the class
would include all graphs, which we have seen cannot satisfy our requirement. In fact, Erdös and
Hajnal conjectured that any monotone class of graphs with unbounded χ contains a subclass with
arbitrarily large χ and girth [Erd88]. Therefore, we investigate hereditary classes where χ is tied
to ω, first by asking for equality, then by allowing for some function f such that χ ≤ f(ω).

Forcing cliques

The strongest property we could ask of a class in this respect is for the chromatic number to be
exactly the clique number. Since we are considering hereditary classes, this means we should impose
χ = ω for every induced subgraph. Graphs satisfying the above are called perfect , a term coined by
Berge in 1961 [Ber61]. He observed that induced odd cycles, as well as induced complements of odd
cycles, are always an obstacle to having χ = ω. This led to him conjecturing that these are in fact
the only obstacles, meaning every graph without an induced odd cycle nor an induced complement
of an odd cycle is perfect. This was only resolved in 2002 by Chudnovsky et al. [Chu+06] and is
now known as the Strong perfect graph theorem.

What if we now allow some room between χ and ω? Considering the length of [Chu+06], it is
probably hopeless to give an exact characterization of classes for which χ = ω + i for fixed i ≥ 1.
Still, we can ask more qualitatively for classes C admitting a function f such that χ ≤ f(ω) in C.
Question 1.1.17. For which classes of graphs is the chromatic number bounded by a function of
the clique number?

Formally a class of graphs C is χ-bounded if there exists a function f , called the χ-binding
function, such that for any G ∈ C, χ(G) ≤ f(ω(G)).

An important subclass of perfect graphs are interval graphs, obtained from a set of segments
drawn on a line by considering those as vertices, and joining them whenever they intersect. Gener-
alizing this, we may consider intersection graphs of segments in the plane. Erdös asked in the 1970s
whether these segment intersection graphs are χ-bounded (see [Gyá87]), which was only disproven
in 2014 by Pawlik et al. [Paw+14]. A natural χ-bounded subclass of those is the class d-DIR,
consisting of intersection graphs of segments drawn allowing only for d-directions. Since those par-
tition into d interval graphs, we have χ ≤ ωd there. In an article outside this thesis, with Duraj et
al. [Dur+25], we have shown that this function is essentially tight, which is one of the few examples
of an exact χ-binding function.
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More generally, χ-boundedness has been widely studied for intersection graphs of shapes in
the plane, and even in higher dimensions. Asplund and Grünbaum have shown in 1960 that the
intersection graphs of axis-parallel rectangles are χ-bounded [AG60]. Perhaps one of the most
general results is given by Rok and Walczak [RW19], showing that so-called outerstring graphs are
χ-bounded.

Other examples of χ-bounded classes include those with bounded parameters, such as classes
of bounded clique-width [BP20], bounded twin-width [PS23, BT25], or even bounded merge-
width [BG25]. Until recently, even less was known about the form (minimum) χ-binding func-
tions may take across various χ-bounded classes. To highlight this, Esperet made the provocative
conjecture in 2017 that every χ-bounded class is polynomially chi-bounded (that is, f can be a
polynomial) [Esp17]. This was recently disproved by Briański et al. [BDW23], generalizing a con-
struction of Carbonero et al. [Car+23].

Forcing trees or cliques

All the directions we explored until now strive to find cliques, the obvious suspect, either as a minor
or as a subgraph, to indeed be responsible for high χ. When this is the case, we may of course
retrieve any graph as (non-induced) subgraphs of sufficiently large cliques. But in the case where
cliques do not appear despite large χ, can we necessarily find other subgraphs? A fundamental
result by Erdős [Erd59] is the existence of graphs with arbitrarily large girth and chromatic number
(see Theorem 2.3.1). Therefore, the only subgraphs we may expect from large χ are trees, and we
will see that this is easily the case through the following folklore lemma.

Lemma 1.1.18. Let G be a graph such that χ(G) ≥ k, then G contains all trees of order k as
subgraphs.

Now, we know that cliques are obstacles to finding induced trees from high chromatic number.
This is not the case for graph classes forbidding a given clique but still having high χ. We may
then dare to ask for induced copies of trees in such classes, which is what Gyárfás [GST80] and
Sumner [Sum81] independently conjectured in what became one of the most famous conjectures on
colouring.

Conjecture 1.1.19 (Gyárfás, Sumner ’80). For any tree T and any Kk, any graph with sufficiently
large chromatic number contains either T or Kk as an induced subgraph.

Equivalently, this is saying that for any T , the class of induced-T -free graphs is χ-bounded. The
first results of this thesis will deal with analogues of these two statements in the case of directed
graphs.

1.2 Towards directed graphs
A directed graph, or digraph, is a pair D = (V,A), where V is the set of vertices, and a set A of
ordered pairs of vertices, called arcs or directed edges. An oriented graph is a digraph that does
not contain any digon, which are pairs (x, y), (y, x) ∈ A (directed cycles of length 2). Given a
digraph D = (V,A) and a vertex u ∈ V , a vertex v ∈ V is an out-neighbour of u when (u, v) ∈
A, and v is an in-neighbour when (v, u) ∈ A. When using neighbour without specification, we
mean either an out-neighbour or an in-neighbour. Then, the out-neighbourhood of u is defined as
N+(u) = {v ∈ V : (u, v) ∈ A}, and its in-neighbourhood is N−(u) = {v ∈ V : (v, u) ∈ A}. The
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neighbourhood of u is N(u) = N+(u) ∪N−(u). In a digraph D, a source if all its neighbours are
out-neighbours, and a sink if all of its neighbours are in-neighbours. We say that a subset X ⊆ V
(out)-dominates (respectively, in-dominates) a subset Y ⊆ V if every y ∈ Y is the out-neighbour
(respectively in-neighbour) of some x ∈ X. Much like graphs, digraphs can also be (di)graphed.
While vertices are still represented by points, an arc (u, v) is drawn as an arrow going from u to
v. Throughout this thesis, all digraphs are considered up to isomorphism, except in Chapter 8.
Although our terminology and definitions are self-contained, we refer the reader to Bang-Jensen
and Gutin’s book, Digraphs [BG09], for an exhaustive introduction to the topic.

1.2.1 From graphs to digraphs
An oriented graph D may be obtained from a graph G by orienting each edge {u, v} of G, meaning
choosing the ordered pair (u, v) or (v, u). In that case, D is called an orientation of G. Conversely,
given a digraph D, its underlying graph UG(D) is the undirected graph on the same vertex set, with
an edge {x, y} whenever (x, y) or (y, x) are arcs of D. This allows for any undirected property to
be translated to a directed property, by simply ignoring directions. Most of the time, properties on
the underlying graph have little to do with the “directions” of the digraph itself. Usually, inherently
directed properties are obtained from undirected ones by relaxing their definition to introduce some
kind of asymmetry, as permitted by arcs.

Even though digraphs do not allow for undirected edges, their behaviour can usually be “sim-
ulated” by digons. A bidirected graph D is a digraph in which every edge is a digon, meaning
(x, y) ∈ A iff (y, x) ∈ A. The bidirected digraph associated to a graph G, denoted

←→
G , is defined on

V (G) by replacing every edge with a digon. Bidirected graphs are in bijection with usual graphs,
and problems may be expressed equivalently on graphs or the bidirected graph associated to them.
In that sense, asking questions about bidirected graphs only is not of interest for digraph theory.
Often, given a problem on undirected graphs, the directed analogue coincides with the initial one
when considered over bidirected graphs. For this reason, many problems only consider oriented
graphs, on which problems differ the most from the undirected version, or at least non-bidirected
ones.

1.2.2 Basic digraphs
Let us describe some analogues of the fundamental graphs described in the undirected case. First,
we consider orientations of the graphs we already described, to then argue for a more sensible,
relaxed analogue in the directed realm.

Orientations of paths and trees

An oriented path is the orientation of a path, while an oriented cycle is the orientation of a cycle.
The natural analogue of a path Pn is the directed path

−→
Pn, defined as the orientation of Pn with

arcs {(vi, vi+1) : i < n}. In a digraph, a vertex x reaches a vertex y if there exists a directed path
from x to y, note this yields an asymmetric relation. Now, the directed cycle

−→
Cn of length n, is the

orientation of Cn with arcs {(vi, vi+1[n]) : i ≤ n}.
There are many ways to orient a tree, but the simplest directed variants of trees are given by

arborescences. An in-(out-)arborescence is the orientation of a tree T obtained by rooting it at a
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Figure 1.7: The directed 5-path and directed 6-cycle

Figure 1.8: An out-arborescence, with its root source shown in blue.

vertex r such that every other vertex has a unique path to (from) r. That is, r will be the unique
sink (source), while all leaves will be the sources (sinks), see Figure 1.8.

Independent and acyclic digraphs

While we could generalize forest graphs by taking arbitrary orientations of them, it will be more
natural to relax their negative characterization by the absence of cycles. The directed analogue
of forests, are digraphs forbidding a directed cycle, which we call acyclic, or DAG for Directed
Acyclic Graph. An ordering (v1, . . . , vn) of the vertices of a DAG is a topological ordering , or
acyclic ordering , if whenever (vi, vj) is an arc, i < j. Remark that any DAG admits an acyclic
ordering, which can be obtained by successively pruning its sinks, and conversely acyclic orderings
are witnesses for acyclicity. Note any graph G may be oriented as a DAG by choosing an (arbitrary)
ordering of its vertices, and orienting edges accordingly. The structure of DAGs may be tamer than
general digraphs, but many structural and algorithmic problems remain hard in the class of acyclic
digraphs.

While an independent digraph corresponds exactly to an independent graph, in many cases,
DAGs tend to be the more sensible analogue once more. Indeed, we can understand independent
sets to mean that for every pair x, y ∈ V , there is no path between x and y. This is symmetric, so
such a path would be back and forth. Then, the relaxed analogue for digraphs allows for one of the
directed paths to exist, but not the other. Observe then that this is exactly asking for acyclicity.

Tournaments and semicomplete digraphs

In parallel with independent digraphs, the simplest way to obtain “directed” cliques is to have all
possible arcs over V , in both directions, which yields the bidirected clique

←→
Kn. A way to relax

this is to ask, for each pair x, y ∈ V , that at least one of (x, y) or (y, x) is present, which yields
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Figure 1.9: The transitive tournament TT5, and a non-transitive tournament of order 5.

semicomplete digraphs. Note that these are exactly the complements of oriented graphs. Still, the
most studied analogues of cliques are tournaments, that is, orientations of a clique. The transitive
tournament TTn is the unique acyclic tournament on n vertices, that is, (vi, vj) ∈ A if and only if
i < j. See Figure 1.9 for examples of tournaments.

1.2.3 Operations and relations
Operations

Most of the time, the operations we deal with for digraphs correspond to the undirected case, such as
vertex and arc deletions. Arc augmentations will be our main concern in Chapter 7. A subdivision
of an arc (x, y) in D removes (x, y), introduces a new vertex z, and adds (x, z), (z, y). An example
of directed operation that has no undirected analogues is given by arc inversions, which replace
(x, y) with (y, x). Generalizing this, the inversion of a set of vertices X ⊆ V (D) inverts every arc
of A(D) ∩X2. This last operation will be the topic of Chapter 8.

Relations

The notions of subgraphs and induced subgraphs for undirected graphs translate verbatim to di-
graphs. A subdigraph of a digraph D is obtained by considering a subset of its vertices and arcs,
while an induced subdigraph is obtained by taking a subset of its vertices and preserving all edges
between them. When saying “subgraph” for a digraph, we will always mean subdigraph. A subdi-
vision of D is any digraph obtained by successive arc subdivisions. An immersion of a digraph H
within a digraph D is an injective mapping f from V (H) to V (D), along with arc-disjoint paths
f(x) to f(y) for every (x, y) ∈ V (H).

Minors are the reason for much of our understanding of graphs, we may expect a powerful
corresponding notion in digraphs. Vertex and edge deletions behave the same as for subgraphs, but
note that we have not given an analogue to edge contractions. This is because for many purposes,
allowing arbitrary arc contractions seems artificial with respect to the directed properties. Indeed,
a contraction may create new directed cycles, meaning strongly connected components are not
preserved. Multiple notions have been proposed to overcome this issue, but no analogue emerged
as a clear counterpart to the usual minors. In the coming Subsection 1.2.6, we will see two such
examples, butterfly and strong minors, as well as their use.
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1.2.4 Properties and parameters
Unless stated otherwise, terminology from undirected graphs used for a digraph refers to the graph
underlying D. Still, adding an orientation to edges allows for the definition of various properties
specific to the directed case.

For a vertex v ∈ V (D), the two analogues for undirected degree are its in-degree d−(v) = |N−(v)|
and its out-degree d+(v) = |N+(v)|. The handshaking lemma for directed graphs is the observation
that summing out-(or in-)degrees over all vertices always yields m.

∑

v∈V (D)

d+(v) =
∑

v∈V (D)

d−(v) = m(D)

Then, the maximum out-degree of D is ∆+(D) = maxv∈V (D) d
+(v), its maximum in-degree is

∆−(D) = maxv d
−(v). The minimum out-degree of D is δ+(D) = minv d

+(v), and its min-
imum in-degree is δ−(D) = minv d

−(v). We also define ∆max(D) = maxv max(d−(v), d+(v)),
∆min(D) = maxv min(d−(v), d+(v)), as well as δmax(D) = minv max(d−(v), d+(v)) and δmax(D) =
minv min(d−(v), d+(v)). There are also analogues to degeneracy for digraphs, which will be sur-
veyed in Part II, but let us mention a few important ones. A digraph is k in-(out-)degenerate if all
of its subgraphs contain a vertex of in-(out-)degree at most k. Then, it is k-min-degenerate if all
of its subgraphs contain a vertex where either the in or the out-degree is at most k. The directed
girth, or digirth, of a digraph is the length of the minimum directed cycle it contains.

1.2.5 Connectivity
Connectivity becomes an asymmetric notion in digraphs, where a vertex x can reach y without
the converse being true. The analogue of a graph being connected is given by strong connectivity,
which we define below. Then, we will see analogues of Menger’s theorem, and problems involving
directed connectivity of interest to us.

Strong connectivity

A digraph D is strongly connected if for any pair of vertices x, y, there exists a directed path from
x to y (thus also from y to x). A dicut of D is a partition (X,V \X) of V where no arc is directed
from V \X to X. Note that such a cut exists if and only if D is not strongly connected. Then, a
dijoin of D is a subset J ⊆ A(D) containing an arc across (the bipartition of) each dicut of D. A
strongly connected component , or SCC , of D is a maximal strongly connected induced subgraph.
As in the undirected case, these partition the vertices of D. A strongly connected component X
is a source (respectively sink) component of D if (X,V \ X) (respectively (V \ X,X)) is a dicut.
Given a partition of V (D) into (X1, . . . , Xk) inducing the SCCs of D, the condensation of D is the
acyclic digraph obtained by identifying each SCC into a single vertex, that is D/(X1, . . . , Xk).

Note that a graph being connected does not mean it can be oriented to be strongly connected, as
witnessed by orientations of paths. The following theorem, due to Robbins, gives a characterization
of the graphs for which this is possible.

Theorem 1.2.1 (Robbins ’39). A graph G admits a strongly-connected orientation if and only if
it is 2-edge connected.

This generalizes to strengthenings of strong connectivity, as Nash-Williams showed G admits a
“k-arc connected” orientation (see next subsection) if and only if it is 2k-edge connected [Nas60].
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Questions about orienting (undirected) graphs are interesting for their own sake, but differ from
our interests here, where we will mostly be looking at altering an already directed graph.

Menger’s analogues

The connectivity from a vertex x to a vertex y can be quantified by the number of vertex or edge
disjoint directed paths from x to y. These define local vertex connectivity and local arc connectivity ,
which extend to the whole digraph by taking the minimum value over all pairs. As in the undirected
case, connectivity can also be expressed by considering separators and directed cuts, defined as
follows. A directed cut from x to y is a subset of A(D) the deletion of which yields a digraph
with no paths from x to y. We stress the distinction with dicuts, which are merely witnesses of
a disconnection from one side of the graph to the rest. Then, note that removing a directed cut
from x to y results in a digraph where x and y lie on opposite sides of some dicut. A (directed)
x, y-separator is a subset of V (D) which, removed, yields a digraph with no paths from x to y.
Then, Menger showed that these notions are dual in the same way as in the undirected case.

Theorem 1.2.2 (Menger ’27). Let D be a digraph, and x, y ∈ V (D) two (non-adjacent) vertices.
Then, the size of a minimum directed cut (separator) from x to y is equal to the number of edge-
(vertex-)disjoint directed paths from x to y.

Disconnection problems

Thanks to the duality expressed by Menger’s theorem, and since flow problems are inherently di-
rected, finding minimum directed cuts and separators in a digraph D can also be done in polynomial-
time via a max-flow algorithm. As motivated in Subsection 1.1.7, we are interested in problems
reducing the connectivity between every pair of vertices. Again, if we require directed cuts in both
directions for any pair, this is asking for an anticomplete graph as a result, which is not our purpose.

Here, the first interesting variant asks for a directed cut in at least one of the directions for each
pair, which yields the following question.

Question 1.2.3. What is the minimum number of (vertex or arc) deletions rendering a digraph
acyclic?

As in the undirected case, we could relax this to only ask for a quantitative decrease in connec-
tivity, but the question above is already interesting enough. It is already the analogue of breaking
2-connectivity (or cycles), making it a feedback problem, but can also be seen as generalizing undi-
rected deletions to an anticomplete graph. Part II introduces feedback problems in digraphs, asking
for few deletions to acyclicity. Then, in Chapter 8 we consider “inversions”, which generalize arc
deletions, and ask for a minimum number of such operations rendering a digraph acyclic.

Connection problems

Now, what happens if we instead wish to obtain a strongly connected digraph? As in the undirected
case, this question is inherently global, and most interesting in the case of arc augmentations.

Question 1.2.4. What is the minimum number of arc augmentations to make a digraph strongly
connected?
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Without more restrictions, we will see that the problem above is not such a hard one. We survey
simple cases of this question in Part II, before tackling strong connectivity augmentation for planar
digraphs in Chapter 7.

1.2.6 (Lack of) minor structure
While the minor structure theorem (1.1.13) cemented minors as the natural notion for undirected
graphs, the plot thickens for minors in digraphs. There are various notions of directed minors, and
partial results echoing undirected minor structure, but a universal notion akin to minors seems
elusive.

A pressing question for digraphs is to give a satisfactory analogue to treewidth, both in terms of
structure, or for algorithmic purposes. Multiple analogues have been proposed, each with different
applications. Johnson et al. [Joh+01] introduced the notion of directed treewidth, and they and
Reed [Ree97] conjectured the existence of an analogue to the grid minor theorem (1.1.12) for butterfly
minors. The only operation permitted by those is the contraction of arcs (x, y) for which either x
has no other outgoing arc or y has no other incoming arc. This notion is natural as it cannot affect
which vertices are reachable from one-another. A directed grid is (roughly) a strongly connected
orientation of the undirected grid, with arcs joining both sides to form a cylinder. Again, the
directed grid of size k has directed treewidth at least k. The (loose) converse, which is the analogue
of the grid minor theorem was only proven 20 years later by Kawarabayashi and Kreutzer [KK15].

Theorem 1.2.5 (Kawarabayashi, Kreutzer ’15). There exists a function f such that any digraph
with directed treewidth at least f(k) contains a directed grid of size k as a butterfly minor.

Of course, the main missing result for digraphs is an analogue of the minor structure theorem
(Theorem 1.1.13), which appears out of reach with current notions. Still, Kim and Seymour intro-
duced the notion of strong minors, and obtained an analogue for semicomplete digraphs [KS15],
which implies the result for tournaments as well.

Theorem 1.2.6 (Kim, Seymour ’15). Any class of semicomplete digraphs closed under strong
minors can be defined by a finite set of forbidden strong minors.

1.2.7 From colouring to dicolouring
The chromatic number χ(D) of a digraph D refers to the chromatic number of its underlying graph.
Colourings have been adapted to digraphs in various ways, but since DAGs are a directed analogue
of independent sets, it is natural to relax colourings by asking for partitions into acyclic digraphs.
This motivates the following notion, introduced by Neumann-Lara in 1982 [Neu82]. A (proper)
dicolouring of a digraph D is a partition of V (D) into sets inducing acyclic subgraphs. The classes
are also called colours, and each colour class may now contain arcs, but no directed cycle. Then,
the dichromatic number −→χ (D) of D is the minimum size of such a partition. A k-dicritical digraph
is a (subgraph) minimal digraph having dichromatic number k. Observe that there is a one-to-one
correspondence between the k-colourings of a graph G and the k-dicolourings of

←→
G , since any digon

is a cycle, and must have its endpoints coloured differently. Therefore, χ(G) = −→χ (
←→
G ), and any

question asking to bound χ may be seen as bounding −→χ for bidirected graphs. Then, it is natural
natural to consider stronger versions of the question and ask if they hold for oriented graphs.

The most famous problem about dicolourings is to find an analogue of the four-colour theorem.
Since bidirected planar graphs behave the same as planar graphs, they admit both lower and upper
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Figure 1.10: Obstructions to Theorem 1.2.8: a directed cycle, a bidirected odd cycle, and a biclique.

bounds of 4. The question becomes more interesting when considering oriented graphs though, and
Neumann-Lara conjectured the following in [Neu82].

Conjecture 1.2.7 (Neumann-Lara ’82). Every planar oriented graph is 2-dicolourable.

We will see that getting a bound of 3 can be done by degeneracy arguments. Today, the most
general result supporting this conjecture is that it holds for planar oriented graphs forbidding a
directed triangle, as shown by Li and Mohar [LM17].

Upper bounds

Any (usual) colouring of a digraph D also yields a dicolouring, so −→χ (D) ≤ χ(D). This already
bounds−→χ from above by undirected parameters bounding χ, but what about directed ones? The fol-
lowing directed version of Brooks’ theorem was first proved by Harutyunyan and Mohar in [HM11].
Aboulker and Aubian gave four new proofs of the result in [AA23].

Theorem 1.2.8 (Harutyunyan and Mohar ’12). Let D = (V,A) be a connected digraph. Then

−→χ (D) ≤ ∆max(D) + 1

and equality holds if and only if D is a directed cycle, a bidirected odd cycle, or a biclique.

The inequality part is easy to see, by colouring vertices one by one with a colour different
from either their out-neighbourhood or their in-neighbourhood, which ensures no monochromatic
directed cycles appear. Note that considering this result over bidirected graphs yields the original
Brooks theorem.

In fact, we even have −→χ (D) ≤ ∆min(D) + 1, by applying the same strategy except we choose
a colour different from the smallest neighbourhood. For this notion, Picasarri-Arrieta [Pic24a]
strengthened Theorem 1.2.8 and proved that −→χ (D) ≤ ∆min holds unless D contains the directed
join of

←→
Kr,
←→
Ks with r + s = ∆min(D) + 1.

Similarly to graphs, upper bounds can also be obtained from degeneracy analogues, the following
being the strongest.

Observation 1.2.9. If D is k-min degenerate, then −→χ (D) ≤ k + 1.

Otherwise, we may take a minimal counter-example D and a vertex v with d−(v) or d+(v) at
most k. Say we are in the first case, we can then colour v with a k+1th colour different from those
assigned to vertices of N−(v), which still yields a dicolouring, contradicting the minimality. This is
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of interest for planar oriented graphs. Indeed, their underlying graph is 5 degenerate, thus a vertex
of degree 5 in any subgraph has either d− ≤ 2 or d+ ≤ 2. That is, they are 2-min-degenerate, which
gives an upper bound of 3 for Conjecture 1.2.7.

Lower bounds

The bidirected clique
←→
Kk is a simple example of a digraph with dichromatic number k. Still, there is

no clear analogue of cliques for oriented graphs. Perhaps the most standard construction of oriented
graphs achieving high −→χ is given by starting with a directed triangle and inducting as follows. At
any step, we consider a directed triangle, and use two copies D,D′ of the oriented graph from the
previous step to substitute two vertices of the triangle. Thus, in the resulting oriented graph, D
dominates D′, while the third vertex of the triangle out-dominates D and in-dominates D′. It is
easy to see that each step increases −→χ by one, but the number of vertices grows exponentially. As
for graphs, we can obtain a lower bound by controlling the size of partition classes, which are now
acyclic subdigraphs.

Observation 1.2.10. Let D be a digraph and k be the largest order of an acyclic subdigraph of D,
then −→χ (D) ≥ n

k .

1.2.8 Subdigraphs and (di)chromatic number
In this thesis, we seek to understand the relation between digraph structure with respect to both
the chromatic number and the dichromatic number. These questions will be surveyed in more depth
in the introduction to Part I, but we present two related questions to which we contribute.

Chromatic number

At first glance, there is no reason to expect the chromatic number of the underlying graph to be
linked with the oriented graphs it contains. Setting aside the lack of a true directed analogue
to minors, any “tight” adaptation of Hadwiger’s conjecture (1.1.15) would have to consider all
tournaments as outcomes to high chromatic number, which defeats our purpose. We should first
ask if any directed substructure is indeed guaranteed at all when χ is large. We will survey the
state of this question for weaker notions in Part I, but we are mainly concerned with this question
for subdigraphs.

Question 1.2.11. What subdigraphs are forced to appear in digraphs with large chromatic number?

Then, the same obstacles of high girth and high chromatic number given by Theorem 2.3.1 apply,
so we can only look for orientations of trees. Surprisingly, Burr showed in 1980 that these may all
be found, as he showed that any oriented tree of order k is contained in any (k − 1)2-chromatic
digraph [Bur80]. He conjectured the following holds, which is saying merely doubling the chromatic
number required for trees on k vertices should yield all their orientations.

Conjecture 1.2.12 (Burr ’80). Every oriented tree of order k is contained in any (2k−2)-chromatic
digraph.

We survey different approaches and results on this conjecture in Part I leading into our sub-
quadratic bound in Chapter 3.
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Dichromatic number

With the stronger notion of dichromatic number, we should expect to obtain richer substructures
from high −→χ . This richness can come either by asking for more structures, or by containment in
a stronger sense than what we expect from high χ. While directed minors do not seem to be the
natural notion for these questions, it was shown by Aboulker et al. [Abo+19] that high enough −→χ
implies all subdivisions of a given digraph. This will be further exposed in Part I. We know oriented
trees appear as subgraphs for high enough −→χ , since χ ≥ −→χ . Rather than trying to ask for more
than trees, our concern is to find “sparseness” conditions under which we can induce them.

Question 1.2.13. When are induced subtrees forced to appear in digraphs with large dichromatic
number?

Any tournament of high −→χ would stand in our way to finding induced trees, so we should
forbid them, which we will see amounts to forbidding the transitive tournament. This motivated
Aboulker, Charbit and Naserasr to conjecture the following analogue of the Gyárfás-Sumner con-
jecture [ACN21] for digraphs.

Conjecture 1.2.14 (Aboulker, Charbit, Naserasr ’21). For any oriented tree T and any k, any
digraph with sufficiently large dichromatic number contains either T or TTk as an induced subdi-
graph.

We further motivate this conjecture in Part I, before attacking it in Chapter 4.

1.3 Parameterized complexity
In this section, we introduce the field of parameterized complexity, under which we tackle the
otherwise hard (dis)connection problems of Part II. We direct the curious reader to the pioneering
book of Downey and Fellows [DF99] and the more modern one by Cygan et al. [Cyg+15].

Facing the growing number of NP-completeness results, the task of computer scientists has been
to categorize problems in a binary way: either providing a polynomial (time) algorithm, or showing
hardness through reductions. Over the past few decades, parameterized complexity emerged as a
way to overcome the exponential complexity of NP-complete problems. While usual complexity
theory measures the hardness of a problem relative only to the size of instances, this is often an
overshoot, as it is driven by worst-case complexity. Indeed, many NP-complete problems become
efficiently solvable, provided the inputs are restricted, such as trees, or graphs with bounded degree,
so we may ask for more.

Question 1.3.1. For any algorithmic problem, what are the properties of instances allowing for
efficient resolution?

Parameterized complexity looks at isolating such properties in a way that we can measure
quantitatively. Towards this, it considers each instance I along with an inherent parameter k, and
factors it into the complexity measure, expressing it as some f(k, |I|). As a consequence, even
hard algorithmic problems may admit efficient algorithms in terms of |I|, as long as instances are
bounded in terms of the parameter. Intuitively, the goal is to shift the exponential blow-up arising
in NP-hard algorithms to a term dependent only on k. We stress that the adequate parameter may
differ from one problem to another.



CHAPTER 1. INTRODUCTION 30

Parameterized problems

In the following, we consider a parameterized problem, which is a language L, consisting of instances
(I, k). Here, I is the instance, in our case the (di)graph, and k is the parameter. In this thesis,
those will be stated in the following form:

Problem
Parameter: k
Input: Instance (I, k)
Question: Is (I, k) positive? That is, does it belong to L?

We will often only state the parameterized version, the usual decision version merely drops the
parameter in the above and fixes k. The routine parameter k to consider is size of the solution we
are looking for, which is often a sensible choice. Solution size will always be the implied parameter
when none is specified, and prefixing an unparameterized problem with “k-” means considering the
(parameterized) decision problem asking whether I admits a solution of size k. Otherwise, k may
be a parameter of the graph at hand, such as its maximal degree, or its treewidth. It may even be
a tuple (k, k′) of multiple parameters, in which case we also say it is parameterized by k and k′.

1.3.1 Fixed-parameter tractability and XP
The most efficient class of algorithms in parameterized complexity are those which are fixed-
parameter tractable, or FPT . They are those for which deciding an instance (I, k) can be done
in time f(k)|I|O(1). Then, we say the problem is FPT with respect to k. When this is not possible,
we may look for XP algorithms, running in time |I|f(k) instead. Note that FPT implies XP. In
both cases, f is allowed to be any computable function, the takeaway being that fixing k yields a
polynomial-time algorithm across all instances with parameter k. Still, FPT is more desirable than
XP, as the polynomial exponent is uniform across all parameters.

Treewidth is one of the first parameters which emerged with applications to FPT, even if its
introduction was motivated by minor structure. As a measure of structural “tree-likeness”, it is
natural to expect polynomial algorithms for many problems in graphs with bounded treewidth.
The following (meta-)theorem of Courcelle confirmed this belief in a very universal sense [Cou90].

Theorem 1.3.2 (Courcelle ’90). Any problem expressible in Monadic Second Order Logic is FPT
parameterized by treewidth.

This is a major result lying at the intersection of logic, algorithms and graph structure. The
majority of algorithmic problems on graphs fall within its scope, and thus there are few problems
which we cannot solve when treewidth is bounded.

Still, none of the directed analogues of treewidth enables us to extend Courcelle’s theorem to
digraphs. In general, much less is known about structural properties of digraphs making problems
easier. Of course, the treewidth of the underlying graph can be useful, but when it comes to directed
notions, efficient algorithms are often restricted to DAGs or tournaments. In Chapter 8, we rely on
tournament structure, but all problems considered in Part II are parameterized by solution size (at
least).
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1.3.2 Kernels
Kernelization is a natural way to design FPT algorithms by applying preprocessing rules to produce
an equivalent, but smaller instance. In the parameterized realm, smallness means that the output
size depends only on k, but let us formalize this. Given a parameterized problem L, a kernelization
algorithm is a polynomial-time algorithm taking an instance (I, k), and producing an instance
(I ′, k′), the kernel , such that:

• (I, k) ∈ L if and only if (I ′, k′) ∈ L,

• |I ′| ≤ g(k) for some computable function f .

Most often, the term kernel will actually refer to the kernelization algorithm, and we may say “the
problem admits a kernel”. Now, if such a kernel exists, then the output instance (I ′, k′) may be
solved by any brute-force approach yielding a complexity of the form h(g(k)) for some g. This means
that the initial problem is solvable in time nO(1) + h(g(k)), yielding fixed-parameter tractability.

In fact, being FPT and admitting a kernel are equivalent notions. Still, a stronger requirement
is to ask for a polynomial kernel , which additionally imposes that the size g(k) grows polynomially
in k. There is an extensive framework called compositionality, giving (conditional) non-existence
results for polynomial kernels, or even lower bounds on their exponent.

1.3.3 Hardness
Sadly, not all problems are FPT, or even XP, and there exist parameterized hardness classes sup-
ported by largely believed assumptions. A parameterized problem is para-NP-hard if it is NP-hard
even for a constant parameter. A typical example of this is k-colourability parameterized by k, as
3-colourability is already NP-hard. These are the hardest problems here, where parameterization
had no effect, and unless P=NP, they cannot admit XP algorithms.

It is known that FPT is strictly contained in XP, so we would like to be able to tell whenever
some problems, which are in XP, are not likely to contain FPT algorithms. The corresponding
notion of hardness is given by W[1]-hardness, which, if shown by a reduction from another W[1]-
hard problem, rules out an FPT algorithm under the assumption that coNP ⊊ NP/poly. We will
not give the definition of W[1] here, as it is enough to explicit the reduction required to show a
problem is W[1]-hard.

A fixed-parameter reduction from a problem L to a problem L′ takes an instance (I, k) for L
and outputs, in FPT time (f(k)|I|O(1)), an instance (I ′, k′) for L′ such that:

• (I, k) ∈ L if and only if (I ′, k′) ∈ L′, that is, the two instances are equivalent,

• k′ ≤ g(k) for a function g.

Then, giving a fixed-parameter reduction from a W[1]-hard problem to some problem L shows that
L is also W[1]-hard.

1.4 Overview of the results
In a broad sense, all our questions can be framed in two directions to overcome the structural
complexity in directed graphs, reflected in the two parts of this thesis.
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The first direction embraces this complexity, understood in terms of (di)chromatic number, and
looks at describing the structures emerging from it. This will be the subject of the three chapters
of Part I.

Question 1.4.1. What are the (induced) subdigraphs of digraphs with high (di)chromatic number?

The second direction seeks to control it, in terms of connectivity, by breaking or forming global
connections through local operations. We will be concerned with these two questions in the two
chapters of Part II.

Question 1.4.2. How to strongly connect a digraph by adding arcs? How to disconnect it by
removing or inverting arcs?

1.4.1 Subdigraphs in colourful digraphs
We begin Part I with an introduction to the topic of finding substructures in graphs and digraphs,
from degrees to chromatic number. Then, we focus on our interest in subdigraphs forced by large
(di)chromatic number. We present previous approaches and techniques, before moving to our three
contributions to this subject.

Oriented trees from large chromatic number

In Chapter 3, we give a subquadratic bound for Burr’s conjecture (1.2.12), by showing digraphs
with chromatic number O(k

√
k) contain all oriented trees of order k. Along the way, we improve

the result for more specific classes of oriented trees such as b-block paths and arborescences.
These results are based on joint work with Stéphane Bessy and Daniel Gonçalves. They were

presented at the WG 2024 conference and have been submitted to a journal.

• Stéphane Bessy, Daniel Gonçalves, and Amadeus Reinald. “Oriented Trees in O(K√k)-
Chromatic Digraphs, a Subquadratic Bound for Burr’s Conjecture”. In: Graph-Theoretic
Concepts in Computer Science: 50th International Workshop, WG 2024, Gozd Martuljek,
Slovenia, June 19–21, 2024, Revised Selected Papers. Berlin, Heidelberg: Springer-Verlag,
June 2024, pp. 79–91. doi: 10.1007/978-3-031-75409-8_6

Induced orientations of P4 from large dichromatic number

In Chapter 4, we are interested in Conjecture 2.6.3, the directed analogue of the Gyárfás-Sumner
conjecture proposed by Aboulker, Charbit and Naserasr. We prove the conjecture for all orientations
of P4 in a unified approach, solving the conjecture for directed and antidirected orientations.

These results are based on joint work with Linda Cook, Tomas Masarik, Marcin Pilipczuk,
and Ueverton S. Souza. They were presented at Eurocomb ’23, and lead to the following journal
publication:

• Linda Cook, Tomáš Masařík, Marcin Pilipczuk, Amadeus Reinald, and Uéverton S. Souza.
“Proving a Directed Analogue of the Gyárfás-Sumner Conjecture for Orientations of P4”. In:
The Electronic Journal of Combinatorics (Sept. 2023), P3.36–P3.36. doi: 10.37236/11538

https://doi.org/10.1007/978-3-031-75409-8_6
https://doi.org/10.37236/11538
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Brooks’ theorem for bivariable degeneracy

In Chapter 5, we introduce a new colouring variant partitioning into classes constrained by bivariable
degeneracy, which generalizes most previous colouring notions. For this, we show an extension of
Brooks’ theorem ensuring certain structures are forced when the digraph requires many colours. We
provide a linear time algorithm producing the associated colouring, or outputting an obstruction,
improving on previously known algorithms for more restricted analogues.

These results are based on joint work with Daniel Gonçalves and Lucas Picasarri-Arrieta, leading
to the following journal publication:

• Daniel Gonçalves, Lucas Picasarri-Arrieta, and Amadeus Reinald. “Brooks-Type Colourings
of Digraphs in Linear Time”. In: Journal of Graph Theory 110.4 (2025), pp. 496–513. doi:
10.1002/jgt.23266

1.4.2 (Dis)connecting digraphs
Part II studies (parameterized) algorithmic connectivity problems aiming at making a digraph
strongly connected, or acyclic. We begin in Chapter 6 by introducing connectivity augmentation
problems, and analogue problems constrained by planarity, towards plane strong connectivity aug-
mentation. In the same chapter, we survey structural and algorithmic disconnection questions in
the form of feedback problems, before moving to inversions in digraphs. In the two parts following
the introduction, we present our contributions to each of these (opposing) problems in digraphs.

Augmenting a planar digraph to strong connectivity

In Chapter 7, we consider the problem of making a plane oriented graph strongly connected while
remaining oriented and planar. We show that this arc augmentation problem is hard even without
restrictions on the number of arcs, and give an FPT algorithm parameterized by the number of
arcs in a sought solution.

These results are based on joint work with Stéphane Bessy, Daniel Gonçalves, and Dimitrios
Thilikos. They are in preparation for submission to both a conference and a journal. They are in
preparation for submission, with the latest version appearing in the following preprint:

• Stéphane Bessy, Daniel Gonçalves, Amadeus Reinald, and Dimitrios M. Thilikos. Plane
Strong Connectivity Augmentation. Dec. 2025. doi: 10.48550/arXiv.2512.17904. arXiv:
2512.17904 [math]

Disconnecting a digraph through bounded-size inversions

In Chapter 8, we consider inversions of bounded size in digraphs. We show bounds on the maximal
number of inversions rendering a digraph acyclic. Then, we show that the problem of deciding if a
tournament can be made transitive by k inversions of size at most p admits a polynomial kernel in
(k, p), as well as a W [1]-hardness result in general digraphs.

These results are based on joint work with Jørgen Bang-Jensen, Frédéric Havet, Florian Hörsch,
Clément Rambaud and Caroline Silva. They are in preparation for submission, with the latest
version appearing in the following preprint:

• Jørgen Bang-Jensen, Frédéric Havet, Florian Hörsch, Clément Rambaud, Amadeus Reinald,
and Caroline Silva. Making an Oriented Graph Acyclic Using Inversions of Bounded or Pre-
scribed Size. Nov. 2025. doi: 10.48550/arXiv.2511.22562. arXiv: 2511.22562 [math]

https://doi.org/10.1002/jgt.23266
https://doi.org/10.48550/arXiv.2512.17904
https://arxiv.org/abs/2512.17904
https://doi.org/10.48550/arXiv.2511.22562
https://arxiv.org/abs/2511.22562
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Chapter 2

Introduction: looking for
sub(di)graphs

This part of the thesis investigates subgraphs of (di)graphs with large (di)chromatic number. We
survey numerous variants of these questions, situating our contributions in this vast subfield of
structural (di)graph theory. In particular, we investigate subdigraphs of digraphs with large chro-
matic number in Section 2.5, presenting our results on Burr’s conjecture from Chapter 3. Then,
we study the problem of induced subdigraphs obtainable from large dichromatic number, and mo-
tivate the directed extension of the Gyárfás-Sumner conjecture in Section 2.6, towards our proof
for orientations of P4 in Chapter 4. Finally, in Section 2.7 we look at the extreme case of these
questions, when chromatic number exceeds the degree, paving the way to our generalization of
Brooks’s theorem shown in Chapter 5.

2.1 Substructure in graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.2 Sub(di)graphs from high degrees . . . . . . . . . . . . . . . . . . . . . . . . . 37
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2.1 Substructure in graphs
Many threads in graph theory can be abstracted as the search for conditions forcing the presence of
a given substructure in a graph. This leaves room for interpretation on both what these conditions
are, and what we understand by containment. The conditions one usually imposes are in the form
of an invariant being sufficiently large, this can be the number of edges, degrees, or the chromatic
number. Then, the sought substructure may either be a specific graph or a member of a class, and
its containment can be understood in terms of any graph relation. Equivalently, this question can
be framed as asking to bound some invariant among graphs forbidding a certain structure.

Extremal graph theory is riddled with such questions, usually describing the behaviour of graphs
with many vertices or edges. It is concerned with characterizing thresholds for the presence of a
given structure, but also which graphs attain them. With such universal parameters, questions in
this field typically look for the existence of cliques and stable sets. The well-known Turán theorem
gives an upper bound on the number of edges of an n-vertex graph forbidding Kr [Tur41]. On the
other hand, Ramsey’s theorem ensures that a sufficiently large graph will contain either a large
clique or a large independent set [Ram09], although the bound grows exponentially in n [Cam+].

We are concerned with questions of a more structural nature, looking for conditions under which
a specific subgraph H appears (equivalently, the properties of graphs forbidding H). The most
natural problems of this taste, some conjectured decades ago, are still far from being understood.
A notable conjecture formulated in 1989 by Erdős and Hajnal [EH89], states that for any fixed
graph H, the bound for Ramsey’s theorem among induced-H-free graphs should be polynomial.
It stands as one of the most famous structural conjectures in graph theory, with only a few cases
known. Interestingly, the Erdős-Hajnal conjecture was shown to be equivalent to a question about
dicolouring tournaments by Alon, Pach and Solymosi [APS01]. Their equivalent question states
that for any fixed tournament H, there exists an ϵ > 0 such that any tournament T such that−→χ (T ) > cn1−ϵ contains H.

Substructures from chromatic numbers

In this part of the thesis, we seek to understand both colourings and dicolourings by extracting
subgraphs from digraphs with large (di)chromatic number. We motivate many variants of this
question, surveying known results and conjectures, and introducing our contributions along the
way. For undirected graphs, where minor structure is well understood, the most famous question
about substructure from χ is Hadwiger’s conjecture (1.1.15). In the directed case, the lack of
a satisfying analogue to minors has led researchers to look for substructures rather in terms of
(induced) subdigraphs, and their subdivisions. These questions already have a lot of history for
undirected graphs, which we survey, notably through the Gyárfás-Sumner conjecture. Our main
interest is with subdigraphs and induced subdigraphs forced by high (di)chromatic number. We
have already seen these can at best be (oriented) trees, which is also the case for dichromatic
number. We refer the interested reader to the survey of Stein [Ste24] for a more exhaustive insight
into tree containment. The only exception to this is for (analogues of) Brooks’s theorem, where the
chromatic number is tied to the maximal degree.

We begin in Section 2.2 by surveying sub(di)graphs already known to be forced by weaker
parameters: high degrees and oriented variants. Our question in the undirected case, looking for
subgraphs from high chromatic number, will be surveyed in Section 2.3. Surprisingly, digraphs with
large (underlying) χ are also forced to contain certain subdigraphs. As we will see in Section 2.4,
this is more easily observed when restricting host digraphs, for instance to tournaments or DAGs.
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We consider general digraphs in Section 2.5, motivating Burr’s conjecture, and present the results
towards our subquadratic bound Chapter 3. Afterwards, in Section 2.6, we strengthen the condition
of high χ to high −→χ , which will allow us to ask for induced subdigraphs. This motivates our results
on a directed analogue of the Gyárfás-Sumner conjecture in Chapter 4. We then consider the
extreme cases of these questions in Section 2.7, in the form of analogues of Brooks’s theorem for
various colouring notions. That is, we investigate the sub(di)graphs guaranteed when the chromatic
number exceeds (analogues of) the maximal degree, which will be the question of Chapter 5.

2.2 Sub(di)graphs from high degrees
In this section, we investigate subgraphs and subdigraphs implied by high (variants of) degree,
which will also imply those appear from large χ or −→χ . Indeed, for undirected graphs χ ≥ k
implies a subgraph with δ ≥ k − 1, thus also ad ≥ k − 1. Similarily for digraphs, −→χ ≥ k implies
δ−, δ+ ≥ k − 1 (on top of −→χ ≥ χ). We first look at the undirected case of this problem in
Subsection 2.2.1, proceeding with digraphs in Subsection 2.2.2. At the end of each subsection, we
discuss asymptotic questions dealing with forcing a larger class of (di)graphs as subdivisions.

2.2.1 Subgraphs
Here, we discuss the structures contained in undirected graphs with high minimum or average
degree, which must therefore also appear when χ is large.

Subtrees

If a graph has sufficiently large degree(s), what (induced) subgraphs does it necessarily contain?
Maximal degree is of little interest here as stars are exactly the graphs which it can guarantee, so
we should look at high minimum degree δ and average degree ad instead. These two questions are
very tied, on the one hand because δ ≤ ad, and on the other because Observation 1.1.1 allows us
to extract a subgraph with minimum degree ad /2. In particular, asymptotic considerations are
equivalent.

A first obstacle in this quest is the existence of r-regular graphs with girth g+1, for any values
of r and g, initially due to Biggs [BLW86]. This means that both minimum and average degree
cannot guarantee more than trees as subgraphs.

The clique of order k shows that minimum degree k − 1 cannot guarantee trees of order larger
than k, nor any induced tree of order more than 2. The latter observation completely settles the
question for induced trees, and we focus on trees as subgraphs. It is easy to see that this degree
condition for subtrees is indeed sufficient, as we show in the following folklore result.

Lemma 2.2.1. Let G be a (non-empty) graph such that δ(G) ≥ k− 1, then G contains all trees of
order k.

Proof. We fix G, and show this by induction on the order of the tree T , the case |V (T )| = 1
being clear. Assume then the result holds for orders less than k, and consider T of order k. Let T ′

be a subtree of T obtained by removing any leaf, and let u be its parent in T ′. By induction, we
may find a copy of T ′ in G. The vertex corresponding to u has degree at least k − 1 in G, while
|V (T ′)− u| < k − 1, so u admits at least one neighbour distinct from T ′, yielding T . □
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Note that the latter proof allows us to root the copy of T at any vertex of G, which is not
typically the case for other notions. In fact, this can be strengthened by a factor of 2 for paths, as
shown by Erdős and Gallai [EG59].

Theorem 2.2.2 (Erdös, Gallai ’59). Any connected graph of order k + 1 with δ(G) ≥ k
2 contains

a k-path.

Minimum degree allows us to find a fixed subtree rooted in any vertex of the host graph. This
is not possible when only average degree is large, but we may still look for a tree somewhere. If
ad(G) ≥ 2k, the successive removal of vertices with degree less than k yields a subgraph with
minimum degree k, giving double the bound of Lemma 2.2.1. Still, a famous conjecture by Erdős
and Sós posits that the correct bound should in fact be the same.

Conjecture 2.2.3 (Erdős, Sós ’63). Any graph G such that ad(G) > (k− 2) contains every tree of
order k.

The resolution of the conjecture for sufficiently large k was announced by Ajtai, Komlós, Si-
monovits, and Szemerédi, but has yet to be published.

More than trees

Under what understanding of containment can we force a subgraph H that is not a tree (or forest)?
To counter the obstacle of graphs with high girth and degree, we ask for subdivision of H instead.
The question of which graphs are (asymptotically) enforcible by high (minimum or average) degree
has been completely resolved by Mader, showing H can be taken as any graph [Mad72].

Theorem 2.2.4 (Mader ’72). For every k, there exists an f(k) such that every graph with minimum
degree at least f(k) contains a subdivision of Kk.

Bollobás and Thomason [BT98], as well as Komlós and Szemerédi [KS96] showed that there
exists a (universal) constant C such that f can be taken as Ck2.

A stronger requirement is to look for induced subdivisions, when provided some kind of sparsity
constraint avoiding the obvious counter-examples. If sparsity is imposed by forbidding a clique
as a subgraph, the fact that bicliques have arbitrarily large average degree means they would be
the only kind of graphs which we can force (even as a subdivision). Still, there exist graphs with
arbitrarily large average degree forbidding K2,2, so bicliques cannot be the only outcome to high
average degree in Kt-free graphs. Now, when we forbid a fixed biclique, Kühn and Osthus show
any induced subdivision may be obtained [KO04].

Theorem 2.2.5 (Kühn, Osthus ’04). For any graph H, and for every integer k, there exists f(k,H)
such that every graph of average degree at least f(k,H) contains either Kk,k as a subgraph, or an
induced subdivision of H.

2.2.2 Directed subgraphs
Now, we discuss directed substructures of digraphs when analogues of minimum degree are high,
as well as when undirected average degree is.
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Oriented subtrees

We should not expect imposing high directed variants of degree to force more than oriented trees.
This can be seen as a consequence of−→χ -critical graphs having−→χ lower than the usual directed degree
variants, and the existence of digraphs with high −→χ and (undirected) girth, due to Harutyunyan and
Mohar [HM12]. Let us first consider the least restrictive analogues of minimum degree, minimum
out and in degrees. For these, the greedy approach of Lemma 2.2.1 shows that δ+ ≥ k − 1 implies
an arborescence of order k (and symmetrically for δ−). We should now ask whether (sufficiently)
large minimum out-degree can force more than out-arborescences.

Question 2.2.6. What are the oriented subtrees of digraphs with sufficiently large minimum out-
degree?

A positive answer was known for in-stars as a consequence of their containment as subdivisions
shown in [Abo+19]. Still, the actual question for subgraphs had received little attention until
recently, when Hons et al. [Hon+25] showed that any oriented tree T satisfying the above must be
“grounded”. They define grounded orientations as those where vertices with in-degree at least 2 are
at the “same level” of a natural layering. They conjectured that the converse holds as well, in their
KAMAK tree conjecture, which was just proven by Christoph and Steiner [CS25].

The above shows that high out (or in) minimum degree alone does not behave analogously to
high undirected degree for constructing oriented trees. Still, this analogy can be obtained through
the stronger semidegree, defined for any v as δ0(v) = min(δ−(v), δ+(v)). Then, it is clear that
asking for minimum semidegree at least k − 1 greedily produces any orientation of a tree of order
k. Weakening this condition, Stein recently proposed the following analogue of Theorem 2.2.2.

Conjecture 2.2.7 (Stein [Ste20]). Any oriented graph such that min(δ+, δ−) > k
2 contains every

oriented path of order k.

Today, this is known to hold only for
−→
Pk by an old result of Jackson [Jac81]. And for 2 block

paths, a bound of 3k
4 was recently obtained by Penev et al. [Pen+25].

Continuing the path laid in the undirected case, note that as a (relative) measure of the number
of arcs, average degree is as sensible of a parameter for digraphs as it is for graphs. Can we then ask
for oriented trees when only the (undirected) average degree is high? This is already quite restricted,
as Kt,t has average degree t, yet orienting it with all arcs going from the first independent set to
the second avoids any

−→
P3. That is, we may only ask for antidirected trees, in which every vertex

is either a source or a sink of the orientation. The mere fact that sufficiently large average degree
guarantees any antidirected tree was conjectured by Erdős, and shown by Graham [Gra70]. Burr
showed that ad ≥ 8(k−1) ensures all antidirected trees of order k [Bur80], and that average degree
at least 2(k− 2) is necessary. We sketch the sufficient condition below, as it is one of the few cases
of a linear bound for Burr’s conjecture.

Theorem 2.2.8. If a digraph D satisfies ad(D) ≥ 8(k − 1), then it contains all antidirected trees
of order k.

Proof. Consider any bipartition (A,B) of V (D), and, as long as there exists a vertex v ∈ A (v ∈ B)
such that dB(v) < dA(v) (dA(v) < dB(v)), swap v to the other class. At each step, the number
of edges across (A,B) increases, meaning the process ends. Eventually, every vertex admits at
least as many neighbours in the other class of the bipartition as it does in its own. In turn,
m(A) = 1

2

∑
v∈A dA(v) ≤ 1

2

∑
v∈A dB(v) = m(A,B)/2, and m(B) ≤ m(A,B)/2 symmetrically.
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Therefore, 2m(A,B) ≥ m(D) ≥ 4(k − 1)n, so m(A,B) ≥ 2(k − 1)n, and we take D′ to be the
bipartite digraph on V (D) obtained by considering only e(A,B).

Then, we may assume that at least half of the arcs are directed from A to B, without loss of
generality. Take D′′ to be the subdigraph of D′ obtained by only considering those arcs. Then,
m(D′′) ≥ (k − 1)n, so ad(D′′) ≥ 2(k − 1), and we use Observation 1.1.1 to obtain a subdigraph
H with minimum degree at least (k − 1). Now, consider any antidirected oriented tree T of order
k, and take s to be any source of T . Then, observe that to build T in H, it suffices to find an
undirected copy of T where the vertex corresponding to s lies in A. Since δ(H) ≥ k−1, this follows
from Lemma 2.2.1. □

More recently, Addario-Berry et al. [Add+13] gave a slight improvement to Theorem 2.2.8, and
conjectured his necessary condition is also sufficient.

Conjecture 2.2.9 (Addario-Berry et al. ’13). If a digraph D is such that ad(D) > 2(k − 2), then
D contains every antidirected tree of order k.

More than oriented trees

As in the undirected case, we can now relax the containment condition and look for subdivisions
of digraphs that are not necessarily oriented trees. In this vein, Mader conjectured the following
analogue of Theorem 2.2.4 for transitive tournaments in [Mad85].

Conjecture 2.2.10 (Mader ’85). For every k, there exists an f(k) such that every digraph with
minimum out-degree at least f(k) contains a subdivision of TTk.

Although this remains wide open for k ≥ 5, Lochet showed such a function exists for when asking
for immersions of TTk [Loc19]. Here, we can even ask for subdivisions of graphs which are not DAGs,
as out-degree at least k yields a directed cycle of length at least k+1 (say by considering a maximal
directed path). Little is known about the shape of general digraphs appearing as subdivisions
for sufficiently large out-degree. A notable example is the case of finding disjoint directed cycles,
which has received some attention through a conjecture of Bermond and Thomassen [BT81] that
δ+ ≥ 2k − 1 implies k disjoint directed cycles. While the conjecture is only known in full for
k = 2 [Tho83] and k = 3 [LPS09], linear (δ+ ≥ ck) bounds have been obtained [Alo96, Buc18,
BBT14, LPS09].

Going in the other direction, it is natural to expect that if δ+ is very large, say tied to n, a
digraph will contain some short directed cycle. By the handshaking lemma, δ+ < n/2 for oriented
graphs, so already δ+ ≥ n

2 yields a
−→
C2. Generalizing this, Caccetta and Haggkvist posed the

following notorious conjecture [CH78].

Conjecture 2.2.11 (Caccetta, Haggkvist ’78). Every digraph with minimum out-degree at least r
has a directed cycle of length at most ⌈nr ⌉

Despite receiving a lot of attention, this remains open in the general case, which is only known
for r ≤

√
n/2 by Shen [She02]. Relaxations of the conjecture have also been shown when allowing

multiplicative ([HKN17]) or additive ([She02]) constants, see also the survey by Sullivan [Sul06].
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Figure 2.1: Building a tree of order 7 when χ = 7. The colouring shown is obtained by “stacking”
successive maximal independent sets. A tree contained in the last 6 classes can be extendend using
the first, as shown in blue.

2.3 Subgraphs from high chromatic number
In this section, we only consider undirected graphs, and look for subgraphs forced by high chromatic
number. Recall that when asking strictly for (induced) subgraphs, these can only be trees, because
of the following result by Erdős [Erd59].

Theorem 2.3.1 (Erdős ’59). There exist graphs of arbitrarily large girth and chromatic number.

A fortiori, this also restricts our later questions for induced subgraphs, as well as oriented
subdigraphs, to questions about (oriented) trees.

2.3.1 Subtrees
The clique of order k shows that the largest tree we may hope to find when χ = k is one of order k.
We recall the following folklore lemma saying that this is always possible, completely settling our
question for subgraphs.

Lemma 2.3.2. Let G be a graph such that χ(G) ≥ k, then G contains all trees of order k as
subgraphs.

We show this in two ways, which generalize to various applications for related digraph questions.
The first way to see this is true is that if a graph G satisfies χ(G) ≥ k, it contains a subgraph

with minimum degree k − 1. This can be obtained by taking a k-critical subgraph of G, where
removing a vertex with degree less than k would contradict minimality. Then, the existence of any
tree of order k is guaranteed by Lemma 2.2.1.

The following technique uses χ to build a “stacked” colouring, maximizing successive classes.
This witnesses enough structure between colours to build “multicoloured” trees, as we show below,
see Figure 2.1.
Proof of Lemma 2.3.2. We proceed by induction on k, with the case k = 1 being trivial. Now,
assume the result holds for k − 1, and let us consider G with χ(G) ≥ k. Let I be a maximal
independent set of G, thus also a dominating set, and take G′ = G − I, yielding χ(G′) ≥ k − 1.
Consider any tree T of order k, and let T ′ any subtree of T , say by removing a leaf with parent u.
Then, by induction T ′ is conained in G′, and since I is dominating, a neighbour may be appended
to u from I to build T . □
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2.3.2 Induced trees: the Gyárfás-Sumner conjecture
What happens if instead of asking for high χ to force a mere subgraph, we want its copy to
be induced? Again, we can only hope for trees, and because of cliques, this can only be asked
within sparse classes, which for our purpose are those forbidding a given subgraph. Recall from
Theorem 2.2.5, that to obtain interesting induced subgraphs from sufficiently high degree, forbidding
a biclique guarantees subdivided copies of any graph. This implies the result for high χ in turn.
Here, we are interested in a more general class of graphs, only forbidding a large clique, meaning
arbitrary bicliques may appear, and high degree will not be sufficient to guarantee an induced tree.
Of course, cliques are an obstacle to high χ, but we have seen they are not the only one. Therefore,
our question can be formulated as asymptotically asking for two outcomes to large chromatic
number: either a large clique, or a fixed induced tree. Recall this is exactly the Gyárfás-Sumner
conjecture (2.3.3), which we restate here in terms of χ-boundedness, as we later introduce directed
variants of this concept.

Conjecture 2.3.3 (Gyárfás-Sumner ’80). For every tree T , the class of (induced) T -free graphs is
χ-bounded.

This conjecture is sometimes stated by replacing trees with forests, which is equivalent since
forests are induced subgraphs of trees. In his seminal paper, Gyárfás showed this to be true for
paths [Gyá87].

Theorem 2.3.4 (Gyárfás ’80). For any n ∈ N, the class of Pn-free graphs is χ-bounded by the
function f(ω) = (n− 1)ω−1.

The elegant technique used by Gyárfás to prove Theorem 2.3.4 has since been generalized to
other contexts, and is now dubbed the “Gyárfás path argument”. Other than paths, the most general
graphs for which the conjecture is known are trees of radius two, and those obtained from them by
1-subdivisions of some vertices incident to a root, thanks to Scott and Seymour [SS20b]. We refer
to the survey of Scott and Seymour [SS20a] for a recent overview on the state of the conjecture.

Considering the largely open status of the conjecture, it would be interesting to obtain weak-
enings either by asking for stronger requirements than high χ, or by allowing a weaker notion of
containment. On the first front, we later introduce Conjecture 2.6.5, substituting large χ for large−→χ (in an orientation of G). On the second front, Scott proved a weakening of Conjecture 2.3.3
when asking for copies of T only as induced subdivisions [Sco97].

Theorem 2.3.5 (Scott ’97). For every tree T and integer k, there exists an integer f(k, T ) for
which every graph G such that χ(G) ≥ f(k, T ) contains either Kk, or an induced sudivision of T .

The Gyárfás-Sumner conjecture characterizes pairs {K,T} of a clique and a tree as bounding
the chromatic number when forbidden. Extending this, we may ask for a characterization of all
such sets F , called heroic, such that high chromatic number implies one induced copy of an element
in F . Assuming the conjecture for {K,T} is indeed true, Chudnovsky et al. [CS14] characterized
all such sets. This type of extension is also the origin of directed analogues to the Gyárfás-Sumner
conjecture, which we introduce in Section 2.6.

2.3.3 More than trees
More permissive notions of containment such as (induced) subdivisions and minors circumvent
the obstacles for finding cycles given by Theorem 2.3.1. For minors, this is exactly Hadwiger’s
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conjecture 1.1.15, stating that χ ≥ k forces Kk, thus any graph of order k as a minor. Hajós asked
whether Hadwiger’s conjecture could be strengthened by asking for subdivisions of Kk, but this was
ruled out by Catlin [Cat79]. Still, we know as a consequence of Theorem 2.2.4, that a non-induced
subdivision of Kk appears for large enough χ, as this implies high minimum degree subgraphs. If
we want the subdivisions to be induced, Scott conjectured an extension of his Theorem 2.3.5: any
graph H may appear as an induced subdivision of a Kk-free graph for sufficiently large χ. This
was disproven by Pawlik et al. by showing that a certain family of string graphs, not containing
induced subdivisions of K3,3, is not χ-bounded [Paw+14].

2.4 Subdigraphs from chromatic number: specific classes
In this section, we are concerned with forcing subdigraphs from high (undirected) chromatic number,
within tournaments and DAGs. Towards generalizing results to all digraphs, constrained by The-
orem 2.3.1, we take a particular interest in the presence of oriented trees. First, Subsection 2.4.1
looks at subdigraphs of tournaments with large χ, that is, of large order. Asymptotically, these are
exactly acyclic digraphs. This directs our efforts towards obtaining tight bounds for oriented trees,
paving the way towards questions for all digraphs. Then, Subsection 2.4.2 exhibits tight bounds
for oriented trees in acyclic digraphs with high χ, which is an important subroutine for our later
results.

2.4.1 Subdigraphs in tournaments: Sumner’s conjecture
Restricting the problem to tournaments circumvents the obstacle of high girth and high chromatic
number of Theorem 2.3.1, which allows us to ask for orientations of cycles. Still, transitive tourna-
ments show that we cannot hope to force any directed cycles from high χ. In fact, we may always
find a copy of TTk in large enough tournaments, as shown by the following folklore lemma.

Lemma 2.4.1. Any tournament of order 2k contains the transitive tournament of order k.

Proof. This clearly holds for k = 1. Let us assume the result holds up to k, and take any
tournament T of order 2k+1. Consider a vertex v ∈ V (T ) such that d+(v) ≥ d−(v), which exists by
the handshaking lemma. Then, N+(v) has size at least 2k, so it contain a copy of TTk by induction,
for which adding v yields TTk+1. □
This means that asymptotically, the subdigraphs guaranteed by large enough tournaments are
exactly the subdigraphs of TTk.

Subtrees in tournaments

We should not expect this exponential dependency on the order to be required for all acyclic
digraphs. The first interesting class in which (almost) tight bounds have been obtained are orien-
tations of trees, which will be our concern in the general case. A precursory result on this front is
Rédei’s theorem, stating that any tournament admits a directed Hamiltonian path.

Theorem 2.4.2 (Rédei ’34). Any tournament of order k contains a directed path of order k as a
subgraph.

Rosenfeld showed the above also holds when asking for antidirected paths [Ros72]. He further
conjectured that apart from a few exceptions, any orientation of a Hamlitonian path exist, which was
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settled by Havet and Thomassé [HT00b]. Camion showed the existence of a directed Hamiltonian
cycle [Cam59]. Again, Rosenfeld conjectured [Ros74] this to hold for every orientation, which was
proven for k ≥ 68 by Havet [Hav00].

Let us now consider general orientations of trees. There, observe χ ≥ k is not sufficient for
(oriented) trees of order k anymore, since diregular tournaments of order 2k−3 forbid S+

k (the order
k out-star). Still, it is easy to see that order 2k− 2 suffices for in and out stars (see Lemma 2.5.1).
In 1971, Sumner conjectured this bound holds for all orientations of trees (see [Wor83]). Note that
the following is exactly the restriction of Burr’s conjecture to tournaments.

Conjecture 2.4.3 (Sumner ’71). Any tournament of order 2k − 2 contains all oriented trees as
subgraphs.

One of the first classes of trees for which this was proven was out-arborescences, by a result of
Havet and Thomassé [HT00a].

Theorem 2.4.4 (Havet, Thomassé ’00). Any tournament of order 2k−2 contains all out-arborescences
of order k as a subgraph.

Their proof was obtained by embedding the arborescences following a median order of the
tournament. These are vertex orderings minimizing the number of backward arcs (which also
witness a minimum feedback arc set). Using the same tool, the authors showed a bound of (7k−5)/2
for the general case, which was later improved by El Sahili to 3k − 3 in [El 04a]. The best bound
so far is due to Havet and Dross [DH21].

Theorem 2.4.5 (Dross, Havet ’21). Any tournament of order 21
8 (k− 1) contains all oriented trees

on k vertices.

Using tools from extremal graph theory, Kühn, Mycroft and Osthus achieved to prove Sumner’s
conjecture for large enough tournaments [KMO11].

Theorem 2.4.6 (Kuhn, Mycroft, Osthus ’10). There exists an integer k0 such that for any k ≥ k0,
any tournament of order 2k − 2 contains all oriented trees of order k as subgraphs.

The gap between the bounds of k and 2k−2 for paths and trees suggests that Sumner’s conjecture
is not yet the end of the story. Considering stars are responsible for the 2k − 2 bound, Havet and
Thomassé conjectured the following in [Hav03].

Conjecture 2.4.7 (Havet, Thomassé ’03). Any tournament of order k+ ℓ−1 contains all oriented
trees of order k with ℓ leaves.

Towards this, Benford and Montgomery showed the existence of some universal C, such that
tournaments of order k + Cℓ satisfy the conjecture [BM22].

2.4.2 Subtrees in bikernel-perfect digraphs and DAGs
Restricting our question on the universality of oriented trees within acyclic digraphs is justified
because of a parallel to the “colour stacking” proof for trees of order k from χ ≥ k. In undirected
graphs, a maximal independent set I is also a dominating set (corresponding to the first stacked
class in Lemma 2.3.2). On the one hand, independence ensures that χ(G[V \ I]) ≥ χ(G) − 1, on
the other, domination allows us to glue a neighbour to any vertex of a possible tree in G[V \ I]. If
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we want to generalize this approach to any digraph D, we need (low χ) analogues of dominating
sets that let us choose the direction of glued neighbours. An in-dominating set (respectively out-
dominating set) of D is a subset X ⊆ V such that every vertex outside of X is the in-neighbour
(respectively out-neighbour) of a vertex in X. Now, an in-kernel , respectively an out-kernel , of D
is an independent set that in-dominates D, respectively out-dominates D. Not all digraphs admit
such kernels, but there always exists a quasi-kernel , an independent set Q at distance at most
two [CL74] to all other vertices. Still, because we have no control over χ(N(Q)), it seems difficult
to derive oriented trees from quasi-kernels.

Even when digraphs do admit a kernel, their induced subgraphs may not, which becomes an issue
later down in the induction. This motivates us to consider bikernel-perfect digraphs, those for which
every subdigraph admits both an in-kernel and an out-kernel. The construction of oriented trees in
bikernel-perfect digraphs, following the intuitions above, was shown Addario-Berry et al. [Add+13].

Theorem 2.4.8 (Addario-Berry et al. ’13). Any bikernel-perfect digraph D such that χ(D) ≥ k
contains all oriented trees of order k.

Proof. We show the result by induction on k, the case k = 1 being clear. Take a digraph D such
that χ(D) ≥ k + 1, and take T to be any oriented tree of order k + 1. Without loss of generality,
we may assume T has an out-leaf, say v, and let T ′ = T − v. Now, let K be an in-kernel of D,
and let D′ = D−K. Note that D′ must have chromatic number at least k since K is independent,
and by induction it contains a copy of T ′. Then, the copy of the ancestor of v in T ′ has an out-arc
towards K, yielding the desired copy of T . □

A notable class to which this applies are DAGs, as Richardson [Ric46] showed even digraphs
forbidding odd directed cycles are bikernel-perfect.

Lemma 2.4.9 (Richardson ’46). Acyclic digraphs are bikernel-perfect.

Proof. We show the result by induction on the order n of the digraph, the result being clear
when n = 1. Consider then an acyclic digraph D, of order n > 1, for which every subdigraph is
bikernel-perfect. Take S to be the set of sinks in D, and observe that V (D) \ N−[S] contains no
neighbour of S. Then, taking the union of S and an in-kernel for D−N−(S) yields an in-kernel of
D. The case is symmetrical for out-kernels by taking sources of D. □
In Chapter 3, we show a (stronger) rooted variant of this due to [Add+13], and used throughout.
The results above immediately yield the following corollary, which is tight by considering transitive
tournaments.

Corollary 2.4.10. Any acyclic digraph D such that χ(D) ≥ k contains all oriented trees of order
k.

2.5 Subdigraphs from high chromatic number
In this section, we investigate the general case of oriented trees in digraphs with large chromatic
number. Recall this question can only be asked for oriented trees because of Theorem 2.3.1. Fol-
lowing [Add+13], an oriented graph is c-universal if it is contained in every digraph with chromatic
number at least c. There, tight bounds are known for out and in stars, as we will see in Subsec-
tion 2.5.1. Then, we look at oriented paths in Subsection 2.5.2 before tackling the question for
oriented trees, which is Burr’s conjecture, in Subsection 2.5.3.
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2.5.1 Towards finding subdigraphs
In the case of undirected graphs, we have shown two techniques to obtain any tree of order k
from χ ≥ k − 1. We discuss how these fail to adapt to the directed setting, and see what can
be recovered still. While we managed to adapt the “colour stacking” strategy to DAGs, this fails
when applied to an arbitrary digraph D, as we cannot guarantee a (maximal) independent set with
arcs in both directions towards the rest of the graph. The other strategy, extracting a subgraph of
high minimum degree cannot be adapted to obtain both high minimum out and in degrees, which
would be required to apply the same gluing strategy as Lemma 2.2.1. Still, high χ allows us to find
(unrelated) vertices with either high in-degree, or high out-degree. The following bound coincides
with the one for tournaments, and is thus tight.

Lemma 2.5.1. Any digraph D such that χ(D) ≥ 2k − 2 contains both the out-star S+
k and the

in-star S−
k of order k. That is, S+

k and S−
k are 2k − 2-universal.

Proof. Indeed, consider a digraph D that does not contain S+
k , meaning ∆+(D) ≤ k− 2. Observe

that for any subgraph H of D, the following holds:

2m(H) =
∑

v∈V (H)

dH(v) =
∑

v∈V (H)

d+H(v) + d−H(v) = 2
∑

v∈V (H)

d+H(v) ≤ 2(k − 2)n(H)

Then, ad(H) = 2m(H)
n(H) ≤ 2(k− 2). In turn mad(D) ≤ 2k− 4 and thus χ(D) ≤ 2k− 3, which yields

a contradiction. □

2.5.2 Oriented subpaths
The first result on the existence of a directed structure arising from chromatic number but not
through degree conditions is the case of directed paths. This early result, which is a cornerstone in
digraph structure, was obtained independently by Gallai [Gal68], Hasse [Has65], Roy [Roy67] and
Vitaver [Vit62].

Theorem 2.5.2 (Gallai-Roy-Hasse-Vitaver Theorem ’62). The directed path
−→
Pk is k-universal.

For other orientations of Pk, Burr [Bur80] conjectured the same bound should hold (see also
Chung [Chu81]).

Conjecture 2.5.3 (Burr ’80). Every orientation of a path on k vertices is k-universal.

We will see a quadratic bound in the chromatic number is sufficient, but no subquadratic bound
had been achieved until now. Sitting in between

−→
Pk and general orientations are paths with b

blocks, defined as those partitioning into k (maximal) directed paths. In light of the lack of progress
towards Conjecture 2.5.3, El Sahili restricted Burr’s question to 2-block paths [El 04b]. El Sahili
and Kouider obtained a bound of k+1 in [SK07], and the conjecture was settled by Addario-Berry
et al. [AHT07].

Theorem 2.5.4 (Addario-Berry et al. ’07). Every oriented k-path with 2 blocks is k-universal.

Directed and two-block paths are the only orientations for which Conjecture 2.5.3 is known
in full. Still, we may relax the question and ask for linear bounds when the number of blocks is
bounded.
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Question 2.5.5. For every b ≥ 3, is there some cb such that oriented k-paths with b blocks are
cbk-universal?

A positive answer was obtained for 3-block paths by El Joubbeh [El 22], and for 4-block paths
by El Joubbeh and Ghazal [EG24]. In Chapter 3, we give a positive answer to the question above,
by showing the following bound, as well as settling the conjecture for 3-block paths.

Theorem 2.5.6. For b ≥ 2, every oriented k-path with b blocks is (b+3)
2 k-universal.

2.5.3 Oriented subtrees and Burr’s conjecture
In this subsection, we look at obtaining linear bounds for any orientation of a tree. In the undirected
case, a linear bound on χ in terms of k is sufficient to force all trees of order k. For digraphs, we
know linear bounds for some orientations of paths, and Sumner’s conjecture asks for a bound
of 2k − 2 within tournaments. Could Sumner’s conjecture then be lifted from tournaments to
general digraphs? This question is exactly Burr’s conjecture [Bur80], from the same paper as
Conjecture 2.5.3.

Conjecture 2.5.7 (Burr ’80). Every oriented tree of order k is (2k − 2)-universal.

Burr showed that trees of order k are (k−1)2-universal, and this stood as the only bound for over
30 years. A decade ago, a factor 2 improvement was obtained by Addario-Berry et al. [Add+13].
Their paper shows quadratic bounds improving on Burr’s through different approaches, broadly
analogous the colour stacking and (iterated) minimum degree strategies for undirected graphs. In
the following subsections, we present these two essential techniques, along with our path gluing
lemma, which will be combined in Chapter 3 to yield our subquadratic bound.

Bound through maximal DAGs

With Corollary 2.4.10 in hand, note that if D contains an acyclic subdigraph with χ ≥ k we can
build any tree of order k. What happens otherwise, when all acyclic subdigraphs of D have χ < k?
If that is the case, Addario-Berry et al. [Add+13] have shown we can apply an analogue of the
colour stacking technique (Lemma 2.3.2) for DAGs. This lead them to the following k2

2 bound,
which was the best bound for Burr’s conjecture until now.

Theorem 2.5.8 (Addario-Berry et al. ’13). Every oriented tree of order k is (k
2

2 − k
2 +1)-universal.

Proof. We show the result by induction on k, letting f(k) = (k
2

2 − k
2 + 1), the case k = 1 being

clear. Assume the result holds up to a given k, let T be a tree of order k + 1, take v to be any
leaf of T , and let T ′ = T − v. Now, let D be a digraph with χ(D) ≥ (k+1)2

2 − k+1
2 + 1, that is,

χ(D) ≥ f(k) + k. Let Y ⊆ V induce a maximal DAG of D, and note that if χ(Y ) ≥ k + 1, then
Corollary 2.4.10 yields the result. Therefore, χ(D[Y ]) ≤ k, so χ(D − Y ) ≥ f(k), meaning we may
find an induced copy of T ′ in D− Y . Then, as Y is a maximal DAG, the copy of the ancestor of v
has both in and out neighbours in Y , yielding a copy of T . □

A slightly different view of this is to see that if χ < k for every acyclic subgraph of D, then
the dichromatic number must be (relatively) large. Indeed, if D has chromatic number k(k − 1),
then we have −→χ (D) ≥ k. Below, we show an analogue of Lemma 2.3.2 for −→χ , stacking maximal
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Figure 2.2: A dicolouring obtained by stacking classes as successive maximal DAGs, from the left.
Any oriented tree built on the last 6 colour classes may be extended from any vertex in both
directions towards the first class, yielding all trees of order 7.

DAGs, which yields a bound of k(k − 1) for Burr’s conjecture. An illustration reminiscent of the
undirected case is shown in Figure 2.2.

Lemma 2.5.9. If −→χ (D) ≥ k, then D contains all oriented trees of order k.

Proof. The result clearly holds for k = 1. Then, assume it holds for some k and consider D with−→χ (D) ≥ k + 1 as well as an oriented tree T of order k. Let Y ⊆ V induce a maximal DAG in D,
and define D′ = D − Y , noting −→χ (D′) ≥ k. By induction, let T ′ be a copy in D′ of some subtree
of T obtained by removing a single leaf. Then, since Y is maximal, it is both in-dominating and
out-dominating in D. This lets us consider the parent of the removed leaf, and append the leaf
back with any orientation, giving us T . □

In fact, high −→χ is a powerful condition, and the question of which (induced) subgraphs it implies
will be the subject of Section 2.6.

Bound by gluing leaves

We present the strategy used in Burr’s (k−1)2+1 bound from [Bur80], in the language of [Add+13].
In the following, for any oriented tree T , let Out(T ) be the set of its out-leaves, and In(T ) be the
set of its in-leaves. The operation of “gluing” leaves used by Burr derives a universality bound for
T from a bound on T −Out(T ), as follows.

Lemma 2.5.10 (Burr ’80). If T is an oriented tree of order k, and T − Out(T ) (respectively
T − In(T )) is c-universal, then T is c+ 2k − 2-universal.

Proof. Take T to be a tree of order k, and assume T −Out(T ) is c-universal. Consider D to be any
digraph such that χ(D) ≥ c+ 2k − 2. We partition V (D) into two sets, letting Z be the subgraph
induced by the vertices of D for which d+ < k − 1, and X = V (D) \ Z. Then, by the handshaking
lemma, mad(D[Z]) ≤ 2(k − 2), so χ(D[Z]) ≤ 2k − 3. This means χ(D[X]) ≥ c + 1, which allows
us to find a copy T ′ of T − Out(T ) in X. Then, all vertices of this copy have out-degree at least
k − 1, and as long as |V (T ′)| ≤ k − 1, we can successively append out-leaves distinct from T ′ to
any vertex of T ′, which allows us to build a copy of T , see Figure 2.3. The proof is symmetrical for
in-leaves, by taking Z to be the subgraph induced by vertices v for which d−(v) < k− 1 instead. □

Gluing leaves successively through the above, Burr’s obtained the following quadratic bound [Bur80].
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{d+ < k − 1}{d+ ≥ k}

ZX

Figure 2.3: Gluing leaves to obtain T from T − Out(T ), deriving a universality bound for T . The
copy of T −Out(T ) is shown in black, and belongs to a subgraph X of high enough out-degree to
ensure all out-leaves (in blue) may be glued.

Corollary 2.5.11 (Burr ’80). Every oriented tree of order k is k2 − k-universal.

Proof. It is clear that the bound holds for k ≤ 2, letting us assume the result for some k ≥ 2 and
consider an oriented tree T of order k+1. If T contains an out-leaf, let T ′ = T−Out(T ), else T con-
tains an in-leaf and we let T ′ = T −In(T ). Now, |V (T ′)| ≤ k, so T ′ is k2−k-universal by induction,
and Lemma 2.5.10 yields that T is k2−k+(2(k+1)−2)-universal, thus (k+1)2−(k+1)-universal. □

The gluing operation in the proof of Lemma 2.5.10 was later refined in [Add+13] to obtain an
increase of 2k− 4. When deriving a bound through repeated application of this, the best outcomes
come for oriented trees with “low depth”, requiring few gluing of in-leaves or out-leaves to retrieve
the whole tree. In [Add+13], the authors define st(T ) to be the minimum number of such operations,
and obtain a O(k · st(T )) bound. Using this, they obtain a bound of k2 − 3k + 4 for all oriented
trees, improving on Burr’s bound, but still short of the 1

2 factor in the k2 term of Theorem 2.5.8.
Still, the directed path

−→
Pk requires k− 1 gluing operations, which attains the quadratic bound. On

the other hand, we know by Theorem 2.5.2 that directed paths only require chromatic number k,
and this is even true for paths with 2 blocks.

Towards gluing paths

In order to improve on the quadratic bound, it is then natural to ask for an operation gluing directed
paths.

Question 2.5.12. Is there some linear f(k) such that, if T is c-universal, then the tree obtained
from T by gluing a directed path of length k is c+ f(k)-universal?

Our main contribution in Chapter 3 is a positive answer to this question, obtained by deriving a
lemma to glue directed paths. This directly yields our linear bound for b-block paths Theorem 2.5.6
when b is fixed. Then, the combination of paths gluing and leaves gluing operations (according to
the number of leaves) allows us to derive a subquadratic bound for arborescences. We show a
corresponding gluing lemma for oriented paths, where f(k) is quadratic, but a simple tweak on the
induction allows us to show our general subquadratic bound for Conjecture 2.5.7.
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Theorem 2.5.13 (Bessy, R, Gonçalves ’25). Every oriented tree of order k is (8
√

2
15k
√
k+ 11

3 k+
√

5
6

√
k + 1)-universal.

2.5.4 Around Burr’s conjecture
In the spirit of Conjecture 2.4.7 for tournaments, Havet conjectured the following bound on the
universality of trees parameterized by number of leaves (see [DH21]).

Conjecture 2.5.14. Every oriented tree of order k with ℓ leaves is k + ℓ− 1-universal.

Considering the lack of even linear bounds for Burr’s conjecture, the most pressing open question
supporting the above would be Burr’s path conjecture (2.5.3).

A more promising direction for the time being is to look for weakenings of the conjecture. In
his thesis, Lochet [Loc18] proposed a subdivision variant of the conjecture by asking the following.

Conjecture 2.5.15 (Lochet ’18). There exists some C such that every digraph D with χ(D) ≥ Ck
contains every oriented tree of order k as a subdivision.

Note that the weakening of Conjecture 2.5.15 asking for immersions instead of subdivisions is
also of interest.

Towards improving on our subquadratic bound, an interesting direction, first proposed by
Addario-Berry et al. [Add+13], is to look for in-(out-)dominating sets with small χ. This would
generalize Theorem 2.4.8, for DAGs, to all digraphs. Already for tournaments, an easy inductive
argument yields the following.

Observation 2.5.16. Any tournament of order 2k admits in-dominating and out-dominating sets
of size at most k.

To our knowledge, the analogue question for digraphs has not been raised, motivating the
following generalization.

Conjecture 2.5.17 (Bessy, R, Gonçalves ’25). Every digraph D admits in-dominating and out-
dominating sets with chromatic number at most ⌈log(χ(D))⌉

This conjecture and the observation above would be tight, as Graham and Spencer have shown
Paley tournaments match this upper bound [GS71]. A direct corollary of the above, using the same
strategy as Theorem 2.4.8, would yield a k⌈log(k)⌉ bound for Burr’s conjecture.

Oriented cycles

As in the undirected case, we can only ask for orientations of cycles in terms of subdivisions. In
all generality, this is not possible for any cycle because of acyclic digraphs, as shown by Cohen et
al. [Coh+18b].

Theorem 2.5.18 (Cohen et al. ’18). For any c, b, there exists an acyclic digraph with chromatic
number c in which all oriented cycles have at least b blocks.

Nevertheless, the question becomes interesting again when considering strongly connected di-
graphs, thanks to the following result of Bondy [Bon76].
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Theorem 2.5.19 (Bondy ’76). Every strongly-connected digraph D such that χ(D) ≥ k contains
a subdivision of

−→
Ck.

Cohen et al. conjectured that any subdivision of oriented cycles may be obtained asymptoti-
cally [Coh+18b].

Conjecture 2.5.20 (Cohen et al. ’18). For every oriented cycle C, there exists f(C) such that
any strongly-connected digraph D such that χ(D) ≥ f(C) contains a subdivision of C.

They showed the above for 2-block cycles [Coh+18a], and Kim et al. derived an upper bound
on f(C) that is quadratic in |C| [Kim+18].

Induced subtrees

For subgraphs, it is already striking that an undirected parameter such as χ is able to force di-
rected substructures with roughly the same budget as it does undirected ones. How strong is
this behaviour? Is it possible to ask for induced oriented trees from high χ, given some sparsity
condition? Going back to asymptotic considerations, this is asking for a directed analogue of the
Gyárfás-Sumner conjecture (1.1.19). The most audacious way to do so is by saying an oriented tree
T is χ-bounding if there exists a function f such that induced-T -free digraphs with χ ≥ f(k) contain
a clique of order k. Then, we ask whether all oriented trees are χ-bounding. This generalization
was first considered by Kierstead and Trotter [KT92], which disproved it through the following.

Theorem 2.5.21 (Kierstead, Trotter ’92). There exist digraphs of arbitrarily large chromatic num-
ber with no triangles nor an induced copy of

−→
P4.

Their construction builds upon Zykov’s triangle-free graphs with large χ [Zyk49]. Another
negative answer had already been given by Gyárfás for the alternating (antidirected) path of length
4, by forbidding it within a certain orientation of shift graphs [Gyá89].

On the other hand, Chudnovsky et al. [CSS19] gave a positive answer for the two other orien-
tations of P4 (up to symmetry), as well as for oriented stars.

Theorem 2.5.22 (Chudnovsky et al. ’19). The following oriented trees are χ-bounding:

• Any orientation of a star,

•
−→
Q4 =→←←

•
−→
Q4

′ =←←→

The positive and negative answers above characterize all χ-binding oriented trees of order at
most 4. Yet there remain orientations of 5-vertex trees for which nothing is known, prompting the
following question.

Question 2.5.23. Give a full characterization of all χ-binding oriented trees.

In the following section, we bring hopes of a directed Gyárfás-Sumner conjecture back with
dichromatic number.
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2.6 Subdigraphs from high dichromatic number
In this section, we are concerned with obtaining (induced) subdigraphs from large dichromatic
number. We investigate the question for (non-induced) subdigraphs and subdivisions in Subsec-
tion 2.6.1. Then, we consider the induced subdigraphs of tournaments in Subsection 2.6.2, and
those of dense classes Subsection 2.6.3. Then, Subsection 2.6.1 looks at the general case, with much
less history, and we lay there the ground for our contributions in Chapter 4.

2.6.1 Subdigraphs and subdivisions
Note that if −→χ ≥ k, then χ ≥ k as well as δ+, δ− ≥ k− 1, so all previous results about subdigraphs
from high χ or high degrees apply. In Subsection 2.2.2, we mentioned an obstacle to cycles for
degree variants. This is in fact an obstacle for −→χ in the first place, as shown by Harutyunyan and
Mohar [HM12].

Theorem 2.6.1 (Harutyunyan, Mohar ’12). There exists digraphs with arbitrarily large (undirected)
girth and dichromatic number.

This completely settles the question: only oriented trees may be obtained, and the bound of−→χ ≥ k for trees of order k is tight.
If we ask for more than trees contained as subdivisions, Mader’s Conjecture 2.2.10 for out-degree

would imply any TTk for high −→χ . Still, dichromatic number proves to be significantly stronger, as
witnessed by the following result by Aboulker et al. [Abo+19].

Theorem 2.6.2 (Aboulker et al. ’19). For any digraph H on n vertices and m arcs, any digraph
D such that −→χ (D) ≥ 4m(n− 1) + 1 contains a subdivision of H.

2.6.2 Subtournaments in tournaments
The first results dealing with induced subdigraphs from high −→χ were obtained by Berger et
al. [Ber+13], by considering subtournaments of high −→χ tournaments. There, we already know
large −→χ yields all acyclic digraphs asymptotically (because high χ does). If we want to ask for
more, observe that −→χ ≥ 2 already guarantees

−→
C3 as a subgraph. Let us say a tournament H is a

hero if the class of tournaments forbidding H has bounded dichromatic number. Equivalently, these
are the tournaments forced by sufficiently large −→χ , within the class of tournaments. The authors
of [Ber+13] fully characterize heroes in tournaments by an inductive description.

2.6.3 Subdigraphs in dense digraphs
Before considering general digraphs, it is natural to investigate our question for a class sparser
than tournaments, but still dense in some sense. Aboulker, Charbit and Naserasr asked for the
subgraphs (superheroes) forced by high −→χ in classes of bounded independence number α. Of
course, these subgraphs should include all heroes, as α = 1 for tournaments, but we may expect
more. This question was completely settled by Harutyunyan, Le, Newman and Thomassé [Har+17],
who showed that we cannot ask for more: the subdigraphs of high −→χ and bounded α graphs are
exactly the heroes of [Ber+13].
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2.6.4 Induced subdigraphs: extending the Gyárfás-Sumner conjecture
Adapting the (undirected) ideas of [CS14], a set F of digraphs is called heroic if the class of (induced)
F-free digraphs has bounded dichromatic number. Now, every heroic set F must contain a digraph
containing a digon, else F-free digraphs would contain all bidirected graphs. Moreover, F should
also contain some oriented graph, otherwise all oriented graphs would be allowed. We are far from a
characterization such as the one in [Ber+13] for all digraphs, but partial results have been obtained
for more general subclasses, see [AAC24, AAS22, Car+25].

Going back to the root of these questions, we should ask for a directed variant of the Gyárfás-
Sumner conjecture. Recall that this fails for χ because of directed and alternating orientations of
P4 (see Theorem 2.5.21). Aboulker, Charbit and Naserasr initiated the study of directed analogues
using −→χ in [ACN21]. For a purely directed analogue, they consider only oriented graphs, which
translates as looking for heroic sets F containing

←→
K2. It is easy to see that the only heroic set of

size 2 is F = {←→K2,
−→
K2}, so we are interested in heroic sets F of size three. Our set F should also

include some fixed hero, which we call H, for otherwise F-free graphs would contain tournaments
with arbitrarily large −→χ . For the third member, note that Theorem 2.6.1 forces us to choose an
oriented forest F . In [ACN21], the authors show that if such a set {←→K2, H, F} is heroic, then either
F is the disjoint union of oriented stars, or H is a transitive tournament. They conjectured the
converse holds, but taking F to be the union of K1 and

−→
P2, Aboulker et al. [AAC24] disproved that

all heroes H bound −→χ .
Therefore, we are interested in the surviving part of the conjecture, when H is a transitive

tournament, and F can be any oriented forest. Recall that forbidding TTk also forbids any tour-
nament of order more than 2k, which motivates the following analogue of χ-boundedness. We
define a class of digraphs D as −→χ -bounded if there exists a function f such that every D ∈ D
satisfies −→χ (D) ≤ f(ω(D)). We say a digraph H is −→χ -bounding if the class of H-free oriented
graphs is −→χ -bounded. We are now ready to state the surviving part of the conjecture in terms of−→χ -boundedness.

Conjecture 2.6.3 (Aboulker, Charbit, Naserasr ’21). Every oriented forest is −→χ -bounding.

Every χ-bounding digraph is −→χ -bounding, meaning the conjecture holds for oriented stars, as
well as →←← and ←←→ (see 2.5.4). In support of Conjecture 2.6.3, the authors showed the case
k = 4 and F =

−→
P4, through their definition of a tool called dipolar sets. A result of Steiner [Ste23]

also shows the conjecture for k = 3 and F =
−→
A4, the alternating (antidirected) orientation of P4.

The first open cases for general k are the two orientations of P4 that are exactly the non χ-bounding
4-vertex oriented trees. Our main contribution in Chapter 4, crucially reliant on dipolar sets, is a
proof of Conjecture 2.6.3 for

−→
P4 and

−→
A4, achieving to settle the question for orientations of P4.

Theorem 2.6.4 (Cook, Masařík, Pilipczuk, R., Souza ’20). All orientations of P4 are −→χ -bounding.

We note that following our result, Aboulker et al. [Abo+24] showed the result for
−→
P6 and k = 3.

The conjecture is still widely open, and it is not known in general for any oriented tree on order at
least 5 other than stars. In particular, we lack an analogue of the famous Gyárfás path argument
(Theorem 2.3.4), and the case of

−→
Pn is still open.
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Infinite heroic sets

For any finite list of digraphs D1, D2, . . . , Dk, if the class of (D1, D2, . . . , Dk)-free oriented graphs
is −→χ -bounded, at least one Di is an oriented forest. Indeed, otherwise recalling Theorem 2.6.1,
digraphs with sufficiently large girth and arbitrary −→χ would forbid (Di)i. One might ask whether
the situation changes when the list of forbidden digraphs is infinite. We list some results related to
this:

• In [Car+23], Carbonero, Hompe, Moore, and Spirkl provided a construction for oriented
graphs with clique number at most three, arbitrarily high dichromatic number, and no induced
directed cycles of odd length at least 5. They use this to show that there exist graphs G with
arbitrarily large chromatic number such that every induced triangle-free subgraph of G has
chromatic number at most four, disproving a well-known conjecture, attributed to Esperet
in [SS20a].

• In [ABV22], Aboulker, Bousquet, and de Verclos showed that the class of chordal oriented
graphs, that is, oriented graphs forbidding induced directed cycles of length greater than
three, is not −→χ -bounded, answering a question posed in [Car+23].

• In [Car+22], Carbonero, Hompe, Moore, and Spirkl extended the result of [Car+23] to t-
chordal graphs. A digraph is t-chordal if it does not contain an induced directed cycle of length
other than t. In [Car+22] the authors showed that t-chordal graphs are not −→χ -bounded, but
t-chordal

−→
Pt-free graphs are −→χ -bounded.

2.6.5 More directed analogues of Gyárfás-Sumner
Considering the apparent hardness of Conjecture 2.6.3, it is natural to relax the question by asking
whether forbidding a forest in the underlying graph, or equivalently, all orientations of a given
forest, yields a −→χ -bounded class. Let us define the dichromatic number −→χ (G) of an undirected
graph G as the maximal dichromatic number over all its orientations. Because −→χ (G) ≤ χ(G), the
question above also weakens the Gyárfás-Sumner conjecture to the following, which was asked by
Aboulker at various workshops [Abo25].

Conjecture 2.6.5 (Aboulker). For any tree T and any integer k, there exists some cT,k such that
any graph G with −→χ (G) ≥ cT,k contains either an induced T , or Kk.

Let us now recall an intriguing conjecture of Erdős and Neumann-Lara [Erd79b] below.

Conjecture 2.6.6 (Erdős, Neumann-Lara ’79). There exists a function f such that if a graph G
satisfies −→χ (G) ≤ k then, χ(G) ≤ f(k).

With our definitions above, this would yield that for any graph G, −→χ (G) ≤ χ(G) ≤ f(−→χ (G)). In
turn, we remark that proving Conjecture 2.6.6 would yield an equivalence between Conjecture 2.6.5
and the Gyárfás-Sumner conjecture.

On a different note, another variant of the Gyárfás-Sumner conjecture was recently proposed
for tournaments by Aboulker et al. in [Abo+23]. Their definitions rely on “backedge” graphs of
tournaments, which are (undirected) graphs obtained by ordering V (T ) and considering only edges
going backwards. The motivating observation behind considering this is that −→χ (T ) is equal to the
minimum of χ over all backedge graphs of T . The authors define the clique number −→ω (T ) of T as
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the minimum clique number of its backedge graphs, and conjecture the following, after proving the
converse direction.

Conjecture 2.6.7 (Aboulker et al. ’23). For any tournament H admitting a backedge graph that is
a forest, and any integer k, there exists some ck,H such that every tournament T with −→χ (T ) ≥ ck,H
either contains H, or satisfies ω(T ) ≥ k.

2.7 When χ exceeds degrees: Brooks analogues
This section treats analogues of Brooks’s theorem, introducing the problematics towards Chapter 5.
In the previous sections, we asked for substructures guaranteed across all (di)graphs whenever χ
or −→χ exceeds some fixed value. Here, we aim at understanding the structure of (di)graphs with
high chromatic number, or variants of it, in a much stronger sense: when it exceeds their maximal
degree. Such a requirement typically not only forces certain subgraphs, but ensures the whole graph
is one of a few “obstructions”.

For undirected graphs and usual colouring, our question is answered exactly by Brooks’s the-
orem, which (slightly restated) says that χ > ∆ implies the whole graph is either a clique or an
odd cycle. Our goal here will be to obtain analogues of this statement for more general colourings.
From now on, we frame this as looking for generalizations of Brooks’s theorem, as answers to the
following (very) broad question.

Question 2.7.1. What colouring budget, in terms of degree(s), ensures “colourability” except for a
finite set of characterizable obstructions?

Brooks’s analogues were obtained as answers to the above for various colouring notions, and
this is an active line of research, especially following the introduction of new colouring variants.
The proofs of these analogues usually imply the existence of a polynomial-time algorithm to either
produce the required colouring, or decide it does not exist. Nevertheless, linear-time algorithms are
known only for a few cases. Throughout this section, linear means O(m), as the input size is the
size of teh graph.

The very nature of our question, asking for an exact characterization of obstructions to colouring
with an “almost maximal” budget, does not lend itself to incremental progress. Indeed, Brooks’s
analogues have been historically proved in full, and research progresses rather by showing analogues
for increasingly general notions. We distinguish different generalizing directions, for each, we intro-
duce both the undirected and directed Brooks’s analogues, and associated algorithms. We begin
in Subsection 2.7.1 by recalling Brooks’s theorem for χ and ∆, as well as its (directed) analogue
for −→χ and ∆max, digressing on extensions orthogonal to Question 2.7.1. In Subsection 2.7.2, we
investigate a first type of generalization, studying analogues for list colourings and dicolourings.
Then, a different direction is explored in Subsection 2.7.3 with analogues for the colouring variant
given by degeneracy partitions. We unite these two analogues in Subsection 2.7.4 through variable
degeneracy partitions. Presenting directed generalizations of the latter is the object of Chapter 5,
where we introduce “bivariable” degeneracy partitions.

2.7.1 Brooks’s theorem for (di)colourings
Let us start by recalling Brooks’s theorem [Bro41], which stands as one of the most fundamental
results in structural graph theory. For a comprehensive literature, we refer the interested reader to
the recent book on the topic by Stiebitz, Schweser and Toft [SST24].
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Theorem 2.7.2 (Brooks ’41). If G is connected, then χ(G) ≤ ∆(G) + 1, and equality holds if and
only if G is an odd cycle or a clique.

Algorithmically, deciding between chromatic number ∆ and ∆ + 1 is one of the few restric-
tions of k-colourability that is solvable in polynomial-time. Indeed, the original proof of Brooks’s
theorem can be adapted into a quadratic-time algorithm to construct such a ∆-colouring when it
exists. Later, Lovász provided a simpler proof [Lov75], which leads to a linear-time algorithm, as
shown by Baetz and Wood [BW14]. An alternative linear-time algorithm was also given by Skul-
rattanakulchai [Sku06]. If we ask the (less restrictive) question of producing a (∆ + 1)-colouring,
this can be done in linear time. Moreover, Assadi et al. have recently broken the linearity barrier
for several models of sublinear algorithms [ACK19].

In the directed case, a similar behaviour is exhibited by dichromatic number with respect to
∆max. We know χ ≤ ∆max + 1, and let us recall the directed analogue obtained by Harutyunyan
and Mohar [HM11].

Theorem 2.7.3 (Harutyunyan and Mohar ’12). Let D = (V,A) be a connected digraph. Then

−→χ (D) ≤ ∆max(D) + 1

and equality holds if and only if D is a directed cycle, a bidirected odd cycle, or a biclique.

The constructive proof of the result yields a linear-time algorithm, as shown in [HM11]. In
the special case of oriented graphs, the strengthening of Theorem 2.7.3 for −→χ (D) and ∆min of
Picasarri-Arrieta [Pic24b] admits a linear-time algorithm for finding a dicolouring of D using at
most ∆min if it exists.

More than degrees

Apart from degrees, Brooks’s analogues have also been obtained by generalizing constraints on ∆
to connectivity conditions. For example, Aboulker et al. [Abo+17] studied an edge-connectivity
variant, eventually settled by Stiebitz and Toft [ST18]. The generalization to arc-connectivity was
obtained Aboulker et al. [AAC23].

Another interesting conjecture, proposed by Reed [Ree98], sits midway between the ∆+1 bound
for χ and χ-boundedness.

Conjecture 2.7.4 (Reed ’98). For any graph G, χ(G) ≤ ⌈(∆(G) + ω(G) + 1)/2⌉.

Reed first showed the existence of an ϵ > 0 such that a χ ≤ (1−ϵ)(∆+1)+ϵω, but the conjecture
stands to this day. The conjecture was generalized to dichromatic number by Kawarabayashi and
Picasarri-Arrieta [KP25], who proved an analogue to the above.

2.7.2 List-(di)colouring analogues
One of the first colouring variants considered for a generalization of Brooks’s theorem are list colour-
ings. We present the existing analogues of Brooks’s in the case of list colourings and dicolourings,
and we will see obstructions to colourability are now formed by “gluing” obstructions presented in
the last subsection.

Given a graph G, a list assignment L is a function that associates a list of “available” colours to
every vertex of G. An L-colouring of G is then a proper colouring α of G such that α(v) ∈ L(v) for
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Figure 2.4: A directed Gallai tree, with a list assignment L satisfying |L(v)| ≥ max(d+(v), d−(v))
at each vertex v, and yielding an obstruction to Theorem 2.7.6.

every vertex v. Instantiating Question 2.7.1, the natural extension of Brooks’s theorem here is to
ask when |L(v)| ≥ d(v) for all v is a sufficient condition for an L-colouring. Such a characterization
was given independently in 1979 by Borodin [Bor79], and Erdős, Rubin and Taylor [Erd79a]. The
graphs for which this condition is not sufficient are Gallai trees, which are connected graphs in
which every maximal biconnected subgraph, or block , is either a complete graph or an odd cycle.

Theorem 2.7.5 (Borodin [Bor79] ; Erdős, Rubin, Taylor [Erd79a]). Let G = (V,E) be a connected
graph and L be a list assignment of G such that, for every vertex v ∈ V , |L(v)| ≥ d(v). If G is not
L-colourable, then G is a Gallai tree and |L(v)| = d(v) for every vertex v.

This result actually generalizes Brooks’s theorem by setting L(v) = [∆] for every v ∈ V (G), and
noting a minimum counter-example cannot admit a 1-separator. The procedures given in the proofs
leads to polynomial time algorithms, but the first linear-time algorithm finding such a colouring
was given by Skulrattanakulchai [Sku06].

In the directed case, Theorem 2.7.3 from [HM11] was in fact already shown for list dicolourings.
The obstructions in this case are analogue to the undirected version. A directed Gallai tree is a
digraph in which every block is a directed cycle, a bidirected odd cycle or a bidirected complete
graph, see Subsection 2.7.2. Given a list assignment of a digraph D, an L-dicolouring α is a
dicolouring of D such that α(v) ∈ L(v) holds for every vertex v of D.

Theorem 2.7.6 (Harutyunyan and Mohar [HM11]). Let D = (V,A) be a connected digraph and L
a list assignment of D such that |L(v)| ≥ max(d+(v), d−(v)) holds for every vertex v ∈ V . If D is
not L-dicolourable, then D is a directed Gallai tree.

This also generalizes Theorem 2.7.5, and it is shown in [HM11] that such a colouring may be
found in linear O(m) time when it exists.

2.7.3 Degeneracy partitions
Another generalization of colouring for which an analogue of Brooks’s theorem has been obtained
relaxes the independence of colour classes to a bounded degeneracy condition. This is sensible as
independent sets are exactly 0-degenerate graphs. We present the analogue for undirected graphs,
as the directed variant was only obtained from a stronger result presented in the next subsection.
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Let P = (p1, . . . , ps) be a sequence of positive integers. A graph G is P -colourable if there exists
an s-colouring α of G such that, for every i ∈ [s], the subgraph of G induced by the colour class
α−1(i) is (pi − 1)-degenerate. When p1 = · · · = ps = 1, observe that a P -colouring is exactly a
proper s-colouring. Borodin [Bor76], and Bollobás and Manvel [BM79] independently proved the
following.

Theorem 2.7.7 (Borodin [Bor76] ; Bollobas and Manvel [BM79]). Let G be a connected graph
with maximum degree ∆ and P = (p1, . . . , ps) be a sequence of s ≥ 2 positive integers such that∑s

i=1 pi ≥ ∆. If G is not P -colourable, then
∑s

i=1 pi = ∆ and G is a complete graph or an odd
cycle.

Brooks’s theorem follows from Theorem 2.7.7 by setting s = ∆ and pi = 1 for every i ∈ [∆].
In terms of complexity, the proofs of [Bor76] and [BM79] provide at best cubic algorithms, which
were recently improved to a linear-time algorithm by Corsini et al. [Cor+23].

2.7.4 Variable degeneracy
We have seen two orthogonal directions for generalizing Brooks’s theorem: list colouring and de-
generacy partitions. One can naturally expect an even more general theorem subsuming both
Theorems 2.7.5 and Theorem 2.7.7. Such a result was obtained by Borodin, Kostochka, and Toft
through the introduction of variable degeneracy [BKT00].

Let G = (V,E) be a graph and f : V −→ N be an integer-valued function. We say that G is
strictly-f -degenerate if every subgraph H of G contains a vertex v satisfying dH(v) < f(v). Let
s ≥ 1 be an integer and F = (f1, . . . , fs) be a sequence of integer-valued functions. The graph G
is F -colourable if there exists an s-colouring α of G such that, for every i ∈ [s], the subgraph of G
induced by the vertices coloured i is strictly-fi-degenerate. Then, the authors consider instances
(G,F ) where for every vertex v ∈ V (G),

∑s
i=1 fi(v) is at least d(v), which can be seen as allowing a

“colour budget”. They give an explicit recursive characterization of hard pairs, instances satisfying
the above condition that are not F -colourable. Informally, these instances are a generalization of
Gallai trees, where some “monochromatic” blocks are allowed, and in which the condition above
is tight in every vertex. In [BKT00], the authors prove the following theorem, generalising both
Theorems 2.7.5 and 2.7.7.

Theorem 2.7.8 (Borodin, et al. ’00). Let G be a connected graph and F = (f1, . . . , fs) be a
sequence of integer-valued functions such that, for every vertex v ∈ V (G),

∑s
i=1 fi(v) ≥ d(v). Then

G is F -colourable if and only if (G,F ) is not a hard pair.

Note that Theorem 2.7.7 for degeneracy partitions can be obtained from the result above by
setting fi to the constant function equal to pi for every i ∈ [s]. This is also the case of list-colouring,
where a list assignment L can be simulated by setting fi(v) to 1 when i ∈ L(v), and 0 otherwise,
generalizing Theorem 2.7.5. While these two previous specializations admit linear-time algorithms,
this is not the case for Theorem 2.7.8.

Let us also mention that Theorem 2.7.8 has been extended to hypergraphs, see [SS21a, SS21b],
as well as to correspondence colouring, see [KSS23].

Directed analogues of variable degeneracy

Our main concern in Chapter 5 is with generalizations of Theorem 2.7.8 to digraphs, which would
yield all analogues presented so far as special cases. While degeneracy is a clear notion in the
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undirected case, there are multiple ways of defining directed degeneracy variants. The first general-
ization using a directed variable degeneracy notion was introduced by Bang-Jensen et al. [BSS22],
and we give its full definition in Chapter 5. Here, our initial motivation is the fact that in both this
analogue and Theorem 2.7.8, the algorithms producing colourings or certifying the obstructions are
quadratic at best.

Our goal is to obtain a linear algorithm for these two variants, matching those for weaker ana-
logues. Towards this, we define a variant of degeneracy for digraphs, dubbed variable bidegeneracy .
Based on this notion, we introduce F -dicolourings, which are partitions into digraphs satisfying
bivariable degeneracy constrains. This generalizes the colouring variant considered in [BSS22], and
all others in turn. We answer Question 2.7.1 for our notion, with a corresponding Brooks analogue
having the same obstructions as [BSS22]. Moreover, we provide a linear-time algorithm either out-
putting a partition, or certifying through a hard pair that none exist. Restricting this to previous
notions yields linear-time algorithms in all cases, and in particular for (directed) variable degeneracy
analogues [BSS22, BKT00].



Chapter 3

Oriented trees
in O(k

√
k)-chromatic digraphs

This chapter presents our subquadratic bound for Burr’s conjecture, fol-
lowing the introduction given in Section 2.5. It is based on joint work with
Stéphane Bessy and Daniel Gonçalves, appearing in [BGR24].
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3.1 Introduction
Recall a digraph is c-universal for some value c > 0 if every digraph with chromatic number at
least c contains it as a subdigraph. We have seen that this can only be expected of oriented trees,
and recall Burr’s conjecture [Bur80].

Conjecture 2.5.7 (Burr ’80). Every oriented tree of order k is (2k − 2)-universal.

60
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The existence of a k(k−1) universality bound was shown by Burr, and improved to (k
2

2 − k
2 +1)

by Addario-Berry, Havet, Linhares-Sales, Reed and Thomassé [Add+13]. Our main result is the
first subquadratic bound for Burr’s conjecture, in the following form (with 8

√
2/15 ≃ 2.92).

Theorem 3.1.1. Every oriented tree of order k is (8
√

2
15k
√
k + 11

3 k +
√

5
6

√
k + 1)-universal.

Moreover, we give improved functions for the case of arborescences, showing in Theorem 3.3.4
that they are (

√
4/3 · k

√
k + k/2)-universal (where

√
4/3 ≃ 1.15).

Generalizing the famous Gallai-Roy-Hasse-Vitaver Theorem 2.5.2, saying
−→
Pk is k-universal, much

research went into showing the Burr’s conjecture, or at least linear bounds, for b-blocks paths.
The conjecture has only been settled for 2-block paths, with a bound of k, by Addario-Berry et
al. [AHT07], and linear bounds have been obtained for paths with 3 or 4 blocks [El 22, EG24]. We
provide the first general linear bounds, with b fixed, for paths with b blocks.

Theorem 3.1.2. For b ≥ 2, every oriented path of order k with b blocks is ((b − 1)(k − 3) + 3)-
universal.

Along the way, this settles the conjecture for 3-block paths, giving us a bound of 2k − 3. For
larger values, we improve this bound to (b+3)

2 k in Theorem 3.3.3.

3.1.1 Overview
Recall that both [Bur80] and [Add+13] showed quadratic universality bounds by induction on the
order of trees, gluing (appending) leaves at each step to derive a new bound increasing only by
k. We will extensively rely on the leaf gluing lemma from [Add+13], which we introduce in the
following section. The cornerstone of our contributions is the establishment of such a gluing lemma
appending oriented paths, and an improved version for directed paths. We leverage this in the
following win-win strategy when deriving universality bounds for some T by induction. If T has
many leaves (more than O(

√
k)), we apply the gluing lemma of [Add+13] to the tree obtained by

removing the leaves of T . Otherwise, we observe T is decomposable into few oriented paths, which
we can glue one by one a limited number of times through our path gluing lemma.

In Section 3.2, we introduce various technical tools, and the gluing lemma for leaves. In Sec-
tion 3.3, we prove our gluing lemma for directed paths. There, we derive our (b+3)

2 k and (b−1)(k−
3)+3 bounds for b-block paths in Theorems 3.1.2 and 3.3.3, as well as the

√
4/3 ·k

√
k+O(k) bound

for arborescences in Theorem 3.3.4. Then, in Section 3.4, we prove our gluing lemma for oriented
paths and derive Theorem 3.1.1, showing that oriented trees of order k are 8

√
2/15 · k

√
k +O(k)-

universal. The proofs for arborescences and general oriented trees follow the same approach, with
only the technical lemmas differing in nature.

3.2 Preliminaries
When clear from the context, we use “tree” or “path” to refer to an oriented tree or oriented path.

3.2.1 Rooted universality in DAGs
Given a digraph D, an in-kernel (respectively out-kernel) of D is an independent K set that
in-dominates (respectively out-dominates) D. That is, every vertex in V (D) − K admits an in-
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neighbour (respectively out-neighbour) in K. It is well-known that DAGs admit both an in-kernel
and an out-kernel [vMR44].

The following lemma is an easy “rooted” extension of Theorem 2.4.8, from [Add+13]. For the
sake of completeness, we provide its proof below.

Lemma 3.2.1. Let T be an oriented tree of order k, and D be a directed acyclic graph such that
χ(D) ≥ k, then D contains T . Moreover, rooting T in any vertex r, D admits a partition (X,K)
of its vertex set with χ(D[K]) ≤ k− 1 and such that for every vertex x of X, there exists a copy of
T in D where r is identified to x and all other vertices of T lie in K.

Proof. We prove the stronger second statement by induction on k. If k = 1, then we choose
X = V (D) and K = ∅. Now, consider k > 1 and a tree T on k vertices with root r. As k > 1, there
exists a leaf l in T different from r. Denote T \{l} by T ′ and let l′ be the (only) neighbour of l in T .
Without loss of generality, we can assume that l′ is an in-neighbour of l. Let K0 be an in-kernel of
D, which exists as D is acyclic. Since K0 is independent, χ(D\K0) ≥ k−1, for otherwise colouring
K0 with a single colour would yield χ(D) ≤ k − 1. Then, the induction hypothesis provides a
partition (X ′,K ′) of V (D \K0) for the tree T ′. Now, let us show that (X = X ′,K = K ′ ∪K0) is
the desired partition of D for T .

First, note that χ(D[K]) ≤ χ(D[K ′]) + χ(D[K0]) ≤ (k − 2) + 1 = k − 1. Moreover, for any
vertex x in X, there exists a copy of T ′ in D \K0 where r is identified to x and the other vertices
of T ′ lie in K ′. In particular l′ is in K ′ and as K0 is an in-kernel of D, l′ has an out-neighbour in
K0 to which we can identify l. □

3.2.2 Gluing leaves
We state the gluing lemma from [Add+13], improving on the one of Burr (Lemma 2.5.10). Let u
be a leaf of T and consider u′ its unique neighbour in T . Recall Out(T ) (resp. In(T )) refer to the
set of all the out-leaves (resp. in-leaves) of T .

Lemma 3.2.2 (Addario-Berry et al. ’13). For k ≥ 3, let T be an oriented tree of order k other than
S+
k or S−

k . If T −Out(T ), respectively T − In(T ) is c-universal, then T is (c+ 2k − 4) universal.

The next corollary follows by performing two gluing operations in a row, one for Out(T ) and
one for In(T ).

Corollary 3.2.3. For k ≥ 3, let T be an oriented tree of order k other than S+
k or S−

k . Let L(T )
denote the set of all leaves of T . If T − L(T ) is c-universal, then T is (c+ 4k − 9)-universal.

Proof. We may assume without loss of generality that T has at least one out-leaf, dealing with
the case where T has at least in-leaf symmetrically. Our goal is to apply two gluing operations in
a row, once for the out-leaves, then once for the in-leaves. Before being able to do so, we must
take care of the case where T − Out(T ) is an in-star or an out-star. In this case, recall Burr’s
conjecture holds, and since T has an out-leaf, |T − Out(T )| ≤ k − 1, yielding that T − Out(T ) is
2(k − 1) − 2 = 2k − 4-universal. In turn, Lemma 3.2.2 yields that T is 4k − 8-universal. Since
T − L(T ) consists of a single vertex, which is 1-universal, T satisfies the lemma.

We may now assume T ′ = T − Out(T ) is neither an out-star nor an in-star. Then, we let T ′′

denote the tree T ′ − In(T ′). Observe T ′′ is a subgraph of T − L(T ), so any digraph containing
a copy of T − L(T ) contains a copy of T ′′. Therefore, T ′′ is c-universal, and since |T ′| ≤ k − 1,
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Lemma 3.2.2 yields that T ′ is (c + 2k − 6)-universal. Applying the same lemma again on T , with
|T | = k, we conclude that T is (c+ 4k − 10)-universal, achieving to show the result. □

3.2.3 Decomposing trees into paths
The following decomposition of a tree into paths is rather classical, we prove it for the sake of
completeness. Here, we state the lemma in terms of undirected trees. We will later apply it to
oriented trees, and when doing so, we are implicitly decomposing the underlying tree into paths,
and assume the paths given by the decomposition preserve their initial orientation. Let T be an
undirected tree, rooted in some vertex r. A path P = v1, . . . , vℓ of T is descending if vi is the
parent of vi+1 in T for i = 1, . . . , ℓ− 1. Then, we consider v1 as the beginning of P .

Lemma 3.2.4. Let T be an undirected rooted tree with p leaves. Then, there exist p descending
paths P1, . . . , Pp of T such that for every i ∈ [1, p− 1] the path Pi+1 and Ti =

⋃i
j=1 Pj intersect in

the vertex beginning Pi+1, and T = Tp =
⋃p

j=1 Pj.

Proof. Let us denote the leaves of T as (l1, ..., lp). First, we define P1 as the path from the root r
of T to l1, which contains no other leaf. Then, assume we have defined descending paths P1, . . . , Pi

for i < p satisfying the conditions of the lemma. Assume also that Ti =
⋃i

j=1 Pj contains exactly
leaves (lj)j≤i, and in particular li+1 /∈ Ti. We consider the descending path P ′

i+1 from r to li+1,
noting r ∈ Ti, li+1 /∈ Ti, and Ti is a subtree of T . This allows us to define Pi+1 as the subpath of
P ′
i+1 beginning at the last vertex in Ti, and ending in li+1. Then, Ti and Pi+1 only intersect in the

vertex beginning Pi+1, and Ti+1 = Ti ∪ Pi+1 contains exactly (lj)j≤i+1. When this process ends,
we have defined p paths P1, . . . , Pp, such that Tp =

⋃p
j=1 Pj = T . □

3.3 Arborescences and b-block paths
In this section, we tackle the universality of arborescences and paths with b blocks. Consider a
tree T ′ for which we have a universality bound c′. Our goal is to obtain a universality bound
for the tree T obtained by gluing a directed path of length ℓ to some vertex in T ′. It turns out
that gluing directed paths as such is considerably cheaper, in terms of the increase on the bound,
than gluing arbitrary orientations of paths. This gives us improved bounds for arborescences and
b-blocks paths, and more generally for any oriented tree that decomposes into few directed paths.

3.3.1 Gluing a directed path
We first show a technical result, which provides us with all the structure required to prove the
gluing lemma for directed paths.

Lemma 3.3.1. For every integer ℓ ≥ 0, and every oriented graph D, there exists a partition of
V (D) into sets X,Y, Z such that:

(X) Every vertex x ∈ X admits both an in-neighbour y− and an out-neighbour y+ in Y ,

(Y) D[Y ] is a DAG, and every sink of D[Y ] is the beginning of a directed path of length ℓ whose
remaining vertices are all in Z.
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(Z) χ(D[Z]) ≤ ℓ.

Symmetrically, there also exists a partition (X,Y, Z) for D satisfying (X), (Z) and the following
in place of (Y ):

(
←−
Y ) D[Y ] is a DAG, and every source of D[Y ] is the endpoint of a directed path of length ℓ whose

other vertices are all in Z.

Proof. We show how to obtain the first partition, proceeding by induction on ℓ, which will also
yield the result for the second partition. Indeed, to obtain the second partition, it suffices to reverse
all the arcs of D and consider the first partition on the resulting digraph.

For ℓ = 0, let Z = ∅, let Y be the vertex set of a maximal induced acyclic subdigraph of D,
and let X = V (D) \ Y . Properties (Y) and (Z) hold trivially. For property (X), note that by
maximality of Y , for any vertex x ∈ X the graph D[Y ∪ {x}] contains a cycle passing through x.
The neighbours y−, y+ of x on the cycle belong to Y , which yields property (X).

Assume by induction that the lemma holds for a fixed ℓ ≥ 0, and let us denote X ′, Y ′, Z ′ the
corresponding subsets of V (D). We will build X,Y, Z satisfying the lemma for ℓ+ 1, and refer the
reader to Figure 3.1 for a sketch of the construction. Informally, in trying to satisfy (Y), we transfer
sinks S′ of Y ′ to Z ′, defining Z. Then, to satisfy (X), we transfer vertices from X ′ to the remaining
vertices of Y ′, defining Y , after which X consists of the vertices left in X ′. We then argue that
the sinks S of Y admit an out-neighbour in S′, allowing us to extend the directed path given by
induction by an arc.

Let S′ ⊆ Y ′ be the set of sinks in D[Y ′], shown in darker red, note that S′ is a stable set in
D[Y ′], and thus also in D. Letting Z = Z ′ ∪ S′, we then have χ(D[Z]) ≤ χ(D[Z ′]) + 1 ≤ ℓ + 1,
satisfying (Z).

We now turn to defining Y and X. Consider the subdigraph D[Y ′ \ S′], depicted in lighter
green, which is acyclic since D[Y ′] is. We define Y as a vertex set containing Y ′ \ S′, and which
induces a maximal directed acyclic graph in D[V \ Z]. Then, we let X = X ′ \ Y . The set Y
can be obtained by starting with Y = Y ′ and iteratively adding vertices of X ′ (shown in darker
green), while maintaining that D[Y ] is acyclic. After having considered all the vertices of X ′, we
are guaranteed that for every x ∈ X, there is a cycle going through x in D[Y ∪{x}]. The neighbours
y−, y+ of x on the cycle belong to Y , which yields property (X).

We now turn to property (Y), letting S ⊆ Y be the set of sinks in D[Y ]. Recall Y = (Y ′ \
S′)∪ (Y ∩X ′), and let us first show that S ⊆ Y ′ \ S′, meaning none of the sinks of D[Y ] belong to
X ′. Indeed, consider any x′ ∈ Y ∩X ′, and note the vertex y′+ ∈ Y ′ given by property (X’) must
belong to Y ′ \ S′. This is because of our assumption that D is oriented, so y′+ ̸= y′−, and the
y′+y′−-directed path then ensures that y′+ is not a sink of D[Y ′]. Hence, x′ has an out-neighbour
y′+ in Y ′ \ S′ ⊆ Y , meaning it is not a sink of D[Y ].

We have just shown that sinks S of D[Y ] are sinks of D[Y ′ \ S′]. Since these vertices are not
sinks in D[Y ′], they must have an out-neighbour in S′. By induction, all such out-neighbours are
the beginning of a directed path of length ℓ whose remaining vertices are in Z ′. Therefore, every
vertex in S is the beginning of some directed path of length ℓ+ 1, whose remaining vertices are all
in Z = Z ′ ∪ S′, ensuring (Y). □

We are now ready to prove the gluing lemma for directed paths.

Lemma 3.3.2. Let T ′ be an oriented tree of order k′ ≥ 1, and let T be the oriented tree obtained
by appending a directed path of length ℓ from any of its endpoints to some vertex of T ′. If T ′ is
c′-universal, then T is (c′ + k′ + 2ℓ− 3)-universal.
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Figure 3.1: The partition of V (D) into sets X ′, Y ′, Z ′. The next step of the induction yields
partition X,Y, Z, shown in grey, green, and red respectively. DAGs D[Y ′] and D[Y ] are layered
such that all arcs go from left to right. The sinks S′ of D[Y ′] begin a directed path of length ℓ
continuing in Z ′, in dash-dotted. Then, the sinks S of D[Y ] begin a directed path of length ℓ + 1
continuing in Z.

Proof. Let T ′ be any oriented tree of order k′, and consider a digraph D with chromatic number
at least c′+k′+2ℓ−3. We may assume D oriented, up to removing some arcs while preserving the
chromatic number. We will first show how to append a directed path of length ℓ to T ′ by identifying
the source of the path to some vertex of T ′. Let us apply Lemma 3.3.1 to D with ℓ− 2 in place of
ℓ. We let X,Y, Z be the corresponding partition of V (D), satisfying properties (X), (Y) and (Z). If
D[Y ] has chromatic number at least k′ + ℓ = |T |, then by Lemma 3.2.1, it contains the tree T .

Otherwise, D[Y ] has chromatic number at most k′ + ℓ − 1. Since D[Z] has chromatic number
at most ℓ − 2, D[X] has chromatic number at least c′ + k′ + 2ℓ − 3 − (k′ + ℓ − 1) − (ℓ − 2) = c′.
By hypothesis D[X] must contain a copy of T ′, and we denote by x the vertex on this copy corre-
sponding to the vertex of T ′ to which we wish to identify the source of the directed path. Then,
property (X) ensures that x has an out-neighbour y+ ∈ Y . If y+ is not a sink, we may follow a
directed path from y+ towards a sink s of D[Y ], if it is, we let y+ = s. Then, property (Y) yields
a path P of length ℓ− 2 starting in s and wholly contained in Z. Now, (x, y+, ..., s) along with the
path P yield a directed path of length at least ℓ starting in x. Considering T ′ in X along with the
path obtained from x yields the desired copy of T in D. The case is symmetrical when appending
a directed path from its sink, using the second kind of partition and property (

←−
Y ) in Lemma 3.3.1.

This achieves to show the lemma. □

3.3.2 Growing b-block paths
With the gluing lemma for directed paths in hand, the proof for b-block paths is now straightforward.
We start with the bound for 2-block paths given by Theorem 2.5.4, and glue the remaining b − 2
paths one by one using Lemma 3.3.2.

Theorem 3.1.2. For b ≥ 2, every oriented path of order k with b blocks is ((b − 1)(k − 3) + 3)-
universal.

Proof. We proceed by induction on b. The case b = 2 holds by Theorem 2.5.4. We thus assume
that P has b ≥ 3 blocks, and let P ′ be a subpath of P obtained by deleting one of the end-blocks
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of P , that is, a block containing an end-vertex of P . We let ℓ be the length of this end-block, and
note that P ′ has k − ℓ vertices.

By induction hypothesis, every graph with chromatic number at least (b− 2)(k− ℓ− 3)+3 con-
tains a copy of P ′. Now, P is obtained from P ′ by appending a directed path of length ℓ. We apply
Lemma 3.3.2, which yields that P is ((b− 2)(k − ℓ− 3) + 3 + (k − ℓ) + 2ℓ− 3)-universal. Then, we
have (b− 2)(k− ℓ− 3)+3+ (k− ℓ)+ 2ℓ− 3 ≤ (b− 1)(k− ℓ− 3)+2ℓ+3. Since 2ℓ+3 ≤ (b− 1)ℓ+3
as b ≥ 3, we finally obtain (b − 1)(k − ℓ − 3) + 2ℓ + 3 ≤ (b − 1)(k − 3) + 3. This achieves to show
that paths of order k with b blocks are ((b− 1)(k − 3) + 3) universal. □

3.3.3 An improved bound for b-block paths

Theorem 3.3.3. Every oriented path of order k with b blocks is (b+3)
2 k-universal.

Proof. The result already hold for b ≤ 2 by Theorem 2.5.4. Assume then we are given an oriented
path P with b ≥ 2 blocks P1, ..., Pb appearing in order. We consider two ways of gluing these
blocks, starting either from P1 or from Pb. The subpath of P consisting of the first two blocks is
|P1|+ |P2|-universal. Then, we apply Lemma 3.3.2 successively to glue paths (Pi)i for i increasing
from 3 to b. This yields that P is universal for the following value:

|P1|+ |P2|+
b∑

i=3


−3 + 2|Pi|+

i−1∑

j=1

|Pj |




=− 3b+ |P1|+ |P2|+ 2

b∑

i=3

|Pi|+
b∑

i=3

i−1∑

j=1

|Pj |

≤ − 3b+ |P1|+ 2

b∑

i=2

|Pi|+
b−1∑

i=2

i∑

j=1

|Pj |

≤ − 3b+ 2k +

b−1∑

i=1

i∑

j=1

|Pj |

The same reasoning starting with the last two blocks and gluing for i decreasing from b − 2 to 1
yields that P is also universal for the following value:

− 3b+ 2

b∑

i=2

|Pb−i+1|+
b−1∑

i=1

i∑

j=1

|Pb−j+1|
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Now, summing the last term of each equation yields:

b−1∑

i=1

i∑

j=1

|Pj |+
b−1∑

i=1

i∑

j=1

|Pb−j+1|

=

b−1∑

i=1

i∑

j=1

|Pj |+
b−1∑

i=1

b∑

j=b−i+1

|Pj |

=

b−1∑

i=1

i∑

j=1

|Pj |+
b∑

i=2

b∑

j=i

|Pj |

=

b−1∑

i=1

i∑

j=1

|Pj |+
b−1∑

i=1

b∑

j=i+1

|Pj |

=(b− 1)k

Therefore, one of the sums is at most (b−1)
2k , and adding the remaining −3b + 2k term yields that

P is ( (b+3)k
2 − 3b)-universal. □

Note that taking paths on b + 1 blocks, made up of an arbitrarily large middle directed path,
with alternating paths of length b/2 glued on each end, yields that the bound is asymptotically
tight for this strategy.

3.3.4 Growing arborescences
We now move on to the case of arborescences. The proof is by induction, and follows a win-win
argument that will also be used in the general case. At a given step, if there are more than O(

√
k)

leaves, we use the gluing lemma for leaves, otherwise we leverage our gluing lemma for directed
paths.

Theorem 3.3.4. Every k-vertex arborescence is (
√

4
3k
√
k + k

2 )-universal.

Proof. Let us show the result for out-arborescences, the case of in-arborescences is symmetrical.
We set g(k) =

√
4/3 · k

√
k + k/2. First, notice that the statement holds trivially for k = 1 and

k = 2, as we have g(1) ≥ 1 and g(2) ≥ 2. Then, if T is an out-star S+
k , recall it is 2k − 2-universal,

and since 2k − 2 ≤ g(k), it is g(k)-universal.
Let us proceed by induction on k, the order of T . By the above, we can assume that k ≥ 3 and

take any out-arborescences of order k distinct from S+
k . We distinguish two cases to show that T is

f(k)-universal, according to the number p of (out-)leaves in T . We first settle the case p ≥
√
4k/3,

then deal with the case p <
√

4k/3.
Assume first that T contains at least

√
4k/3 (out-)leaves. Let T ′ be the tree obtained from

T by removing its leaves, that is T ′ = T − Out(T ), and note |T ′| ≤ k −
√

4k/3. By induction,
we know that T ′ is g(k −

√
4k/3)-universal. Then, recall T ̸= S+

k , so Lemma 3.2.2 yields that
T is g(k −

√
4k/3) + 2k − 4-universal. To show that T is g(k)-universal, it suffices to verify
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g(k) ≥ g(k −
√
4k/3) + 2k − 4, that is:

√
4

3

(
k −

√
4k

3

) 3
2

+
k −

√
4k/3

2
≤
√

4

3
k
√
k +

k

2
∀k ≥ 2 (3.1)

which we numerically verify for all k ≥ 3.
From now on, we may therefore assume T contains p <

√
4k/3 leaves. Using Lemma 3.2.4 on

the tree underlying T rooted in an arbitrary vertex, we obtain p descending paths P1, . . . , Pp. We
consider these paths with their initial orientation, and as T is an out-arborescence, each Pi is a
directed path. We let Ti =

⋃i
j=1 Pj , such that T = Tp, and we know that Ti and Pi+1 only intersect

at the beginning of Pi+1.
Now, we show by induction on i that Ti is (i · |Ti|)-universal. For i = 1, as T1 is a di-

rected path, it is |T1|-universal by the Gallai-Roy-Hasse-Vitaver Theorem. Assume the induc-
tion hypothesis holds for some i < p. Consider Ti+1, which is obtained from Ti by append-
ing the path Pi+1 rooted at their intersecting vertex. Then, Lemma 3.3.2 yields that Ti+1 is
(i · |Ti| + |Ti| + 2li+1 − 3)-universal, where li+1 is the length of Pi+1. As |Ti+1| = |Ti| + li+1, we
obtain i ·|Ti|+ |Ti|+2li+1−3 ≤ (i−1)·|Ti|+2(|Ti|+li+1) ≤ (i−1)·|Ti+1|+2(|Ti+1|) = (i+1) ·|Ti+1|.
Thus, we conclude that Ti+1 is ((i+ 1) · |Ti+1|)-universal, proving step i + 1 of the induction. Fi-
nally, this yields that T = Tp is pk-universal, and pk <

√
4k/3 · k. Since g(k) >

√
4/3 · k

√
k, this

achieves to show that T is g(k)-universal, concluding the proof. □

3.4 Oriented trees
In this section, we obtain universality bounds for general oriented trees. As in the case of arbores-
cences, we consider an oriented tree T ′, for which we have a bound c′. Then, we derive a universality
bound for the tree T obtained by appending an oriented path Q to T ′. We adapt the techniques of
the previous section from directed paths to general oriented paths.

3.4.1 Gluing an oriented path
Given an oriented path Q, we obtain a rooted oriented path from Q by choosing one of the
extremities of Q as the root of Q. Now, given a rooted oriented path Q, with root r, a digraph D
and a vertex x of D, we say that D contains a copy of Q starting at x if D contains a copy of Q
where r is identified to x.

The next two lemmas are the respective counterparts of Lemma 3.3.1 and Lemma 3.3.2. In both
of those, the obtained bounds now depend quadratically on the length of the path being appended,
where this dependency was linear in the last section.

Lemma 3.4.1. Let ℓ ≥ 0 be an integer, and Q a rooted oriented path of length ℓ. Then, for every
oriented graph D, there exists a partition of V (D) into sets X,Y, Z such that:

(X) Every vertex x ∈ X admits both an in-neighbour y− and an out-neighbour y+ in Y ,

(Y) Y induces a directed acyclic graph, and for every vertex y ∈ Y , there exists a copy of Q
starting at y and contained in D[Y ∪ Z],
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(Z) χ(D[Z]) ≤ ℓ(ℓ+1)
2 .

Proof. We prove the result by induction on ℓ. For ℓ = 0, let Z = ∅, let Y be the vertex set of a
maximal acyclic subdigraph of D, and X = V (D) \ Y . Properties (Y) and (Z) hold trivially, while
property (X) follows from the maximality of D[Y ] as an acyclic subdigraph of D.

Assume by induction that the lemma holds for any rooted oriented path of length ℓ ≥ 0. To
show it holds for paths of length ℓ + 1, let us consider any oriented path Q of length ℓ + 1 rooted
in r. Let r′ be the unique neighbour of r in Q and let Q′ be the oriented path Q − r rooted in
r′. Consider the partition X ′, Y ′, Z ′ ⊆ V (D) given by induction to satisfy the properties of the
lemma for Q′. We will build partition X,Y, Z satisfying the properties for Q, and refer the reader
to Figure 3.2 for a sketch. Informally, in trying to satisfy (Y), we transfer the vertices of a suitably
chosen set K ′ ⊆ Y ′, from Y ′ to Z ′, defining Z. Then, to satisfy (X), we transfer vertices from X ′

to the remaining vertices of Y ′, defining Y , after which X consists of the vertices left in X ′. We
show how to build copies of Q starting in Y , either thanks to K ′, or by appending a neighbour to
some copy of Q′ obtained by induction.

Let us start by defining Z, exhibiting a set K ′ ⊆ Y ′ such that Z = Z ′∪K ′. If χ(D[Y ′]) ≤ ℓ+1,
we simply define K ′ = Y ′. Otherwise, D[Y ′] is an acyclic digraph such that χ(D[Y ′]) ≥ ℓ + 2.
We may now apply Lemma 3.2.1 to D[Y ′], with Q as the oriented tree T rooted in r (note that
|Q| = ℓ + 2). This gives us a subset K ′ ⊆ Y ′ (shown in darker red), with χ(D[K ′]) ≤ ℓ + 1,
and such that every y ∈ Y ′ \ K is the beginning of some Q whose remaining vertices belong to
K ′. We let Z = Z ′ ∪ K ′. We have shown that χ(D[K ′]) ≤ ℓ + 1 in both cases above, and by
induction we have χ(D[Z ′]) ≤ ℓ(ℓ+1)

2 . Colouring D[K ′] and D[Z ′] with a different set of colours
gives χ(D[Z]) ≤ ℓ(ℓ+1)

2 + (ℓ+ 1) = (ℓ+1)(ℓ+2)
2 , satisfying (Z).

We now turn to defining Y and X. Consider the (possibly empty) subdigraph D[Y ′ \ K ′],
depicted in lighter green, which is acyclic since D[Y ′] is. We define Y as a vertex set containing
Y ′ \K ′, and which induces a maximal directed acyclic graph in D[V \Z]. Then, we let X = X ′ \Y .
The set Y can be obtained by starting with Y = Y ′ and iteratively adding vertices of X ′ (shown
in darker green), while maintaining that D[Y ] is acyclic. After having considered all the vertices of
X ′, we are guaranteed that for every x ∈ X, there is a cycle going through x in D[Y ∪ {x}]. The
neighbours y−, y+ of x on the cycle belong to Y , which yields property (X).

It remains to show that property (Y) holds. Recall Y = (Y ′ \K ′)∪ (Y ∩X ′), to build Q starting
from any vertex of Y , we use two strategies by considering either y ∈ (Y ′ \K ′) or x′ ∈ (Y ∩X ′).
In the first case, Y ′ \K ′ ̸= ∅, and we already argued that χ(D[Y ′]) ≥ ℓ + 2. Then, recall y must
be the beginning of a subpath Q whose remaining vertices lie in K ′. Since y ∈ Y and K ′ ⊆ Z, Q
is contained in D[Y ∪ Z], ensuring (Y) here. In the second case, we have x′ ∈ X ′ in particular,
so x′ admits both an in-neighbour y′− and an out-neighbour y′+ in Y ′ by induction. Now, Q may
be obtained from Q′ by appending either an out-neighbour, or respectively an in-neighbour, to its
root r′. By induction, we may then consider a copy of Q′ starting at either y′−, or y′+ respectively.
See two examples for y′− in Figure 3.2. This copy is contained in D[Y ′ ∪ Z ′], and in particular it
cannot contain x′ since (Y ∩X ′)∩ ((Y ′ \K ′)∪Z ′) = ∅. Therefore, (x′, y′−), or (x′, y′+) respectively,
along with the copy of Q′ yields a copy of Q starting in x′, achieving to show (Y). □

We now move on to show the gluing lemma for oriented paths.

Lemma 3.4.2. Let T ′ be an oriented tree of order k′ ≥ 1, and let T be the oriented tree obtained
by appending a rooted oriented path of length ℓ to any vertex of T ′. If T ′ is c′-universal, then T is
(c′ + k′ + ℓ(ℓ+1)

2 − 1)-universal.
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X ′

Y ′ Z ′

K ′

x′

y

y′−

Y

y′−

Figure 3.2: The partition of V (D) into sets X ′, Y ′, Z ′. The next step of the induction yields
partition X,Y, Z, shown in grey, green, and red respectively. Vertices of Y ′ begin a copy of Q′, in
dash-dotted. Then, vertices of Y begin a copy of Q, either in K ′ (see y), or by appending an arc
to some Q′ (see x′).

Proof. Let us consider a digraph D with chromatic number at least c′ + k′ + ℓ(ℓ + 1)/2 − 1,
which we may assume to be oriented without loss of generality (as this preserves the chromatic
number). Let Q be an oriented path of length ℓ rooted at r, which we want to append to T . Let
r′ be the neighbour of r in Q, and let Q′ be the oriented path of length ℓ− 1 rooted in r′ obtained
by deleting r from Q. We start by applying Lemma 3.4.1 to D with the rooted path Q′. We let
X,Y, Z be the corresponding partition of V (D), satisfying properties (X), (Y) and (Z). If D[Y ] has
chromatic number at least k′ + ℓ = |T |, since it is a directed acyclic graph, it contains the tree T
by Lemma 3.2.1.

Otherwise, χ(D[Y ]) ≤ k′+ℓ−1, and we also know χ(D[Z]) ≤ (ℓ−1)ℓ/2 by property (Z). There-
fore, D[X] has chromatic number at least (c′+k′+ℓ(ℓ+1)/2−1)− (k′+ℓ−1)− (ℓ−1)ℓ/2 = c′. By
hypothesis, D[X] must contain a copy of T ′, which we identify with T ′ implicitly, and we denote x
the vertex on this copy where Q has to start to form T . Then, property (X) ensures us that x has
both an in-neighbour y− and an out-neighbour y+ in Y . Both y− and y+ are the beginning of a
rooted copy of Q′ contained in Y ∪ Z. Therefore, according to the orientation of the arc between
r and r′ in Q, we obtain a rooted copy of Q starting in x with either (y−, x) or (y, x+), with all
remaining vertices in Y ∪Z. Except from x, this copy of Q is disjoint from the copy of T ′ obtained
in x, yielding a copy of T in D. □

3.4.2 Growing oriented trees
We are now ready to prove our main result, bounding the universality of oriented trees. As for the
case of arborescences, we proceed by induction, and use the same win-win argument. If there are
more than O(

√
k) leaves, we glue leaves through Corollary 3.2.3, otherwise we glue oriented paths

through Lemma 3.4.2.

Theorem 3.1.1. Every oriented tree of order k is (8
√

2
15k
√
k + 11

3 k +
√

5
6

√
k + 1)-universal.

Proof. We set f(k) = 8
√

2/15 · k
√
k + 11k/3 +

√
5/6 ·

√
k + 1. First, notice that the statement

holds trivially for k = 1 and k = 2, as we have f(1) ≥ 1 and f(2) ≥ 2. On the other hand, if T
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is an out-star S+
k or an in-star S−

k , recall it is (2k − 2)-universal, and since 2k − 2 ≤ f(k), it is
f(k)-universal.

Let us now proceed by induction on k, the order of T . By the above, we can assume k ≥ 3, and
take any oriented tree T of order k distinct from S+

k and S−
k . We show T is f(k)-universal by using

two strategies according to the number p of leaves in T . We first settle the case p ≥
√
5k/6, then

deal with the case p <
√

5k/6.
Assume first that T contains at least

√
5k/6 leaves. Consider the subtree T ′ of T obtained

by removing all of its leaves, and note |T ′| ≤ k −
√
5k/6. By induction, we know that T ′ is

f(k −
√

5k/6)-universal, then Corollary 3.2.3 yields that T is (f(k − 5k/6) + 4k − 9)-universal. To
show that T is f(k)-universal, it suffices to verify f(k) ≥ f(k −

√
5k/6) + 4k − 9, that is:

8
√
30

15
k3/2 +

11

3
k +

√
5

6

√
k + 1

≥8
√
30

15
(k −

√
5

6
k)3/2 +

11

3
(k −

√
5

6
k) +

√
5

6

√

k −
√

5

6
k + 4k − 8

which we numerically verify for all k ≥ 3.
From now on, we may therefore assume that T contains p <

√
5k/6 leaves. Our goal is to split T

into oriented paths, which we use to build T by using Lemma 3.4.2. Let us first apply Lemma 3.2.4
on the tree underlying T , rooted in an arbitrary vertex r. This yields descending paths Q1, . . . , Qp,
which we root in their endpoint closest to r. We consider these rooted paths with their initial
orientation, such that T = Tp =

⋃p
j=1 Qj . Note then that T can be obtained recursively by starting

from T1 = Q1, and building Ti+1 by identifying the root of Qi+1 to some vertex of Ti.
At this point, the number of paths is bounded by p, but in order to apply Lemma 3.4.2

successfully, we also need to control their length. To do so, we cut paths of length exceeding
ℓ = ⌈

√
6k/5⌉ ≤

√
6k/5 + 1 into smaller ones as follows. For j ∈ [1, p], we split Qj into a minimum

number of consecutive subpaths (Qj,h)h, such that all have length exactly ℓ except for possibly the
last one, which may have length strictly less than ℓ. We denote (Pi)i∈[1,m] the m resulting paths,
and order them according to (Qj)j they stem from, then with respect to their distance to the root
of Qj . Observe that T can still be constructed recursively using (Pi)i, starting with T1 = P1, and
constructing Ti+1 by appending Pi+1 to Ti. Then, we have T = Tm =

⋃m
i=1 Pi.

To bound the number m of newly created paths (Pi)i, we count those of length less than ℓ
separately from those with length exactly ℓ. By definition, at most one Pi of length strictly less
than ℓ is created per Qj , so there are at most p <

√
5k/6 of them. Let us now bound the number

of paths of length exactly ℓ = ⌈
√

6k/5⌉. Note T consists of exactly k − 1 arcs, and since the paths
(Pi)i are arc-disjoint, there must be at most ⌊(k − 1)/⌈

√
6k/5⌉⌋ ≤

√
5k/6 of them. Finally, (Pi)i

consists of m ≤ 2
√
5k/6 paths, each of length at most ℓ ≤

√
6k/5 + 1.

Recall that T = Tm. We are now ready to show that T is f(k)-universal, which we do by
recursively computing bounds (ci)i such that Ti is ci-universal. Assume Ti, of order ki, is ci-
universal. Recall Ti+1 is obtained from Ti by appending Pi+1, which has length at most ℓ. We
apply Lemma 3.4.2, which yields that Ti+1 is ci+1-universal for ci+1 = ci+ki+ ℓ(ℓ+1)/2−1. Now,
since Ti is obtained from P1, of order at most ℓ+ 1, by appending (i− 1) paths of length at most
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ℓ, we have ki ≤ iℓ+ 1. This yields:

ci+1 ≤ ci + iℓ+ 1 +
ℓ(ℓ+ 1)

2
− 1 = ci + iℓ+

ℓ(ℓ+ 1)

2

ci+1 ≤ c1 + ℓ(

i∑

j=1

j) +
iℓ(ℓ+ 1)

2
by an immediate induction

ci+1 ≤ c1 +
1

2
ℓi(ℓ+ i+ 2)

Now, since |T1| ≤ ℓ+ 1 we have c1 ≤ ℓ(ℓ+ 1)/2 + 1 by Theorem 2.5.8. We set i = m− 1, and with
the inequalities ℓ ≤

√
6k/5 + 1 and m ≤ 2

√
5k/6 we obtain:

cm ≤
ℓ(ℓ+ 1)

2
+ 1 +

1

2
ℓ(m− 1)(ℓ+m+ 1)

cm ≤
ℓm

2
(ℓ+m) + 1

cm ≤
1

2
(

√
6

5
k + 1)(2

√
5

6
k)
(√6

5
k + 1 + 2

√
5

6
k
)
+ 1

cm ≤ 8

√
2

15
k3/2 +

11

3
k +

√
5

6

√
k + 1

This is exactly saying cm ≤ f(k), which achieves to prove that T is f(k)-universal and concludes
the proof. □

3.5 Further directions
Our ability to control the growth of our universality bound for trees as O(k

√
k) stems from our

construction of trees, and corresponding bounds, by gluing both paths and leaves. In the border
cases where a tree can be built by adding many leaves at each step, or by gluing few paths, better
bounds can be obtained. See Proposition 8 in [Add+13] for leaves, which can be seen as orthogonal
to our bound for b-block paths. Nevertheless, each gluing operation to some tree T increases the
bound by at least |T |. Thus, if a tree falls between these two categories, such as a star of degree√
k subdivided

√
k times, our current techniques do not allow us to improve on the O(k

√
k) bound.

Adapting one of the gluing lemmas to get rid of this O(|T |) cost may allow us to skew our win-
win strategy towards that type of gluing, and yield a better bound. Another way to improve our
strategy is to manage to glue multiple paths in parallel, or even more general trees. Note that our
cost for gluing a path depends quadratically on its order, so we are still far from a linear bound for
paths. Nevertheless, even an improvement in that direction would not directly yield bounds better
than O(k

√
k) for the general case, as witnessed by the case of arborescences.
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4.1 Introduction
A class of digraphs D is −→χ -bounded if there exists a function f such that every D ∈ D satisfies−→χ (D) ≤ f(ω(D)). Then, the extension of Gyárfás-Sumner to digraphs proposed by Aboulker,
Charbit and Naserasr is the following [ACN21].

Conjecture 4.1.1 (The ACN −→χ -boundedness conjecture [ACN21]). Every oriented forest is −→χ -
bounding.

Recall the conjecture is known for oriented stars, thus orientations of P3, and we are here
concerned with orientations of P4. There are four different orientations of P4, up to reversing the
order of the vertices.

• The directed orientation →→→ is denoted
−→
P4.

• The alternating orientation ←→← is denoted
−→
A4.

• We denote →←← and ←←→ by
−→
Q4 and

−→
Q4

′, respectively.

Note that
−→
Q4 and

−→
Q4

′ can be obtained from each other by reversing the direction of every edge in
the path, meaning one is −→χ -bounded if and only if the other is. For these two orientations, the
Conjecture 4.1.1 follows from their χ-boundedness [CS14], meaning the two open cases are

−→
P4 and−→

A4.
In this chapter, we prove −→χ -boundedness for all orientations, through a common strategy,

settling the conjecture for
−→
P4 and

−→
A4 as well.

Theorem 4.1.2. Let H be any orientation of P4, then the class of H-free oriented graphs is −→χ -
bounded. In particular, for any H-free oriented graph D,

−→χ (D) ≤ (ω(D) + 7)(ω(D)+8.5).

We include in a new proof that
−→
Q4 and

−→
Q4

′ are both −→χ -bounding and improve the −→χ -binding
function for the classes of

−→
Q4-free oriented graphs and

−→
Q4

′-free oriented graphs.
Our result also answers a question raised by Steiner [Ste23] in the affirmative. That is, for

H ∈ {−→P4,
−→
A4} and any k ≥ 4 the class of H-free oriented graphs not containing a transitive

tournament of order k has bounded dichromatic number. Note that after our paper, the result was
shown for

−→
P6 in the case of triangle-free digraphs [Abo+24], but all other cases remain open.

4.1.1 Structure of the chapter and proof overview.
Let H be any orientation of P4. We prove Theorem 4.1.2 by induction on the clique number. We
fix an integer ω(D) ≥ 2. We define a function f and assume that H-free oriented graphs with clique
number ω′ where 1 ≤ ω′ < ω have dichromatic number at most f(ω′). We then consider an oriented
graph with clique number ω and show that D can be dicoloured using at most f(ω) colours.

Our strategy to bound −→χ (D) crucially relies on a tool we call dipolar sets which were introduced
by the name “nice sets” in [ACN21].

Definition 4.1.3 (dipolar set). A dipolar set of an oriented graph D is a nonempty subset S ⊆
V (D) that can be partitioned into S+, S− such that no vertex in S+ has an out-neighbour in
V (D \ S) and no vertex in S− has an in-neighbour in V (D \ S).
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Dipolar sets have the following useful property [ACN21]: In order to bound the dichromatic number
of a class of oriented graphs closed under taking induced subgraphs, it suffices to exhibit a dipolar
set of bounded dichromatic number for each of the members in the class. We give a few preliminary
observations as well as an introduction to dipolar sets in Section 4.2.

In Section 4.3, we show how to construct a dipolar set for any H-free oriented graph D of clique
number ω. Our goal is to obtain a bound for the dichromatic number of this set. The backbone of
our construction is an object we call a closed tournament.

Definition 4.1.4 (path-minimizing closed tournament). We say K and P form a closed tournament
C = K ∪V (P ) if K is a tournament of order ω(D) and P is a directed path from a sink component
to a source component in K.

Given a digraph D, we say C = K ∪ P forms a path-minimizing closed tournament if it is a
closed tournament such that K is a maximum clique of D, and |P | is minimized amongst all possible
choices of K,P that form a closed tournament.

It follows from the definition of closed tournament that the graph induced by a closed tournament
is strongly connected and that every strongly connected oriented graph has a path-minimizing closed
tournament. We will define a set S consisting of the closed neighbourhood of a path-minimizing
closed tournament C and a subset of the second neighbours of C. We will show that if D is H-free,
then S is a dipolar set. This proof will rely heavily on the fact that C is strongly connected.

The strong connectivity of C is a powerful property in showing that S is a dipolar set. However,
ensuring C is strongly connected by adding P to K makes it harder to bound the dichromatic
number of N(C). We explain in Section 4.2 that we can easily bind the dichromatic number of
the first neighbourhood of any bounded cardinality set. Unfortunately, we have no control over
the cardinality of P in a path-minimum closed tournament. In fact, P , and thus C, might be
arbitrarily large with respect to ω. This makes the task of bounding the dichromatic number
of N(C) significantly harder. Fortunately, since D is H-free and we may choose C to be a path-
minimizing closed tournament, there are a lot of restrictions on what arcs may exist between vertices
of N(C). Ultimately, our goal is to exploit these restrictions to bind the dichromatic number of
N(C).

Interestingly, we can define S and prove that it is a dipolar set in the same way for each possible
choice of an oriented P4. We describe our construction of a dipolar set S in Section 4.3. However,
we used different (but similar) proofs to show that S has bounded dichromatic number for H =

−→
P4,−→

A4, and
−→
Q4. The proof that S has bounded dichromatic number when H is

−→
Q4 implies the result

when H is
−→
Q4

′.
In Section 4.4, we bound the dichromatic number of C, the vertices of S in the second neigh-

bourhood of C, and N(K) for H-free graphs where H is an arbitrary choice of an orientated P4.
In Section 4.5, we bound the dichromatic number of the vertices in S not handled in Section 4.4.
These remaining vertices are the set N(P ) \ N [K]. Here we use separate (but similar) proofs for
H =

−→
P4,
−→
A4,
−→
Q4. In Section 4.6, we put the pieces together to obtain our main result that any

orientation of P4 is −→χ -bounding. We discuss some related open questions in Section 4.7.

4.2 Preliminaries
In this section, we lay the groundwork for our proof by making a few observations useful in later
sections and introducing dipolar sets. In the rest of the chapter, we will only consider strongly con-
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nected oriented graphs since the dichromatic number of an oriented graph is equal to the maximum
dichromatic number of one of its strongly connected components.

4.2.1 Definitions
Throughout this chapter, we say that a (di)graph G contains a (di)graph H if G contains H as an
induced sub(di)graph. All digraphs considered here are oriented. For a subdigraph H ⊆ D we let
N(H) denote the set N(V (H)). If G does not contain a (di)graph H we say that G is H-free. If
G does not contain any of the (di)graphs H1, H2, . . . ,Hk we say G is (H1, H2, . . . ,Hk)-free. Recall
the clique number ω(D) of a digraph D is the clique number of its underlying graph. If a class D is−→χ -bounded by a function f , meaning every D ∈ D satisfies −→χ (D) ≤ f(ω(D)), we say f a −→χ -binding
function for D.

4.2.2 Induction hypothesis
We will work with the following assumptions:

Scenario 4.2.1 (Inductive Hypothesis). Let H be an oriented P4 and let ω > 1 be an integer. We
let γ be the maximum of −→χ (D′) over every H-free oriented graph D′ satisfying ω(D′) < ω, and
assume γ is finite. We let D be an H-free oriented graph with clique number ω and assume D is
strongly connected.

We will aim to bound the −→χ (D) in terms of γ and ω. We begin with some easy observations
about the dichromatic number of the neighbourhood of any sets of vertices in D. For any vertex
v ∈ V (D), by definition ω(N(v)) ≤ ω−1 as otherwise D would contain a tournament of size greater
than ω. Hence, for any v ∈ V (D), −→χ (N(v)) ≤ γ. This can be directly extended to bounding the
dichromatic number of the neighbourhood of a set of a given size as follows:

Observation 4.2.2. Let D be an oriented graph and let γ be the maximum value of −→χ (N(v)) for
any v ∈ V (D). Then every X ⊆ V (D) satisfies:

−→χ (N(X)) ≤ −→χ
( ⋃

x∈X

N(x)

)
≤ |X| · γ.

4.2.3 Using dipolar sets
We now state the main property of dipolar sets, shown in [ACN21]. The following reduces the task
of bounding the dichromatic number of D, to that of bounding the dichromatic number of a dipolar
set for every induced oriented subgraph of D.

Lemma 4.2.3 (Lemma 17 in [ACN21]). Let D be a family of oriented graphs closed under taking
induced subgraphs. Suppose there exists a constant c such that every D ∈ D has a dipolar set S
with −→χ (S) ≤ c. Then every D ∈ D satisfies −→χ (D) ≤ 2c.

Proof. Consider such a family D, and let D be a minimal counter-example to the lemma. Let S
be a dipolar set in D, and D′ = D − S. Take the partition of S into S+, S−, such that S+ has no
out-neighbour in D′, and S− has no in-neighbours in D′. By minimality of D′, it can be coloured
using at most 2c colours, and we now show how to extend this colouring to D. Since −→χ (S) ≤ c, we
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also have −→χ (S+),−→χ (S−) ≤ c. Then, properly colour S+ and S− with disjoint palettes of c colours
each. Observe that in the resulting colouring of D, any monochromatic directed cycle C cannot be
fully contained in D′, nor fully contained in S. In particular there must be an arc of C from V (D′)
to S, thus to S+ since S is dipolar, and one from S, thus S−, to V (D′). Now C must intersect
both S− and S+, which is absurd since all of their colours are different. □

4.3 Building a dipolar set
In this section we give a construction for a dipolar set in an H-free oriented graph D where H is an
oriented P4. We will then show that the dipolar set we construct has bounded dichromatic number
if D satisfies the properties given in Scenario 4.2.1.

4.3.1 Closed Tournaments
The simplest case for our construction is when D contains a strongly connected tournament J of
order ω(D). Then, we can build a dipolar set consisting of the union of J and a subset of vertices
at distance at most two from K.

Let K be a tournament of order ω(D) contained in D. By definition every vertex v ∈ N(K)
has a non-neighbour in K. Hence, the graph underlying D[K ∪ {v}] contains an induced P3. Now,
suppose K is strongly connected. Then we get an even more powerful property: Since K is strongly
connected there is both an arc from K \N(v) to N(v) ∩K and to K \N(v) from N(v) ∩K. This
means that D[K ∪ {v}] contains an induced P3 starting at v whose last edge is oriented as → and
an induced P3 starting at v whose last edge is oriented as←. This property will give us more power
to build specific induced orientations of P3 in N [K]. In particular, this restricts the way vertices at
distance at most two interact with the rest of the graph and allows us to exhibit a dipolar set.

To overcome the fact that D may not contain a strongly connected tournament of order ω(D),
we use closed tournaments. By definition of closed tournament every strongly connected oriented
graph has a path-minimizing closed tournament. We will base our construction of a dipolar set
on some path-minimizing tournament in order to gain some additional structure that we can use
to bound the dichromatic number of our dipolar set. In the next subsection we formally give the
definition of our dipolar set.

4.3.2 Extending a closed tournament into a dipolar set
In order to build a dipolar set from a closed tournament, we need to make some distinctions between
different types of neighbours of a set of vertices. For a set of vertices A and v ∈ N(A) we say v is a
strong neighbour of A if v has both an in-neighbour and an out-neighbour in A. Then, the strong
neighbourhood of A is the set of strong neighbours of A.

Given a closed tournament C, we let X denote the set of strong neighbours of C. The following
lemma proves that N [C ∪X] is a dipolar set.

Lemma 4.3.1. Let H be an orientation of P4 and D be an H-free oriented graph. Let C be a closed
tournament in D and let X denote the strong neighbourhood of C. Then N [C ∪X] is a dipolar set.

Proof. Let Z denote the neighbours of C that are not strong, and let Y = N(X)\N [C]. These
sets satisfy N [C ∪X] = C ∪X ∪ Z ∪ Y and the graph on N [C ∪X] is illustrated in Figure 4.1.
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Figure 4.1: An illustration of the extension of a closed tournament C into the dipolar set N [C∪X].
Highlighted in orange, Z consists of neighbours of C that are not strong, i.e., do not have both an
in-neighbour and an out-neighbour in C. The set X consists of the strong neighbourhood of C,
while set Y contains all neighbours of X not in N [C]. Note that arcs between Z and X or Y are
not represented here. In Lemma 4.3.1, we prove that if there is some vertex in N [C ∪X] with both
an in-neighbour and an out-neighbour in the rest of the oriented graph (drawn in dashed red), then
N [C ∪X] ∪ {b1, b2} contains all orientations of P4 as an induced oriented subgraph.

Then by definition, N [C ∪X] = N [C] ∪ Y and the only vertices of N [C ∪X] with neighbours
in V (D) \N [C ∪X] are in Y ∪ Z. Suppose for a contradiction that some v ∈ Z ∪ Y has both an
in-neighbour b1 and an out-neighbour b2 in V (D)\ (N [C]∪Y ). Let us first deal with the case where
v ∈ Y .

If v ∈ Y , then D[C ∪X ∪ Y ∪ {b1, b2}] contains H. (4.1)

Suppose v ∈ Y . Then, by definition, the following statements all hold:

• There is some x ∈ X such that x and v are adjacent.

• There are vertices c1, c2 ∈ C where c1 is an in-neighbour of x and c2 is an out-neighbour of x.

• b1, b2 are not adjacent to any of x, c1, c2.

Thus, for some choice of i, j ∈ {1, 2} the set {ci, x, v, bj} induces a copy of H. (See Figure 4.1.)
This proves (4.1).
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Since D is an H-free oriented graph, it follows from (4.1) that v ∈ Z. Then by definition of
Z, the neighbours of v in C are either all in-neighbours of v or all out-neighbours of v.

There exist arcs (q1, p1), (p2, q2) ∈ E(C) such that v is adjacent to q1, q2 and non-
adjacent to p1, p2.

(4.2)

It follows from the fact that ω(C) = ω(D) that v has some non-neighbour in C. Since C is strongly
connected, N(v)∩C must have both an incoming arc and an outgoing arc from C \N(v). Let p1, p2
be vertices of C\N(v) witnessing this fact and let q1, q2 their respective neighbours in N(v) ∩ C.
This proves (4.2).

It follows that for some i, j ∈ {1, 2} the graph induced by {pi, qi, v, bj} is a copy of H, a con-
tradiction. (See Figure 4.1). □

4.4 First steps towards bounding the dichromatic number of
N [C ∪X]

For brevity, we will fix the following variables for the remainder of the chapter.

Definition 4.4.1. Let D,H, γ,K, P,C,X, Y be defined as follows:

• Let H be an oriented P4.

• Let D be a digraph satisfying the assumptions of Scenario 4.2.1 with respect to H. Let γ be
as in Scenario 4.2.1.

• We choose a tournament K of order ω(D) and a directed path P that form a path-minimizing
tournament C in D.

• Let X be the strong neighbourhood of C and Y = N(X) \N [C].

In the previous section we showed that N [C ∪ X] is a dipolar set. Thus, by Lemma 4.2.3 we
can prove that all orientations of P4 are −→χ -bounding by proving that −→χ (N [C ∪X]) is bounded in
terms of ω(D) and γ, the maximum value of −→χ (D′) for any H-free D′ with clique number less than
ω(D).

Since N [C ∪X] ⊆ N [K]∪V (P )∪ (N(P )\N [K])∪Y , the following inequality holds by definition
of the dichromatic number:

−→χ (N [C ∪X]) ≤ −→χ (N [K]) +−→χ (V (P )) +−→χ (N(P ) \N [K]) +−→χ (Y ) (4.3)

We will bound −→χ (N [C∪X]) by bounding each of the terms on the right-hand side of the inequality.
We bound the dichromatic number of N [K] and P in Subsection 4.4.1 and we bound the dichromatic
number of Y in Subsection 4.4.2. We are able to use the same techniques for each choice of H when
proving these bounds.

As already hinted, bounding −→χ (N [C ∪ X]) is non-trivial because we have no control over the
cardinality of P . Hence, we cannot obtain a useful bound on −→χ (N(P ) \N [K]) by simply applying
Observation 4.2.2. In the next section, we will show how to bound −→χ (N(P ) \ N [K]). We will
require separate proofs for H =

−→
Q4,
−→
P4,
−→
A4.
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4.4.1 Bounding the dichromatic number of V (P ) and N [K]

We bound the dichromatic number of V (P ) and N [K] by an easy observation about “forward-
induced” paths. We say a directed path p1 → p2 → · · · → pt is forward-induced if no arc of the
form (pi, pj) exists where j > i+ 1 and i, j ∈ [1, t].

Observation 4.4.2. Let P be a forward-induced directed path in some oriented graph. Then−→χ (P ) ≤ 2.

Proof. Let the vertices of P be p1 → p2 → . . . → pℓ, in order. We assign colours to the vertices
of P by alternating the colours along P . Suppose there is some monochromatic directed cycle Q in
the oriented graph induced by V (P ). Then Q contains no arc of P . Hence, Q must contain some
arc (pi, pj) with i, j ∈ [1, ℓ] and j > i+ 1, contradicting the defintion of forwards-induced. □

Now, we turn to bound the dichromatic number of our dipolar set, N [C ∪ X] by bounding−→χ (N [K] ∪ V (P )).

Observation 4.4.3. It holds that −→χ (N [K]) ≤ ω · γ
Moreover, −→χ (N [C]) ≤ −→χ (N(P ) \N [K]) + ω · γ + 2.

Proof. Since |K| = ω(D) > 1, we have N [K] =
⋃

x∈K N(x), and hence −→χ (N [K]) ≤ ω · γ by Ob-
servation 4.2.2. This proves the first statement. By definition, N [C] = (N(P ) \N [K])∪N [K]∪P .
Since C is path-minimizing, P is forward-induced. Thus, we obtain the second statement by Ob-
servation 4.4.2. □

Thus, by inequality (4.3), it only remains to bound the dichromatic number of Y and N(P ) \
N [K] in order to bound the dichromatic number of our dipolar set N [C ∪X].

4.4.2 Bounding the dichromatic number of Y

In this subsection, we bound the dichromatic number of Y = N(X)\N [C]. We first state a more
general lemma, which gives the bound on −→χ (Y ) as a direct corollary.

Lemma 4.4.4. Let H be an oriented P4 and let D be an H-free oriented graph. Suppose there is
a partition of V (D) into sets Q,R, S such that there is no arc between Q and S, every r ∈ R has
both an in-neighbour and an out-neighbour in Q, and every s ∈ S has a neighbour in R. Let γ be a
positive integer such that for every r ∈ R, we have −→χ (N(r)) ≤ γ. Then −→χ (S) ≤ 2γ.

Proof. Note that if an oriented graph D with partition of V (D) into Q,R, S satisfies the conditions
of the lemma, for every S′ ⊆ S the oriented graph induced by Q∪R∪S′ also satisfies the conditions
of the lemma with partition Q,R, S′. Hence, by Lemma 4.2.3 it is enough to show that for every
oriented graph D with partition Q,R, S satisfying the conditions of the lemma and S ̸= ∅, the
oriented graph induced by S contains a dipolar set with dichromatic number at most γ.

Let Q,R, S be as in the statement of the lemma and suppose S ̸= ∅. Then, there is some r ∈ R
with a neighbour in S. By assumption, r has an in-neighbour q1 and an out-neighbour q2 in Q.
Suppose some s ∈ N(r)∩S has both an in-neighbour si and an out-neighbour sj in S \N(r). Then
there is a copy of H induced by {qi, r, s, sj} for some choice of i, j ∈ {1, 2}, a contradiction. (See
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Figure 4.2: Vertex sets Q,R, S, such that no arc lies between Q and S, the vertices in R are
all strong neighbours of Q and S is a subset of neighbours of R. We illustrate the case of graphs
forbidding

−→
P4. Other orientations behave symmetrically. In green, a vertex r ∈ R is depicted with

an out-neighbour s ∈ S. Then if s has an out-neighbour s1 ∈ S\N(r) there would be an induced
−→
P4,

a contradiction. Symmetrically in blue, an in-neighbour s′ ∈ S of r cannot admit an in-neighbour
s′2 ∈ S\N(r).

Figure 4.2.) Hence, N(r)∩S is a dipolar set. Moreover, −→χ (N(r)∩S) ≤ −→χ (N(r)) ≤ γ by definition
of γ. □

Corollary 4.4.5. Under the assumptions of Lemma 4.4.4,

−→χ (Y ) ≤ 2γ.

Proof. By definition, we may apply Lemma 4.4.4 to the induced subgraph D[C ∪ X ∪ Y ] with
Q := C, R := X and S := Y (see Figure 4.1). Hence, −→χ (Y ) ≤ 2γ. □

At this point, we only need to bound −→χ (N(P )\N [K]) in order to bound the dichromatic number
of our dipolar set N [C ∪X] by Corollary 4.4.5. This will be the purpose of the next section.

4.5 Completing the bound on the dichromatic number of our
dipolar set

Here, we keep the definitions of D,C,K, P,X, Y and H, γ as fixed in Definition 4.4.1. In this section,
we bound the dichromatic number of N(P ) \N [K], thus completing the bound on the terms of the
right-hand side of inequality (4.3). By Corollary 4.4.5, this will imply that every oriented graph
which forbids some orientation of P4 has a dipolar set of bounded dichromatic number. Thus, by
Lemma 4.2.3, this will give us our main result.

By definition of path-minimizing closed tournament, P is a forward-induced directed path. In
Subsection 4.5.1, we start by giving some structural properties on properties of the neighbourhood
of forwards-induced paths. Then, in Subsection 4.5.2, we show how to use these properties to bound
the dichromatic number of the first neighbourhood of C for

−→
Q4-free graphs. (Recall, the bound for
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−→
Q4-free oriented graphs implies the bound for

−→
Q4

′-free oriented graphs.) When H is one of the other
two orientations,

−→
P4 and

−→
A4, we required a finer analysis of N(P ) in order to bound −→χ (N(P )). We

handle this case in Subsections 4.5.3–4.5.3.

4.5.1 Forbidden arcs amongst neighbours of a forward-induced directed
path

We define two partitions of the first neighbourhood of a directed path and show how to forbid
some of the arcs between classes of each partition in an H-free oriented graph. For the rest of this
chapter we will refer to the vertex set of P as P = p1 → p2 → · · · → pℓ. Many of the results in the
following sections actually hold for arbitrary forward-induced paths in D, but we state them for P
as this suffices in our proof that orientations of P4 are −→χ -bounding.

Definition 4.5.1. For brevity, for any v ∈ N(P ) and i, j ∈ [1, ℓ] we say pi is the first neighbour of
v on P if v is adjacent to pi and non-adjacent to pi′ for each 1 ≤ i′ < i ≤ ℓ. Similarly, pj is the last
neighbour of v on P if v is adjacent to pj and non-adjacent to each pj′ for each 1 ≤ j < j′ ≤ ℓ. We
will define two partitions of N(P ) according to their first and last neighbours in V (P ), respectively.

• For each i ∈ [1, ℓ] we say v ∈ N(P ) is in Fi if pi is the first neighbour of v on P . This yields
partition (F1, F2, . . . , Fℓ), which we call the partition of N(P ) by first attachment (on P ).

• Symmetrically, for each j ∈ [1, ℓ] we say v ∈ Lj if pj is the last neighbour of v on P . This
yields partition (L1, L2, . . . , Lℓ), which we call the partition of N(P ) by last attachment (on
P ).

For each i ∈ [1, ℓ] we refine each partition by dividing each Fi, Li into the in-neighbours and out-
neighbours of v. We define F+

i and L+
i to be the sets consisting of all the in-neighbours of pi in Fi, Li,

respectively. Similarly, we define F−
i and L−

i to be the sets consisting of all the out-neighbours of
pi in Fi, Li, respectively.

Observation 4.5.2. Let 2 ≤ i < j ≤ ℓ− 1. Then the following statements all hold:

• If D is
−→
Q4-free, there are no arcs from Fj to Fi.

• If D is
−→
P4-free, there are no arcs from F−

i to Fj, and no arcs from Li to L+
j .

• If D is
−→
A4-free, there are no arcs from F+

i to Fj, and no arcs from Li to L−
j .

Proof. Let 2 ≤ i < j ≤ ℓ− 1. We prove each statement individually.

If D is
−→
Q4-free, there are no arcs from Fj to Fi. (4.4)

Suppose for some v ∈ Fj and w ∈ Fi that (v, w) ∈ E(D). Then the vertices pi−1, pi, w, v, induce
a P4 in D with orientation pi−1 → pi → w ← v or orientation pi−1 → pi ← w ← v depending on
whether w ∈ F+

i or w ∈ F−
i . In either case we obtain an induced

−→
Q4 on pi−1, pi, w, v. This proves

(4.4).

If D is
−→
P4-free, there are no arcs from F−

i to Fj, and no arcs from Li to L+
j . (4.5)
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Suppose for some v ∈ F−
i and w ∈ Fj that (v, w) ∈ E(D). Then pi−1 → pi → v → w is an induced−→

P4 (see the dark blue arcs in Figure 4.3). Hence, D is not
−→
P4-free. This proves the first part of

the statement (4.5). The argument that there are no arcs from Li to L+
j in a

−→
P4-free graph is

symmetric. This proves (4.5).

If D is
−→
A4-free, there are no arcs from F+

i to Fj, and no arcs from Li to L−
j . (4.6)

By symmetry, it is enough to show that if D is
−→
A4-free then there is no arc from F+

i to Fj . Suppose
for some v ∈ F+

i and w ∈ Fj that (v, w) ∈ E(D). Then pi−1 → pi ← v → w is an induced
−→
A4 in D

(see the dark green arcs in Figure 4.3). This proves (4.6). □

In the Subsection 4.5.2 we use Observation 4.5.2 to bound the dichromatic number of N(P ) \
N [K] in the

−→
Q4-free case. In the

−→
P4-free case and the

−→
A4-free case we need to perform a more careful

analysis of N(P )\N [K] in order to bound its dichromatic number because the conditions guaranteed
by Observation 4.5.2 are weaker in these two cases. In Subsection 4.5.3, we use Observation 4.5.2
to bound the dichromatic number of the following subsets of N(P ) \N [K]

W p =
(
F−
2 ∪ F−

3 ∪ · · · ∪ F−
ℓ−1

)
∪
(
L+
2 ∪ L+

3 ∪ · · · ∪ L+
ℓ−1

)
(4.7)

when D is
−→
P4-free and

W a =
(
F+
2 ∪ F+

3 ∪ · · · ∪ F+
ℓ−1

)
∪
(
L−
2 ∪ L−

3 ∪ · · · ∪ L−
ℓ−1

)
(4.8)

when D is
−→
A4-free. The vertices in N(P ) \ (N [K]∪W p) and N(P ) \ (N [K]∪W a) have restrictions

on how they may have neighbours in V (P ). We will use this to bound their dichromatic number in
Subsections 4.5.3 and 4.5.3, respectively.

Figure 4.3: A depiction of P = p1 → ... → pℓ along with the partition (F1, ..., Fℓ) of N(P ) by
first attachment on P . Note that the setting is symmetric for the partition of N(P ) by the last
attachment. Each class of the partition Fi is represented as a circle and further split into F+

i in
yellow and F−

i in orange, all possible arcs towards P are drawn in gray. An arc from F−
i to Fj

with j > i would induce a
−→
P4 using (pi−1, pi), as highlighted in blue. An arc from F+

i to Fj would
induce a

−→
A4, represented in green.
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4.5.2 The
−→
Q4-free case

In this section, we bound the dichromatic number of a path-minimizing closed tournament in D

when D is a
−→
Q4-free oriented graph satisfying the conditions of Scenario 4.2.1.

Lemma 4.5.3. If D is
−→
Q4-free, −→χ (N(P ) \N({p1, pℓ})) ≤ γ.

Proof. Assume D is a
−→
Q4-free oriented graph. By definition N(P )\N({p1, pℓ}) ⊆ F2∪F3∪· · ·∪Fℓ−1.

By Observation 4.5.2 every directed cycle in D[F2∪F3∪· · ·∪Fℓ−1] is completely contained in D[Fi]
for some i ∈ [2, ℓ − 1]. By definition Fi ⊆ N(pi) so −→χ (Fi) ≤ γ for each i ∈ [1, ℓ]. Hence, we may
use the same set of γ colours for each of F2, F3, . . . , Fℓ−1. Thus, −→χ (N(P ) \N({p1, pℓ}) ≤ γ. □

Lemma 4.5.3 allows us to demonstrate a bound on our dipolar set N [C ∪X] as follows:

Lemma 4.5.4. Let D be
−→
Q4-free. Then D has a dipolar set with dichromatic number at most

(ω(D) + 3) · γ + 2

Proof. Recall C = K∪P is a path-minimizing closed tournament of D and p1, pℓ denote the ends of
P . By definition, p1, pℓ ∈ K. By Lemma 4.3.1, N [C∪X] is a dipolar set. Then, by inequality (4.3),
bounding the terms on the right-hand side by Observation 4.2.2, Observation 4.4.2, Lemma 4.5.3,
and Corollary 4.4.5 we obtain:

−→χ (N [C ∪X]) ≤ +(ω(D) + 3) · γ + 2.

□

4.5.3 The
−→
P4-free case and the

−→
A4-free case

In this subsection, we bound the dichromatic number of our dipolar set in the case where D is−→
P4-free or

−→
A4-free.

Bounding −→χ (W p) and −→χ (W a)

In this subsection, we bound the dichromatic number of W p and W a using Observation 4.5.2 in−→
P4-free and

−→
A4-free oriented graphs, respectively.

Lemma 4.5.5. If D is
−→
P4-free, then −→χ (W p) ≤ 2γ. Similarly, if D is

−→
A4-free, then −→χ (W a) ≤ 2γ.

Proof. We begin by proving the first statement. Suppose D is
−→
P4-free. Then by Observation 4.5.2,

every directed cycle in D[F−
2 ∪F−

3 ∪· · ·∪F−
ℓ−1] is completely contained in D[F−

i ] for some i ∈ [2, ℓ−1].
By assumption, −→χ (N(pi)) ≤ γ for every pi ∈ P . Hence, we may use the same set of γ colours for each
of F−

2 , F−
3 , . . . , F−

ℓ−1. So −→χ (F−
2 ∪F−

3 ∪· · ·∪F−
ℓ−1) ≤ γ. By symmetry, −→χ (L+

2 ∪L+
2 ∪· · ·∪L+

ℓ−1) ≤ γ.
Therefore, since W p is the union of these two sets, we obtain −→χ (W p) ≤ 2γ.

The case is symmetric when D is
−→
A4-free. The third item of Observation 4.5.2 allows us to

use the same set of colours for each of F+
2 , F+

3 , . . . , F+
ℓ−1, and the same set of colours for each of

L−
2 , L

−
3 , . . . , L

−
ℓ−1. Hence, −→χ (F+

2 ∪ F+
3 ∪ · · · ∪ F+

ℓ−1) ≤ γ and −→χ (L−
2 ∪ L−

3 ∪ · · · ∪ L−
ℓ−1) ≤ γ. Since

W a is the union of these two sets, −→χ (W a) ≤ 2γ. □
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Completing the bound on the dichromatic number of our dipolar set in the
−→
P4-free

case

Recall, we keep the definitions of D,C,K, P,X, Y and H, γ as fixed in Definition 4.4.1. We will
assume H =

−→
P4 for the remainder Subsubsection 4.5.3. In this section, we will consider the dichro-

matic number of the following set of vertices.

Definition 4.5.6. We let
Rp = N(P ) \ (N({p1, p2, pℓ}) ∪W p)

Then, N(P ) \ N [K] ⊆ W p ∪ Rp ∪ N(p2) and we can bound −→χ (W p) in terms of ω(D) and γ.
Since ω(D) = ω, it follows that ω(N(v)) < ω for each v ∈ V (D). Hence, −→χ (N(p2)) ≤ γ. Thus, by
Lemma 4.3.1 and Corollary 4.4.5, we only need to bound −→χ (Rp) in terms of ω and γ in order to
demonstrate that D is a dipolar set of bounded dichromatic number.

By definition, W p is the set of vertices in N(P ) \N({p1, pℓ}) whose first neighbour on P is an
in-neighbour or whose last neighbour in V (P ) is an out-neighbour. Hence, Rp consists exactly of
the vertices in N(P ) \N({p1, p2, pℓ}) whose first neighbour in V (P ) is an out-neighbour and whose
last neighbour in V (P ) is an in-neighbour.

We will show that since C = K ∪V (P ) is a path-minimizing closed tournament there is no tour-
nament of order ω in Rp and thus −→χ (Rp) ≤ γ. In particular, we will show that for a contradiction,
if Rp has a tournament J of order ω, then we can find a directed path P ′ that is shorter than P such
that J and P ′ form a closed tournament. In order to prove this, we will need the following lemma,
which will allow us to exhibit a relatively short path between two adjacent vertices in Rp. Note
that the following lemma does not use any property of P other than that it is forward-induced.

Lemma 4.5.7. Let a, b ∈ Rp, if (b, a) ∈ E(D), there is a directed path from a to b on at most
max{6, ℓ− 1} vertices.

Proof. Let α, β ∈ {1, 2, . . . , ℓ} such that pα is the first neighbour of a in V (P ) and pβ is the last
neighbour of b in V (P ). Then, since a, b ̸∈ ∪ℓi=1F

−
i ∪L+

i , the corresponding arcs are (a, pα), (pβ , b) ∈
E(D). By definition of Rp, we have 3 ≤ α, β ≤ ℓ − 1. Hence, we may assume that β < α, for
otherwise a→ pα → pα+1 → · · · → pβ → b is a directed path from a to b with at most ℓ−1 vertices,
as desired.

Since β < α the vertices a, b have no common neighbours in V (P ). Now, consider the directed
path pβ → b → a → pα. Since D is

−→
P4-free it cannot be induced. Thus, (pβ , pα) ∈ E(D) or

(pα, pβ) ∈ E(D).
Suppose that (pα, pβ) ∈ E(D). Then, v → pα → pβ → b is a directed path from a to b of length

three, as desired. Hence, we may assume that (pβ , pα) ∈ E(D).
Since P is a forward-induced directed path and β < α, it follows that α = β + 1. Consider the

directed path pβ−1 → pβ → pα → pα+1. Since D is
−→
P4-free it cannot be induced. Therefore, the

vertices pβ−1 and pα, the vertices pβ and pα+1, or the vertices pβ−1 and pα+1 are adjacent. Further-
more, since P is a shortest path, this means that at least one of (pα+1, pβ−1), (pα+1, pβ),(pα, pβ−1)
is an arc of D, see Figure 4.5.3. We consider each case separately:

• Suppose (pα, pβ−1) is an arc of D. Then a→ pα → pβ−1 → pβ → b is a path of D.

• Suppose (pα+1, pβ) is an arc of D. Then a→ pα → pα+1 → pβ → b is a path of D.

• Suppose (pα+1, pβ−1) is an arc of D. Then a→ pα → pα+1 → pβ−1 → pβ → b is a path of D.
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Figure 4.4: On the bottom, P and an arc (b, a) between neighbours of P in Rp. Illustrated here is
the case where the last neighbour pβ of b on P appears just before the first neighbour pα of a, all
possible arcs are shown in gray. Then, path pβ−1, pβ , pα, pα+1 cannot induce a

−→
P4. Any arc possibly

preventing this, shown in dash-dotted green, yields a path from a to b of length at most five.

In every case, the oriented graph induced by {a, pα, pα+1, pβ−1, pβ , b} contains a directed path from
a to b on at most six vertices. Since one of the cases must hold, this completes the proof. □

With the last lemma in hand, we are ready to bind the dichromatic number of Rp.

Lemma 4.5.8. Suppose D is
−→
P4-free. Then D contains a dipolar set of dichromatic number at

most (ω + 6) · γ + 2.

Proof. Let K be a maximum tournament and P be a directed path in D such that K and P form
a path-minimizing closed tournament C in D. Then by Lemma 4.3.1, N [C ∪ X] is a dipolar set.
We will use Lemma 4.5.7 to bound −→χ (Rp). Then we will combine this bound with the results from
the previous sections to bound −→χ (N [C ∪X]).

If P contains at least 7 vertices, then −→χ (Rp) ≤ γ. (4.9)

Suppose ℓ ≥ 7. If ω(Rp) < ω(D) then by assumption −→χ (Rp) ≤ γ, so we may assume that there is
an ω(D)-tournament J ⊆ R. Since C is a minimum closed tournament and P is non-empty, J is
not strongly connected. Hence, there must be exactly one strongly connected component of J that
is a sink and exactly one strongly connected component of J that is a source (and they are not
equal). Let v be a vertex in the sink component of J and w be a vertex in the source component
of J . Therefore, (w, v) ∈ E(D). Thus, by Lemma 4.5.7 there is a path Q from v to w of length
less than that of P . Hence, J, P ′ form a closed tournament. By definition since K,P were chosen
to form a path-minimizing closed tournament P ′ cannot be shorter than P , a contradiction. This
proves (4.9).

−→χ (N(P ) \N [K]) ≤ 4γ (4.10)
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Let the vertices of P be p1 → p2 → . . .→ pℓ, in order. By definition, p1, pℓ ∈ K. If ℓ ≤ 6, then by
Observation 4.2.2, −→χ (N(P ) \N [K]) ≤ 4γ, as desired. Hence, we may assume this is not the case.

Let W p, Rp be defined with respect to P . Then,

−→χ (N(P ) \N [K]) ≤ −→χ (W p) +−→χ (Rp) +−→χ (N(p2)).

Hence, by Lemma 4.5.5, Observation 4.2.2, and (4.9) we obtain −→χ (N(P )\N [K]) ≤ 4γ. This proves
(4.10).

Then, by inequality (4.3), bounding the terms on the right-hand side by Observation 4.2.2, Obser-
vation 4.4.2, inequality (4.10), and Corollary 4.4.5, we have

−→χ (N [C ∪X]) ≤ −→χ (N(P ) \N [K]) + (ω + 2) · γ + 2 ≤ (ω + 6) · γ + 2.

□

Completing the bound on the dichromatic number of our dipolar set in the
−→
A4-free

case

In this section, we prove a bound on the remaining vertices of N(P ) \N [K] and use the results of
the previous sections to show that D contains a dipolar set of bounded dichromatic number in the−→
A4-free case.

Definition 4.5.9. Let P be a shortest path with vertices p1 → p2 → · · · → pℓ, in order. Then

Ra = N(P ) \ (N({p1, pℓ}) ∪W a).

Recall W a = ∪ℓ−1
i=2F

+
i ∪L−

i , that is, vertices in N(P )\N({p1, pℓ}) whose first neighbour on P is
an out-neighbour or whose last neighbour in V (P ) is an in-neighbour. Hence, Ra consists exactly
of the vertices in N(P ) \N({p1, pℓ}) whose first neighbour in V (P ) is an in-neighbour and whose
last neighbour in V (P ) is an out-neighbour.

We bound −→χ (Ra) using a similar technique to the one we used to bound the dichromatic number
of W a. Recall that we need to bound the dichromatic number of the union of the sets Fi\W a. To
this end, we prove that there are no arcs between these sets with indices differing by more than
three. We first make the following observation, holding for any shortest directed path.

Observation 4.5.10. Let D be an
−→
A4-free oriented graph. Let P = p1 → p2 → . . . → pℓ be a

shortest directed path from p1 to pℓ in D. Let i, j ∈ [1, ℓ] with j > i+3. Suppose v, w ∈ N(P ) such
that (pi, v), (w, pj) ∈ E(D). Then (v, w) ̸∈ E(D).

Proof. If (v, w) ∈ E(D) then we may replace the path pi → pi+1 → pi+2 → pi+3 → · · · → pj with
the path pi → v → w → pj in P to obtain a shorter directed path from p1 to pℓ, a contradiction. □

The previous observation allows us to prove that some arcs between vertices in Ra are forbidden.

Observation 4.5.11. Let D be an
−→
A4-free oriented graph. Then, for any two integers in i, j ∈

[2, ℓ− 1] satisfying i+ 2 < j there is no arc from a vertex in Fi \W a to a vertex in Fj \W a.
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Figure 4.5: A depiction of P , along with v ∈ Fi\W a and w ∈ Fj \W a of Ra. Since vertex w /∈W a,
it must also belong to some L+

x with x > j, meaning its last neighbour on P is an out-neighbour.
Then, since x > j > i+ 2, an arc (v, w) would yield a shorter path from p1 to pℓ.

Proof. Let i, j be integers i, j ∈ [2, ℓ−1] satisfying i+2 < j. Suppose v ∈ Fi\W a and w ∈ Fj \W a.
By definition of W a, for every r ∈ N(P )\W a, the first neighbour of r in V (P ) is an in-neighbour of
r and the last neighbour of r ∈ N(P ) is an out-neighbour of r. Hence, there is some x ∈ [j+1, ℓ−1]
such that px is an out-neighbour of w. Thus, x > i+ 3 and by Observation 4.5.10, (v, w) ̸∈ E(D),
see Figure 4.5. □

With the last observation in hand, we are ready to bound −→χ (Ra), which we do through a
similar argument to the case of W a. The main difference is that here, we use 3 disjoint pallets of
γ colours each and choose a colour palette for Fi\W a according to the index of i modulo 3 (where
i ∈ [2, ℓ− 1]).

Lemma 4.5.12. If D is
−→
A4-free, then −→χ (Ra)) ≤ 3γ.

Proof. By definition −→χ (Fi) ≤ γ for each i ∈ [1, ℓ]. We fix three disjoint sets S0, S1, S2 of γ
colours and dicolour each Fj \W a for j ∈ [2, ℓ − 1] with set Si where i = j mod 3. By Observa-
tion 4.5.11, D[F2∪F3∪· · ·∪Fℓ−1 \W a] does not contain any monochromatic directed cycle. Hence,−→χ (F2 ∪ F3 ∪ · · · ∪ Fℓ−1 \W p) ≤ 3γ, as desired. □

We combine the previous observation with the results of the previous sections to show that−→
A4-free oriented graphs have a dipolar set of bounded dichromatic number.

Lemma 4.5.13. Suppose D is an oriented graph satisfying Scenario 4.2.1 with H =
−→
A4. Then D

contains a dipolar set of dichromatic number at most (ω + 7) · γ + 2.

Proof. By Lemma 4.3.1, N [C ∪ X] is a dipolar set. Now, N(P ) \ N [K] ⊆ W a ∪ Ra. Thus, by
combining Lemmas 4.5.5 and 4.5.12, we obtain −→χ (N(P ) \ N [K]) ≤ 5γ. Then, by combining this
bound with inequality (4.3), Observation 4.2.2, Observation 4.4.2, and Corollary 4.4.5 we obtain:

−→χ (N [C ∪X]) ≤ (ω(D) + 7) · γ + 2.

□
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4.6 Orientations of P4 are −→χ -bounding
In this section, we consider an oriented graph D satisfying Scenario 4.2.1. The previous sec-
tions show that D has a dipolar set of bounded dichromatic number. We will use this result and
Lemma 4.2.3 to show that oriented graphs not containing some orientation of P4 are −→χ -bounded.

4.6.1 D contains a dipolar set with bounded dichromatic number

In the previous sections, it is proved that if D does not contain some H ∈ {−→Q4,
−→
P4,
−→
A4}, then D has

a dipolar set of bounded dichromatic number. These results can be summarized in the following
lemma.

Lemma 4.6.1. Let ω > 1 be an integer. Let H ∈ {−→Q4,
−→
P4,
−→
A4}. Let γ be the maximum value of−→χ (D′) for any H-free oriented graph D′ with ω(D′) < ω. Let D be a strongly connected H-free

oriented graph with clique number ω. Then,

• If H =
−→
Q4, then D contains a dipolar set with dichromatic number at most (ω + 3) · γ + 2.

• If H =
−→
P4, then D contains a dipolar set with dichromatic number at most (ω + 6) · γ + 2.

• If H =
−→
A4, then D contains a dipolar set with dichromatic number at most (ω + 7) · γ + 2.

Proof. The result for H =
−→
Q4,
−→
P4,
−→
A4 is given in Lemmas 4.5.4, 4.5.8 and 4.5.13, respectively. □

4.6.2 Computing the −→χ -binding function
We will show that an element from the following family of functions is a −→χ -binding function for
any class of oriented graphs forbidding a particular orientation of P4.

Definition 4.6.2. For any integer c ≥ 3 we let

fc(x) = 2x(x+ c)! +

x∑

i=0

2i+2(x+ c)!

(x+ c− i)!

for any non-negative integer x.

We will need that fc satisfies the following recursive properties in order to show that for some
c the function fc is χ-bounding for any class of oriented graph forbidding a particular orientation
of P4.

Observation 4.6.3. Let c ≥ 3. Then:

• fc(x) = 2(x+ c)fc(x− 1) + 4 for any integer x ≥ 2, and

• fc(1) > 1,

• fc(x) ≤ (x+ c)x+c+1.5 for any integer x ≥ 1.
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Proof. By definition, since c ≥ 3, we have fc(1) > 2c! > 1. Hence, the second bullet holds, and we
will now prove the first bullet. Let x ≥ 2 be an integer. Then,

fc(x) = 2(x+ c)

(
2x−1(x+ c− 1)! +

1

2(x+ c)

x∑

i=0

2i+2(x+ c)!

(x+ c− i)!

)
.

By definition,

x∑

i=0

2i+2(x+ c)!

(x+ c− i)!
= 2(x+ c)

(
x∑

i=1

2i+1(x+ c− 1)!

(x+ c− i)!

)
+ 4 = 2(x+ c)

(
x−1∑

i=0

2i+2(x+ c− 1)!

(x+ c− i− 1)!

)
+ 4.

Thus, by combining the previous two equations we obtain fc(x) = 2(x+c)fc(x−1)+4. This proves
the first bullet.

We will complete the proof by showing the third bullet holds. Let x ≥ 1. By definition,

x∑

i=0

2i+2(x+ c)!

(x+ c− i)!
= 22 + 23(x+ c) + 24(x+ c)(x+ c− 1) + · · ·+ 2x+2 (x+ c)!

c!
.

Since c! > 4 every i ∈ [0, x] satisfies 2i+2(x+c)!
(x+c−i)! ≤ 2x(x+ c)!. Hence, we obtain

x∑

i=0

2i+2(x+ c)!

(x+ c− i)!
≤ 2x(x+ 1)(x+ c)!.

fc(x) < 2x(x+ c)! + 2x(x+ 1)(x+ c)! ≤ (x+ 2)2x(x+ c)!. (4.11)

We will use the following well-known equation called Stirling’s Formula to complete the proof.

Every n ≥ 1 satisfies (
n! <

√
2πn

(n
e

)n
e

1
12n

)
. (4.12)

Since c ≥ 3 we obtain the following by combining (4.11) and (4.12).

(x+ 2)2x(x+ c)! <(x+ 2)2x
√
2π(x+ c)

(
(x+ c)

e

)x+c

e
1

12(x+c) < (x+ c)x+c+1.5.

This proves the third bullet. □

4.6.3 −→χ -boundedness
We are now ready to prove the following more precise version of our main result, Theorem 4.1.2.

Theorem 4.6.4. Let H be an orientation of P4, then H-free graphs are −→χ -bounded. Specifically,

• If D is
−→
Q4-free or

−→
Q′

4-free, then −→χ (D) ≤ (ω(D) + 3)ω(D)+4.5,

• If D is
−→
P4-free, then −→χ (D) ≤ (ω(D) + 6)ω(D)+7.5, and
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• If D is
−→
A4-free, then −→χ (D) ≤ (ω(D) + 7)ω(D)+8.5.

Proof. Let H be an orientation of P4 Note
−→
Q4 can be obtained from

−→
Q4

′ by reversing the orientation
of every edge. Hence, the theorem holds for

−→
Q4 if and only if it holds for

−→
Q′

4. Thus, may assume
H ∈ {−→Q4,

−→
P4,
−→
A4}.

We let c = 3 if H =
−→
Q4, c = 6 if H =

−→
P4 and c = 7 if H =

−→
A4. Then by the third bullet of

Observation 4.6.3, it is enough to show that the class of H-free oriented graphs is −→χ -bounded by
fc.

We have fc(1) > 1 by the first bullet of Observation 4.6.3, so the statement holds for oriented
graphs with no arcs. We complete the proof by induction on the clique number. Let ω > 1
be an integer. Suppose every H-free oriented graph D′ with clique number less than ω satisfies−→χ (D′) ≤ f(ω(D′)). Let D be an H-free oriented graph with clique number equal to ω. We will
show −→χ (D) ≤ fc(ω). We may assume by induction on the number of vertices that D is strongly
connected.

By Lemma 4.6.1, D has a dipolar set S with −→χ (S) ≤ (ω+c)·fc(ω−1)+2. Then by Lemma 4.2.3,

−→χ (D) ≤ 2 · −→χ (S) ≤ 2(ω + c) · fc(ω − 1) + 4.

Since ω ≥ 2 this implies −→χ (D) ≤ fc(ω) by the second bullet of Observation 4.6.3. This completes
the proof. □

4.7 Further directions
Our result is an initial step towards resolving the ACN −→χ -boundedness conjecture for orientation of
paths in general. However, we think we are still far from this result. Our construction of a dipolar
set with bounded chromatic number relies heavily on the length of P4. Similar techniques have
been used for triangle-free oriented graphs to obtain the result for

−→
P6 [Abo+24]. Still, both our

methods and those of the above are ad-hoc, and we do not expect these approaches to generalize
for longer paths. The most pressing question is whether an analogue of the Gyárfás path argument
can be obtained to show the conjecture for any

−→
Pt.

Recall that the classes of
−→
Q4-free oriented graphs and

−→
Q4

′-free oriented graphs were already
shown to be χ-bounded in [CSS19]. The χ-binding function f ′ for these two classes from [CSS19]
is defined using recurrence

f ′(x) := 2(3f ′(x− 1))5

which leads to a double-exponential bound on χ, and cannot guarantee a better bound on −→χ . In
this paper, Theorem 4.1.2 provides an improved −→χ -binding function when any orientation of P4 is
forbidden. It would interest us to know of any improvements to the −→χ function. In particular, we
would like to know whether any orientation of P4 is polynomially −→χ -bounding. In other words, is
there some oriented P4 so that the class of oriented graphs forbidding it has a polynomial −→χ -binding
function?



Chapter 5

Brooks’ extensions through bivariable
degeneracy

This chapter presents our extension of Brooks’ theorem to bivariable de-
generacy and corresponding linear algorithm, following Section 2.7. It is
based on joint results with Daniel Gonçalves and Lucas Picasarri-Arrieta,
appearing in [GPR25].
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5.1 Introduction
For the usual colouring of graphs, Brooks’ Theorem 1.1.7 states that with a palette of ∆(G) colours,
we can always find a colouring of G, except if G is a complete graph or an odd cycle. Such
a colouring can be produced in linear time when it exists, see Subsection 2.7.1. For undirected
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graphs, analogues of Brooks’ theorem have been obtained for increasingly general colouring notions
(see Theorem 2.7.5, Theorem 2.7.7). This culminated in the following variable degeneracy partition
variant called F -colouring [BKT00].

Theorem 5.1.1 (Borodin, Kostochka, Toft ’00). Let G be a connected graph and F = (f1, . . . , fs)
be a sequence of integer-valued functions such that, for every vertex v ∈ V (G),

∑s
i=1 fi(v) ≥ d(v).

Then G is F -colourable if and only if (G,F ) is not a “hard pair”.

For this notion, only a polynomial-time algorithm is known to produce the associated colouring
(or certify its impossibility).

In digraphs, the more general variant presented in Section 2.7 is an analogue of Brooks’ theorem
for list-dicolouring [HM11], which admits a corresponding linear-time algorithm. In this chapter,
we are concerned with the generalization of Theorem 5.1.1 to (di)colourings of digraphs. That
is, colouring notions which in fact ask for partitions into classes constrained by “directed variable
degeneracy” conditions. This was recently obtained by Bang-Jensen, Schweser, and Stiebitz [BSS22]
through f -partitions. They showed a Brooks’ analogue, as well as polynomial-time computability
of the corresponding colouring.

In this chapter, we define a directed (bi)variable degeneracy colouring called F -dicolouring,
generalizing f -partitions, and in turn all previous variants. We show the analogue of Brooks’
theorem for this novel notion, and obtain a linear-time algorithm producing the colouring when it
exists. As a consequence, this yields the first linear-time algorithms for f -partitions [BSS22], and
the F -colouring variant from Theorem 5.1.1. We begin by introducing f -partitions in the following
Subsection 5.1.1, before defining F -dicolourings to formally present our results in Subsection 5.1.2.

5.1.1 The previous directed variable degeneracy analogue
To extend the notion of variable degeneracy to digraphs, the authors of [BSS22] consider variable
“min-degeneracy”, and define the corresponding colouring notion, dubbed f -partition. Given a func-
tion h : V (D) −→ N, a digraph D is h-min-degenerate1 if for every non-empty subdigraph of D,
there exists some v ∈ V (D) such that min(d−(v), d+(v)) < h(v). Then, letting f = (f1, ..., fs),
where fi : V (D) −→ N for any i ∈ [s], an f -partition of D is a colouring α of V (D) such that vertices
coloured i induce an fi-min-degenerate subgraph for every i. Similar to the case of variable degen-
eracy, the instances considered are of the form (D, f) such that

∑s
i=1 fi(v) ≥ max(d−(v), d+(v))

for every v ∈ V (D). Then, the authors define hard pairs in an analogue manner to [BKT00], and
show those are exactly the instances that are not f -partionable.

Theorem 5.1.2 (Bang-Jensen, Schweser, Stiebitz [BSS22]). Let D be a connected digraph, let
s ≥ 1 be an integer, and let f : V (D) −→ N∼, be a vector function such that

∑s
i=1 fi(v) ≥

max(d−(v), d+(v)) for all v ∈ V (d). Then, D is f -partitionable if and only if (D, f) is not a
hard pair.

This notion generalises both dicolouring and list-dicolouring, as well as all variants of undirected
colouring presented above. In particular, all the analogues of Brooks’ theorem presented until now
can be seen as a particular case of Theorem 5.1.2. The authors provide algorithms to produce such
colourings or decide of a hard pair, and argue they are polynomial. The time-complexity is not
given explicitly, but appears to be at least quadratic.

1Actually, in [Bok+04, BSS22] (variable) min-degeneracy is called (variable) weak degeneracy, but these names
are better suited for our presentation.
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Figure 5.1: A digraph which is strictly-(2, 0)-bidegenerate while it is not strictly-(0, 2)-bidegenerate.

5.1.2 Our contributions
Our goal is to obtain a linear-time algorithm to construct the colourings guaranteed by the analogues
of Brooks’ introduced earlier, or decide they are not colourable. The cases for which such an
algorithm was missing being Theorem 5.1.1 and Theorem 5.1.2. As the latter is the most general,
it is natural to look for a linear algorithm to find the f -partitions considered in [BSS22]. Towards
this, we define the more expressive notion of variable bidegeneracy for digraphs, as well as the
corresponding F -dicolouring concept. We obtain an analogue of Brooks’ theorem for F -dicolouring,
as well as a linear-time algorithm that either produces such a colouring, or certifies that there is
none. Our strategy does not follow previous approaches in the literature, and the novel point of
view given by F -dicolourings is what ultimately leads to linear algorithms for earlier notions as
well.

Variable bidegeneracy

The key to our generalisation of Brooks’ theorem and corresponding colouring algorithm is the new
concept of (variable) bidegeneracy for digraphs. Defining degeneracy notions for digraphs can be
done in various ways by imposing conditions on the in and out degrees. The first such example in
the literature is given by Bokal et al. [Bok+04], who introduced weak degeneracy, which we call
min-degeneracy here. Recall a digraph is (k + 1)-min-degenerate if all its subdigraphs admit a
vertex such that the minimum of the in and out degrees is lower than k + 1. One may also ask
for only the in-degree (or only the out-degree) to be lower than k + 1, which corresponds to the
k-in-degeneracy (or k-out-degeneracy) of Bousquet et al. [Bou+24]. We introduce the concept of
bidegeneracy for digraphs: for any pair of integers (p, q), a digraph D is strictly-(p, q)-bidegenerate
if for every subdigraph of D, there exists a vertex v such that either d−(v) < p or d+(v) < q.

Bidegeneracy allows us to express both min-degeneracy as well as in- or out-degeneracy. In-
deed, observe that a digraph D is k-min-degenerate for some k ∈ N if and only if it is strictly-
(k, k)-degenerate. Then, D is k-in-degenerate (respectively k-out-degenerate) if and only if it is
strictly-(k, 0)-bidegenerate (respectively strictly-(0, k)-bidegenerate). In particular, for a digraph it
is equivalent to be acyclic, to be 1-min-degenerate, or to be strictly-(1, 1)-bidegenerate. Further-
more, bidegeneracy constraints express a finer range of classes of digraphs, lying strictly between
classes defined by other notions. For instance, the digraph illustrated in Figure 5.1.2 is strictly-(2, 0)-
bidegenerate, thus 2-min-degenerate, yet it is not strictly-(0, 2)-bidegenerate. Indeed, bidegeneracy
is less symmetric in nature, and importantly, it is not preserved under reversal of all arcs in a given
digraph, while min-degeneracy is.

Given any degeneracy notion for (di)graphs, the corresponding variable notion may be defined
through a function on the vertices, imposing different restrictions on each vertex of the (di)graph
at hand. Notably, the degeneracy of [BSS22] corresponds to the variable version of the degeneracy
introduced in [Bok+04]. To the best of our knowledge, there are no known results on the variable
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in-degeneracy (or variable out-degeneracy). We now define variable bidegeneracy, for a digraph
D, through a function f : V (D) −→ N2. We denote the projection of f on the first and second
coordinates by f− and f+ respectively. Then, D is said to be strictly-f -bidegenerate if for every
subdigraph H of D, there exists some v ∈ V (D) such that either d−H(v) < f−(v) or d+H(v) < f+(v).
This definition admits an equivalent formulation asking for an elimination ordering of vertices
satisfying the above, see Lemma 5.3.2. If f−(v) = f+(v) for every v ∈ V (D), f is said to be
symmetric. Again, a digraph is h-min-degenerate if and only if it is strictly-(h, h)-bidegenerate.
As a consequence, our notion also generalises all the degeneracy notions used for the analogues of
Brooks’ theorem presented here.

F -dicolouring

With this in hand, we are ready to define our corresponding notion of dicolourings. Let D be a
digraph, s be a positive integer, and F = (f1, . . . , fs) be a sequence of functions fi : V (D) −→ N2.
Then, D is F -dicolourable if there exists an s-colouring α of V (D) such that, for every i ∈ [s], the
subdigraph of D induced by the vertices coloured i is strictly-fi-bidegenerate. Such a colouring α
is called an F -dicolouring.

Deciding if a digraph is F -dicolourable is clearly NP-hard because it includes a large collection
of NP-hard problems for specific values of F . For instance, deciding if a digraph D has dichro-
matic number at most two, which is NP-hard by [Bok+04], consists exactly in deciding whether
D is ((1, 0), (1, 0))-dicolourable (when considering (1, 0) as a constant function). We thus restrict
ourselves to valid pairs (D,F ), for which D is connected and the following holds:

∀v ∈ V (D),

s∑

i=1

f−
i (v) ≥ d−(v) and

s∑

i=1

f+
i (v) ≥ d+(v). (⋆)

This is a natural condition on the “colour budget” F in terms of the degrees of D, and directly
generalises analogues presented earlier. Lowering this budget by only one would allow the expression
of hard instances, such as 3-colourability of graphs with maximum degree 4, which is already NP-
hard (see [GJ09]).

In Subsection 5.2.1, we define hard pairs (D,F ), consisting of a digraph D and a sequence F
of functions satisfying Property (⋆). The definition is inductive, with the base cases consisting of
hard blocks (for which D is biconnected), which may then be glued together by identifying vertices
to form other hard pairs. These turn out to be a straightforward adaptation of the hard pairs
of [BSS22], and capture other notions of “hard” instances (such as Gallai trees) for the previous
analogues of Brooks’ theorem. We generalise Brooks’ theorem for valid pairs, by showing they are
F -dicolourable if and only if they are not hard.

Theorem 5.1.3. Let (D,F ) be a valid pair. Then D is F -dicolourable if and only if (D,F ) is
not a hard pair (as defined in Subsection 5.2.1). Moreover, there is an algorithm running in time
O(|V (D)|+ |A(D)|) that decides if (D,F ) is a hard pair, and that outputs an F -dicolouring if it is
not.

While the theorem is of independent interest for the new notion of variable bidegeneracy, it is
an unifying result allowing for linear algorithms for all the analogues above. Importantly, it yields
the first linear-time algorithm for the F -colourability of Theorem 5.1.1 and the f -partitioning of
Theorem 5.1.2. Note also that our complexity does not depend on the total number of colours s, such
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as the algorithm of [Sku06] for Theorem 2.7.5. As the input has size O(|V (D)|+ |A(D)|+s · |V (D)|),
our algorithm can thus be sublinear in the input size if (|V (D)|+|A(D)|) is asymptotically dominated
by (s · |V (D)|). From now on, “linear-time complexity” means linear in the number of vertices and
arcs of the considered digraph.

We begin with a few preliminaries and the definition of hard pairs in Section 5.2. Then, Sec-
tion 5.3 is devoted to the proof of Theorem 5.1.3.

5.2 Preliminaries
Here, a simple arc refers to an arc which is not in a digon. Recall the bidirected graph obtained
from an undirected graph G is denoted by

←→
G , and the underlying graph of a digraph D is denoted

UG(D). A digraph is connected, respectively biconnected if its underlying graph is (note that K2

is biconnected). Then, a block of D is a maximal biconnected sub(di)graph of D. A cut-vertex of
D is a vertex x ∈ V (D) such that D − x is disconnected. An end-block is a block with at most
one cut-vertex. We consider any k-colouring as function α : V (G) −→ [k], where [k] denotes the set
of integers {1, .., k}. For two elements p = (p1, p2) and q = (q1, q2) of N2, we denote by p ≤ q the
relation p1 ≤ q1 and p2 ≤ q2. We denote by p < q the relation p ≤ q and p ̸= q.

5.2.1 Hard Pairs
We are now ready to define hard pairs, which are pairs (D,F ) that satisfy Property (⋆) tightly,
with specific conditions on F , and which admit a certain block tree structure on D. We say that
(D,F ) is a hard pair if one of the following four conditions holds:

(i) D is a biconnected digraph and there exists i ∈ [s] such that, for every vertex v ∈ V ,
fi(v) = (d−(v), d+(v)) and fk(v) = (0, 0) when k ̸= i.

We refer to such a hard pair as a monochromatic hard pair.

(ii) D is a bidirected odd cycle and the functions f1, . . . , fs are all constant equal to (0, 0) except
exactly two that are constant equal to (1, 1).

We refer to such a hard pair as a bicycle hard pair.

(iii) D is a bidirected complete graph, the functions f1, . . . , fs are all constant and symmetric, and
for every vertex v we have

∑s
i=1 f

+
i (v) = |V (D)| − 1.

We refer to such a hard pair as a complete hard pair.

(iv) (D,F ) is obtained from two hard pairs (D1, F 1) and (D2, F 2) by identifying two vertices
x1 ∈ V (D1) and x2 ∈ V (D2) into a new vertex x ∈ V (D), such that for every vertex
v ∈ V (D) we have:

fk(v) =





f1
k (v) if v ∈ V (D1) \ {x1}
f2
k (v) if v ∈ V (D2) \ {x2}
f1
k (v) + f2

k (v) if v = x.

where F 1 = (f1
1 , . . . , f

1
s ), F 2 = (f2

1 , . . . , f
2
s ).

We refer to such a hard pair as a join hard pair.
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(1, 1), (2, 2)

(1, 1), (2, 2)

(1, 1), (2, 2)

(1, 3), (2, 2)

(2, 1)

(1, 2)

(3, 1), (1, 1)

(1, 1), (1, 1)

(1, 1), (1, 1)

(1, 1), (1, 1)

(1, 1), (1, 1)

Figure 5.2: An example of a hard pair (D,F ) where F is a sequence of three functions f1, f2, f3 the
values of which are respectively represented in red, green, and blue. For the sake of readability, the
value of fi is missing when it is equal to (0, 0).

See Figure 5.2 for an illustration of a hard pair.
In the following, we give a short proof that if (D,F ) is a hard pair then D is not F -dicolourable.

5.2.2 Hard pairs are not dicolourable
Lemma 5.2.1. Let (D,F ) be a hard pair, then D is not F -dicolourable.

Proof. Let (D,F = (f1, . . . , fs)) be a hard pair. Assume for a contradiction that it admits an
F -dicolouring α with colour classes V1, . . . , Vs. We distinguish four cases, depending on the kind of
hard pair (D,F ) is.

(i) If (D,F ) is a monochromatic hard pair, let i ∈ [s] be such that, for every vertex v ∈ V ,
fi(v) = (d−(v), d+(v)) and fk(v) = (0, 0) when k ̸= i. Then, for every k ̸= i, Vk must be
empty, for otherwise D[Vk] is not strictly-fk-bidegenerate. Therefore, we have V = Vi and D
must be strictly-fi-bidegenerate. Hence D contains a vertex v such that d−(v) < f−

i (v) or
d+(v) < f+

i (v), a contradiction.

(ii) If (D,F ) is a bicycle hard pair, let i, j ∈ [s] be distinct integers such that, for every vertex
v ∈ V , fi(v) = fj(v) = (1, 1) and fk(v) = (0, 0) when k /∈ {i, j}. Again, Vk must be empty
when k /∈ {i, j}, so (Vi, Vj) partitions V . Since D is a bidirected odd cycle, it is not bipartite,
so D[Vi] or D[Vj ] contains a digon between vertices u and v. Assume that D[Vi] does, then
H = D[{u, v}] must contain a vertex x such that d−H(x) < f−

i (x) or d+H(x) < f+
i (x), a

contradiction since fi(x) = (d−H(x), d+H(x)) = (1, 1) for every x ∈ {u, v}.

(iii) If (D,F ) is a complete hard pair, then for each i ∈ [s], since D[Vi] is strictly-fi-bidegenerate,
we have |Vi| ≤ f−

i (v) where v is any vertex (recall that the functions f1, . . . , fs are constant and
symmetric). Then

∑s
i=1 |Vi| ≤

∑s
i=1 f

−
i (v) = |V (D)| − 1, a contradiction since (V1, . . . , Vs)

partitions V .

(iv) Finally, if (D,F ) is a join hard pair, we proceed by structural induction on the joins, with the
three base cases corresponding to the previous items. Now, (D,F ) is obtained from two hard
pairs (D1, F 1) and (D2, F 2) by identifying two vertices x1 ∈ V (D1) and x2 ∈ V (D2) into a
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new vertex x ∈ V (D), such that for every vertex v ∈ V (D) we have:

fk(v) =





f1
k (v) if v ∈ V (D1) \ {x1}
f2
k (v) if v ∈ V (D2) \ {x2}
f1
k (v) + f2

k (v) if v = x.

where F 1 = (f1
1 , . . . , f

1
s ), F 2 = (f2

1 , . . . , f
2
s ).

By induction, we may assume that D1 is not F 1-dicolourable and D2 is not F 2-dicolourable.
Let α1 and α2 be the following s-colourings of D1 and D2.

α1(v) =

{
α(v) if v ̸= x1

α(x) otherwise. and α2(v) =

{
α(v) if v ̸= x2

α(x) otherwise.

We denote respectively by U1, . . . , Us and W1, . . . ,Ws the colour classes of α1 and α2. Since
D1 is not F 1-dicolourable, there exist i ∈ [s] and a subdigraph H1 of D1[Ui] such that
every vertex u ∈ V (H1) satisfies d−H1(u) ≥ f1

i
−
(u) and d+H1(u) ≥ f1

i
+
(u). We claim that

x1 ∈ V (H1). Assume not, then H1 is a subdigraph of D[Vi] and every vertex u in H1 satisfies
fi(u) = f1

i (u), and so it satisfies d−H1(u) ≥ f−
i (u) and d+H1(u) ≥ f+

i (u). This is a contradiction
to D[Vi] being strictly-fi-bidegenerate.

Hence, we know that x1 ∈ V (H1). Swapping the roles of D1 and D2, there exists an index
j ∈ [s] and a subdigraph H2 of D2[Wj ] such that every vertex w ∈ V (H2) satisfies d−H2(w) ≥
f2
j
−
(w) and d+H2(w) ≥ f1

j
+
(w). Analogously, we must have x2 ∈ V (H2).

By the definitions of α1 and α2, we have i = j and x ∈ Vi. Let H be the subdigraph of D[Vi]
obtained from H1 and H2 by identifying x1 and x2 into x. For every vertex u ∈ V (H)∩V (H1),
we have d−H(u) = d−H1(u) ≥ f−

i (u) and d+H(u) = d+H1(u) ≥ f+
i (u). Analogously, for every

vertex w ∈ V (H) ∩ V (H2), we have d−H(w) = d−H2(w) ≥ f2
i
−
(w) and d+H(w) = d+H2(w) ≥

f1
i
+
(w). Finally, we have

d−H(x) = d−H1(x1) + d−H2(x2) ≥ f1
i
−
(x1) + f2

i
−
(x2) = f−

i (x)

and d+H(x) = d+H1(x1) + d+H2(x2) ≥ f1
i
+
(x1) + f2

i
+
(x2) = f+

i (x).

This is a contradiction to D[Vi] being strictly-fi-bidegenerate.

□

5.3 Dicolouring non-hard pairs in linear time
In this section, we prove Theorem 5.1.3 by describing the corresponding algorithm, proving its
correctness, and its time complexity. Our algorithm starts by testing whether (D,F ) is a hard pair.
If it is not, we pipeline various algorithms reducing the initial instance, while partially colouring
the vertices pruned along the way, until a solution is found.

We first discuss the data structure encoding the input in Subsection 5.3.1. We give some technical
definitions used in the proof and some preliminary remarks in Subsection 5.3.2. In the following
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subsections we describe different reduction steps unfolding in our algorithm. We consider valid
pairs for which the constraints are “loose” in Subsection 5.3.4, based on a simple greedy algorithm
presented in Subsection 5.3.3. Then, we consider “tight” valid pairs. In Subsection 5.3.5, we show
how to reduce a tight and valid pair (D,F ) into another one (D′, F ′) for which D′ is biconnected
and smaller than D. At this point, we may test the hardness of (D′, F ′) to decide whether (D,F )
is hard. Otherwise, the remainder of the section consists in exhibiting an F ′-dicolouring of D′,
yielding an F -dicolouring of D. In Subsection 5.3.6, we reduce the instance to one involving at
most two colours, and which is still biconnected. Then, we show how to solve biconnected instances
with two colours in Subsection 5.3.7 and in Subsection 5.3.8, through the use of ear-decompositions.
We conclude with the proof of Theorem 5.1.3 in Subsection 5.3.9.

5.3.1 Data structures
We need appropriate data structures to process the entry pair (D,F ). The following structures are
standard, but let us list their properties. The digraph D is encoded in space O(|V (D)| + |A(D)|)
with a data structure allowing, for every vertex v,

• to access the values |V (D)|, |A(D)|, d−(v), d+(v), and |N−(v) ∩N+(v)| in O(1) time,

• to enumerate the vertices of the sets V (D), N−(v), N+(v) in O(1) time per vertex,

• to delete a vertex v (and update all the related values and sets) in O(d−(v) + d+(v)) time,
and

• to compute a spanning tree rooted at a specified root in O(|V (D)|+ |A(D)|) time.

The functions F = (fi)i∈[s] are encoded in O(s · |V (D)|) space in a data structure allowing, for
every vertex v,

• to read or modify f−
i (v) and f+

i (v) in O(1) time.

• to enumerate (only) the colours i such that fi(v) ̸= (0, 0), in O(1) time per such colour.

This data structure is simply an s × |V (D)| table, dynamically maintained, with pointers linking
the cells (i, v) and (j, v) if fi(v) ̸= (0, 0), fj(v) ̸= (0, 0), and fk(v) = (0, 0) for every k such that
i < k < j.

The output is a vertex colouring which we build along the different steps of our algorithm, and
is simply encoded in a table.

5.3.2 Preliminaries
Let (D,F = (f1, . . . , fs)) be a (non-necessarily valid) pair, let X ⊆ V (D) be a subset of vertices of
D, and α : X → [s] be a partial s-colouring of D. Let D′ = D−X and F ′ = (f ′

1, . . . , f
′
s) be defined

as follows:

f ′−
i (u) = max(0, f−

i (u)− |α−1(i) ∩N−(u)|)
and f ′+

i (u) = max(0, f+
i (u)− |α−1(i) ∩N+(u)|)

We call (D′, F ′) the pair reduced from (D,F ) by α.
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Lemma 5.3.1. Consider a (non-necessarily valid) pair (D,F ) and an F -dicolouring α of D[X],
for a subset X ⊆ V (D). Let (D′, F ′) be the pair reduced from (D,F ) by α. Then, combining α with
any F ′-dicolouring of D′ yields an F -dicolouring of D.

Furthermore, there is an algorithm that given a pair (D,F ), and a colouring α of some set
X ⊆ V (D), outputs the reduced pair (D′, F ′) in O(

∑
v∈X d(v)) time.

Proof. Let β be any F ′-dicolouring of D′. We will show that the combination γ of α and β is
necessarily an F -dicolouring of D. We formally have

γ(v) =

{
α(v) if v ∈ X
β(v) otherwise.

Letting i ∈ [s] be any colour, we will show that D[Vi] is strictly-fi-bidegenerate, where Vi =
γ−1(i), which implies the first part of the statement. To this purpose, let H be any subdigraph
of D[Vi], we will show that H contains a vertex v satisfying d−H(v) < f−

i (v) or d+H(v) < f+
i (v).

Observe first that, if V (H) ⊆ X, the existence of v is guaranteed since α is an F -dicolouring of
D[X]. Henceforth assume that V (H) \ X ̸= ∅, and let H ′ be H − X. Since V (H ′) ⊆ β−1(i), by
hypothesis on β, the digraph H ′ is strictly-f ′

i -bidegenerate. Hence there must be a vertex v ∈ V (H ′)
such that d−H′(v) < f ′

i
−
(v) or d+H′(v) < f ′

i
+
(v). If d−H′(v) < f ′

i
−
(v), we obtain

d−H(v) ≤ d−H′(v) + |α−1(i) ∩N−(v)| < f ′
i
−
(v) + |α−1(i) ∩N−(v)| = f−

i (v).

Symmetrically, d+H′(v) < f ′
i
+
(v) implies d+H(v) < f+

i (v), showing that the combined colouring is
indeed an F -dicolouring.

The algorithm is elementary. It consists on a loop over vertices v ∈ X, updating the table
storing the colouring with colour α(v) for v, deleting v from D, and visiting every neighbour u of v
in order to update its adjacency list (that is removing v from N−(u) and/or N+(u)), and its colour
budget fα(v)(u). This is clearly linear in

∑
v∈X d(v). □

Let (D,F ) be a valid pair. Let X be a subset of vertices of D, α : X → [s] be a partial colouring
of D, and (D′, F ′) be the pair reduced from (D,F ) by α. We say that the colouring α of D[X] is
safe if each of the following holds:

• α is an F -dicolouring of D[X],

• D′ is connected, and

• (D,F ) is a hard pair if and only if (D′, F ′) is a hard pair.

For the particular case X = {v}, we thus say that colouring v with c is safe if fc(v) ̸= (0, 0), D− x
is connected, and the reduced pair (D′, F ′) is a hard pair if and only if (D,F ) is.

The following lemma tells us how variable bidegeneracy relates to vertex orderings.

Lemma 5.3.2. Given a digraph D = (V,A), and a function f : V −→ N2, D is strictly-f -
bidegenerate if and only if there exists an ordering v1, . . . , vn of the vertices of D such that

f−(vi) > |N−(vi) ∩ {vj | j ≤ i}| or f+(vi) > |N+(vi) ∩ {vj | j ≤ i}|
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Proof. (=⇒) We proceed by induction on the number of vertices n. This implication clearly
holds for n = 1. Assume now that n ≥ 2. Let vn be a vertex of D such that f−(vn) > d−(vn)
or f+(vn) > d+(vn), which exists by strict bidegeneracy of D. Since d−(vn) ≥ |N−(vn) ∩ S| and
d+(vn) ≥ |N+(vn)∩S| for any set S ⊆ V , the property holds for vn in any ordering such that vn is
the last vertex. By induction there is an ordering v1, . . . , vn−1 of the vertices of D′ = D − vn such
that for every vertex vi, with 1 ≤ i ≤ n− 1, we have

f−(vi) > |N−
D′(vi) ∩ {vj | j ≤ i}| or f+(vi) > |N+

D′(vi) ∩ {vj | j ≤ i}|

As N−
D′(v) ∩ {vj | j ≤ i} = N−

D (v) ∩ {vj | j ≤ i} and N+
D′(v) ∩ {vj | j ≤ i} = N+

D (v) ∩ {vj | j ≤ i},
the property still holds in D, concluding this direction.

(⇐=) For any subdigraph H = (VH , AH) of D let vk be the vertex of VH with the largest
index k. Since N−

H (vk) = N−
D (vk) ∩ VH ⊆ N−

D (vk) ∩ {vj | j ≤ k}, and N+
H (vk) = N+

D (vk) ∩ VH ⊆
N+

D (vk) ∩ {vj | j ≤ k}, we have:

f−(vk) > |N−
D (v) ∩ {vj | j ≤ k}| ≥ d−H(vk) or f+(vi) > |N+

D (v) ∩ {vj | j ≤ i}| ≥ d+H(vk).

Therefore, H is strictly-f -bidegenerate. □

5.3.3 Greedy algorithm
In this subsection we consider an algorithm that greedily colours D, partially or entirely. We are
going to give conditions ensuring that this approach succeeds in providing a (partial) F -dicolouring.

Lemma 5.3.3. Given a (non-necessarily valid) pair (D,F ) and an ordered list of vertices v1, . . . , vℓ
of V (D), there exists an algorithm, running in time O

(∑ℓ
i=1 d(vi)

)
, that colours the vertices

v1, . . . , vℓ such that:

• If F satisfies the following for every vi ∈ {v1, . . . , vℓ},
s∑

c=1

f−
c (vi) > |N−(vi) ∩ {vj | j ≤ i}| or

s∑

c=1

f+
c (vi) > |N+(vi) ∩ {vj | j ≤ i}| (⋆⋆)

then the algorithm produces an F -dicolouring of D[v1, ..., vℓ], and computes the reduced pair
(D′, F ′).

• If (⋆⋆) holds, and moreover (D,F ) is valid and D−{v1, . . . , vℓ} is connected, then the reduced
pair (D′, F ′) is valid.

Note that as
∑

v∈D d(v) = 2|A(D)| the time complexity here is O(|V (D)|+ |A(D)|), even when
the whole digraph is coloured.
Proof. The algorithm simply consists in considering the vertices v1, . . . , vℓ in this order and, if pos-
sible, to colour vi with a colour c such that f−

c (vi) > |{u ∈ N−(vi) ∩ {v1, . . . , vi} | u is coloured c}|,
or such that f+

c (vi) > |{u ∈ N+(vi) ∩ {v1, . . . , vi} | u is coloured c}|.
The complexity of the algorithm holds because, it actually consists in a loop over vertices

v1, . . . , vℓ, where 1) it looks for a colour c such that fc(vi) ̸= (0, 0) (where F is updated after
each vertex colouring), and if it finds such a colour, 2) colours vi and updates (D,F ) into the
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corresponding reduced pair (D′, F ′). Step 1) is done in constant time (see Subsection 5.3.1), and step
2) is done in O(d(vi)) time (by Lemma 5.3.1). Hence, the complexity clearly follows. Lemma 5.3.2,
applied to D[{v1, ..., vℓ}], implies that if the algorithm succeeds, the obtained colouring is an F -
dicolouring of D[{v1, ..., vℓ}].

To show the second statement, let us show the following invariant of the algorithm:
(♣) At the beginning of the ith iteration of the main loop, for any vertex vk with i ≤ k ≤ ℓ,
at least one of the following occurs:

• its number of uncoloured in-neighbours with index at most k is less than
∑s

c=1 f
−
c (vk),

• its number of uncoloured out-neighbours with index at most k is less than
∑s

c=1 f
+
c (vk),

where the sums are made on the updated functions fc.
Note that, by (⋆⋆), (♣) holds for the first iteration. Let us show that if (♣) holds at the

beginning of the ith iteration for some vertex vk with i < k, then it still holds at the beginning
of the i + 1th iteration. Indeed, during the ith iteration, if the sum

∑s
c=1 f

−
c (vk) decreases, it

decreases by exactly one, and in that case we have vi ∈ N−(vk). Hence, the number of uncoloured
in-neighbours of vk with index at most k also decreases by one, and (♣) still holds. The same holds
for the out-neighbourhood of vi.

By (♣), at the beginning of the ith iteration, we have
∑s

i=1 fi(v) ̸= (0, 0). Hence, there is a
colour c such that fc(vi) ̸= (0, 0), so there is always a colour (e.g. c) available for colouring vi, and
the algorithm thus succeeds in colouring the whole digraph D[v1, . . . , vℓ].

Finally for the last statement, if (⋆⋆) holds, then the algorithm succeeds in producing an F -
dicolouring. Furthermore, if (D,F ) is valid, then for any vertex u ∈ V (D) \ {v1, . . . , vℓ}, we have
d−D(u) ≤ ∑s

c=1 f
−
c (vi) and d+D(u) ≤ ∑s

c=1 f
+
c (vi). For each of these inequalities, and at each iter-

ation of the main loop, the left-hand side decreases if and only if the right-hand side does, in the
reduced pair (D′, F ′). Hence, (⋆) holds in (D′, F ′), and since D′ is connected, the pair (D′, F ′) is
valid. □

5.3.4 Solving loose instances
If the input digraph D as a whole is strictly-f̃ -bidegenerate for some f̃ , it may be easy to produce
an F -dicolouring, under some conditions on f̃ . Note that, in what follows, we do not ask for (D,F )
to be a valid pair, so D may be disconnected and vertices v do not necessarily satisfy (⋆).

Lemma 5.3.4. Let D = (V,A) be a digraph, F = (f1, . . . , fs) be a sequence of functions fi : V →
N2, and f̃ =

∑s
i=1 fi. If D is strictly-f̃ -bidegenerate, then D is F -dicolourable and an F -dicolouring

can be computed in linear time.

Proof. Let (D = (V,A), F = (f1, . . . , fs)) be such a pair. By Lemma 5.3.2, there exists an ordering
σ = v1, . . . , vn of V (D) such that, for every i ∈ [s], vi satisfies d+Di

(vi) < f̃+(vi) or d−Di
(vi) < f̃−(vi),

where Di is the subdigraph of D induced by {v1, . . . , vi}.
We prove that such an ordering σ can be computed in linear time. Our proof follows a classical

linear-time algorithm for computing the usual degeneracy of a graph, but we give the proof for
completeness. We create two tables out_gap and in_gap, both of size n and indexed by V . We
iterate once over the vertices of V and, for every vertex v, we set out_gap(v) to f̃+(v)− d+(v) and



CHAPTER 5. BROOKS’ EXTENSIONS THROUGH BIVARIABLE DEGENERACY 103

in_gap(v) to f̃−(v) − d−(v). We also store in a set S all vertices v for which out_gap(v) ≥ 1 or
in_gap(v) ≥ 1.

Then for i going from n to 1, we choose a vertex u in S that has not been treated before,
we set vi to u, and for every in-neighbour (respectively out-neighbour) w of u that has not been
treated before, we increase in_gap(w) (respectively out_gap(w)) by one. If out_gap(w) ≥ 1 or
in_gap(w) ≥ 1, we add w to S. We then remember (using a boolean table for instance) that u has
been treated.

Following this linear-time algorithm, at the beginning of each step i ∈ [n], for every non-treated
vertex u, we have in_gap(u) = f̃−(u) − d−Di

(u) and out_gap(u) = f̃+(u) − d+Di
(u). We also

maintain that S contains all the vertices u satisfying in_gap(u) ≥ 1 or out_gap(u) ≥ 1. Since D
is strictly-f̃ -bidegenerate, at step i, there exists a non-treated vertex u ∈ S.

We now admit that such an ordering σ = (v1, . . . , vn) has been computed, and we greedily colour
the vertices from v1 to vn. The result follows from Lemma 5.3.3 and the fact that f̃ =

∑s
i=1 fi. □

A valid pair is tight, if for every vertex the two inequalities of (⋆) are equalities. The following
particular case of Lemma 5.3.4 treats the case of instances that are non-tight, which we also refer
to as loose.

Lemma 5.3.5. Let (D,F ) be a valid pair that is loose. Then D is F -dicolourable and an F -
dicolouring can be computed in linear time.

Proof. Let (D = (V,A), F = (f1, . . . , fs)) be such a pair and let f̃ : V → N2 be
∑s

i=1 fi.
It is sufficient to prove that D is necessarily strictly-f̃ -bidegenerate, so the result follows from
Lemma 5.3.4.

Assume for a contradiction that D is not strictly-f̃ -bidegenerate, so by definition there exists
an induced subdigraph H of D such that, for every vertex v ∈ V (H), d+H(v) ≥ f̃+(v) and d−H(v) ≥
f̃−(v). By the definition of f̃ , and because (D,F ) is a valid pair, we thus have d+H(v) =

∑s
i=1 f

+
i (v)

and d−H(v) = f̃−(v). We directly deduce that H ̸= D as (D,F ) is loose.
Since D is connected (as (D,F ) is a valid pair) and because H ̸= D, there exists in D an arc

between vertices u and v such that u ∈ V (H) and v ∈ V (D) \V (H). Depending on the orientation
of this arc, we have d+H(u) < d+D(u) =

∑s
i=1 f

+
i (u) or d−H(u) < d−D(u) =

∑s
i=1 f

−
i (u), a contradic-

tion. □

5.3.5 Reducing to a block and detecting hard pairs
We have just shown how to solve loose instances. In this subsection, we thus consider a tight
instance (D,F ), and show how to obtain a reduced instance (B,F ′) where B is a block of D,
by safely colouring V (D) \ V (B). Then, (B,F ′) is a hard pair if and only if (D,F ) is, in which
case we may terminate the algorithm. Otherwise, the following subsections show that B may be
F ′-dicoloured, and together with the colouring of V (D) \ V (B) fixed at this step, this yields an
F -dicolouring of D.

Our reduction of (D,F ) proceeds by considering the end-blocks of D one after the other. If an
end-block B, together with F , may correspond to a monochromatic hard pair, a bicycle hard pair,
or a complete hard pair glued to the rest of the digraph, then we safely colour V (B) \ V (D) and
move to the next end-block. If B cannot be such a block, then we will show that we can safely
colour V (D) \ V (B).
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Before formalising this strategy, we need a few definitions. Given a valid pair (D,F ), an end-
block B of D, with cut-vertex x, is a hard end-block if it is of one of the following types:

(i) There exists a colour i ∈ [s] such that fi(x) ≥ (d−B(x), d
+
B(x)), and for every v ∈ V (B) \ {x}

we have fi(v) = (d−B(v), d
+
B(v)) and fk(v) = (0, 0) when k ̸= i.

We refer to such a hard end-block as a monochromatic hard end-block.

(ii) B is a bidirected odd cycle and there exists colours i ̸= j such that, fi(x) ≥ (1, 1), fj(x) ≥
(1, 1) and for every v ∈ V (B) \ {x}, we have fc(v) = (1, 1) if c ∈ {i, j} and fc(v) = (0, 0)
otherwise.
We refer to such a hard end-block as a bicycle hard end-block.

(iii) B is a bidirected complete graph, the functions f1, . . . , fs are constant and symmetric on
V (B) \ {x}, and fi(x) ≥ fi(u) for every i ∈ [s] and every u ∈ V (B) \ {x}.
We refer to such a hard end-block as a complete hard end-block.

Let (D,F = (f1, . . . , fs)) be a tight valid pair such that D is not biconnected and let B be a
hard end-block of D with cut-vertex x. Let u be any vertex of B distinct from x. We define the
contraction (D′, F ′ = (f ′

1, . . . , f
′
s)) of (D,F ) with respect to B, as follows:

• D′ = D − (V (B) \ {x});
• for every vertex v ∈ V (D′) \ {x} and every i ∈ [s], set f ′

i(v) = fi(v);

• if B is a monochromatic hard end-block, let c be the unique colour such that fc(u) ̸= (0, 0),
then set f ′

c(x) = fc(x)− (d−B(x), d
+
B(x)) and f ′

i(x) = fi(x) for every i ∈ [s] \ {c};
• otherwise, B a bicycle or a complete hard end-block, and we set f ′

i(x) = fi(x) − fi(u) for
every i ∈ [s].

Lemma 5.3.6. Let (D,F = (f1, . . . , fs)) be a tight valid pair such that D is not biconnected and
let B be a hard end-block of D with cut-vertex x. Let (D′, F ′ = (f ′

1, . . . , f
′
s)) be the contraction of

(D,F ) with respect to B. Then (D,F ) is a hard pair if and only if (D′, F ′) is a hard pair.

Proof. For the backwards direction, if (D′, F ′) is a hard pair, then (D,F ) can be defined as the
join hard pair obtained from two hard pairs, (D′, F ′) and (B, F̃ = (f̃1, . . . , f̃s)), where f̃i = fi − f ′

i

for every i ∈ [s].
Conversely, let us show by induction on the number of blocks that for every hard pair (D,F ),

and every end-block B, B is a hard end-block and (D′, F ′), the contraction of (D,F ) with respect
to B, is a hard pair. This is trivial if D is biconnected as D does not have any end-block. We thus
assume that (D,F ) is a join hard pair obtained from two hard pairs (D1, F1) and (D2, F2). Assume
without loss of generality that B is a block of D1. If this is not possible, since B is an end-block
of D, we necessarily have D1 = B. Hence, (D′, F ′) is exactly (D2, F2), which is then biconnected,
and a hard pair. Furthermore, irrespective of the type of hard pair (D1, F1), by the definition of
hard joins, D1 = B is clearly a hard end-block of D. If B is an end-block of D1, by the induction
hypothesis, B is a hard end-block of (D1, F1) and the contraction of (D1, F1) with respect to B,
(D′

1, F
′
1), is a hard pair. It is easy to check that (D′, F ′) is exactly the join hard pair obtained from

(D′
1, F

′
1) and (D2, F2). □

Before describing our algorithm reducing the instance to a single block, we need the following
subroutine testing if an end-block is hard.
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Lemma 5.3.7. Given a tight valid pair (D,F = (f1, . . . , fs)), and an end-block B of D with
cut-vertex x, testing whether B is a hard end-block can be done in time O(|V (B)|+ |A(B)|).
Proof. The algorithm takes block B with its cut-vertex x, and considers any u ∈ V (B) \ {x} as a
reference vertex.

We first check whether B is a monochromatic hard end-block. To do so, we first check whether
exactly one colour i is available for u (i.e. {j | fj(u) ̸= (0, 0)} = {i}). We then check whether i
is indeed the only available colour for every vertex v ∈ V (B) \ {u, x}. We finally check whether
fi(x) ≥ (d−D(x), d+D(x)). Since (D,F ) is tight, B is a monochromatic hard end-block if and only if
all these conditions are met.

Assume now that B is not a monochromatic hard end-block. Now, B is a hard end-block if and
only if it is a bicycle hard end-block or a complete hard end-block. In both cases, the functions
f1, . . . , fs must be symmetric, and constant on V (B) \ {x}. Since (D,F ) is tight, for every vertex
v ∈ V (B) \ {x}, we can iterate over {j | fj(v) ̸= (0, 0)} in time O(d(v)). This allows us to check
in linear time whether the functions f1, . . . , fs are symmetric and constant on V (B) \ {x}. If this
is not the case, B is not a hard end-block. We can assume now that f1, . . . , fs are symmetric and
constant on V (B) \ {x}. We also assume that B is either a bidirected odd cycle or a bidirected
complete graph, for otherwise B is clearly not a hard end-block.

If B is a bidirected odd cycle, we check in constant time that fi(u) ̸= (0, 0) holds for exactly
two colours. If this does not hold, the end-block B is not a hard end-block. Otherwise, denote
these two colours i, j, and note (by tightness and symmetry) that fi(u) = fj(u) = (1, 1), and that
fk(u) = (0, 0) for k /∈ {i, j′}. Now B is a bicycle hard end-block if and only if fk(x) ≥ (1, 1) for
k ∈ {i, j}, which can be checked in constant time.

Assume finally that B is a bidirected complete graph. Since (D,F ) is tight, and because the
functions f1, . . . , fs are symmetric and constant on V (B)\{x}, then B is a complete hard end-block
if and only if fi(x) ≥ fi(u) for every colour i ∈ [s]. This can be checked in O(|V (B)|) time, since
there are at most |V (B)| colours i such that fi(u) ̸= (0, 0) (as (D,F ) is tight). □

We now turn to showing the main lemma of this subsection, which reduces any tight valid pair
to a biconnected one.

Lemma 5.3.8. Let (D,F ) be a tight valid pair. There exists a block B of D such that V (D)\V (B)
may be safely coloured, yielding the reduced pair (B,F ′). Moreover, (B,F ′) and the colouring of
V (D) \ V (B) can be computed in linear time.

Proof. Let (D,F ) be such a pair. We first compute, in linear time [TV85], an ordering B1, . . . , Br

of the blocks of D and an ordered set of vertices (x2, . . . , xr) in such a way that whenever 2 ≤ ℓ ≤ r,
the only cut-vertex of Dℓ = D[

⋃ℓ
j=1 V (Bℓ)] in Bℓ is xℓ. If D is biconnected, that is r = 1, the

result follows for B = D and there is nothing to do. We now assume r ≥ 2.
For ℓ going from r to 2, we proceed as follows. We consider the block Bℓ, which is an end-block

of Dℓ. We will either safely colour V (Dℓ) \ V (Bℓ) and output the reduced pair (Bℓ, F ′), or safely
colour V (Bℓ) \ {xℓ}, compute the reduced pair (Dℓ−1, F ℓ−1), and go on with the end-block Bℓ−1

of Dℓ−1. If we colour all the blocks Bℓ with ℓ ≥ 2, we output the reduced pair (D1, F 1).
More precisely, when considering Bℓ, we first check in time O(|V (Bℓ)|+ |A(Bℓ)|) whether Bℓ is

a hard end-block of (Dℓ, F ℓ) (by Lemma 5.3.7). We distinguish two cases, depending on whether
Bℓ is a hard end-block.

Case 1: Bℓ is a hard end-block of Dℓ.
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In this case, we safely colour the vertices of V (Bℓ)\{xℓ} in time O(|V (Bℓ)|+ |A(Bℓ)|). To do
so, we first compute an ordering σ = (v1, . . . , vb = xℓ) of V (Bℓ) corresponding to a leaves-to-
root ordering of a spanning tree of Bℓ rooted in xℓ, in time O(|V (Bℓ)| + |A(Bℓ)|). We then
greedily colour the vertices v1, . . . , vb−1 in this order. For every j ∈ [b− 1], the vertex vj has
at least one neighbour in {vj+1, . . . , vb} (its parent in the spanning tree), so condition (⋆⋆)
is fulfilled. Hence, Lemma 5.3.3 ensures that the algorithm succeeds and that the reduced
pair (Dℓ−1, F ℓ−1) is a valid pair. We will now show that (Dℓ−1, F ℓ−1) is necessarily tight,
and that the colouring of V (Bℓ) \ {xℓ} we computed is safe, by showing that (Dℓ−1, F ℓ−1) is
exactly the contraction of (Dℓ, F ℓ) with respect to Bℓ.

Assume first that Bℓ is a monochromatic hard end-block. Then, all the vertices of V (B)\{xℓ}
are coloured with the same colour i, and by the definition of a monochromatic hard end-block,
we have f ℓ−1

i (xℓ) = f ℓ
i (xℓ)− (d−

Bℓ(xℓ), d
+
Bℓ(xℓ)) and f ℓ−1

j (xℓ) = f ℓ
j (xℓ) for every colour j ̸= i.

Hence, (Dℓ−1, F ℓ−1) is tight (as the degrees from Dℓ to Dℓ−1 only change for xℓ, for which
they decrease exactly by d−

Bℓ(xℓ), and d+
Bℓ(xℓ)) and Lemma 5.3.6 implies that the colouring

we computed is safe.

Assume now that Bℓ is a bicycle hard end-block. Let i ̸= j be such that f ℓ
i (u) = f ℓ

j (u) = (1, 1)

for every vertex u ∈ V (Bℓ) \ {xℓ}. Recall that, by the definition of a bicycle hard end-block,
f ℓ
k(xℓ) ≥ (1, 1) for k ∈ {i, j}. Let u, v be the two neighbours of xℓ in Bℓ, then u and v

are connected by a bidirected path of odd length in Bℓ − xℓ. This implies that u and v are
coloured differently, and f ℓ−1

k (xℓ) = f ℓ
k(xℓ) − (1, 1) for k ∈ {i, j} and f ℓ−1

k (xℓ) = f ℓ
k(xℓ) for

k /∈ {i, j}. Since d+
Bℓ(xℓ) = d−

Bℓ(xℓ) = 2, know that (Dℓ−1, F ℓ−1) is tight, and Lemma 5.3.6
implies that the colouring we computed is safe.

Assume finally that Bℓ is a complete hard end-block, and let u be any neighbour of xℓ in B.
The functions f ℓ

1 , . . . , f
ℓ
s are constant and symmetric on V (B) \ {xℓ}. We also have f ℓ

i (xℓ) ≥
f ℓ
i (u) for every i ∈ [s]. By construction of the greedy colouring, for every i ∈ [s], at most
f ℓ
i
+
(u) vertices of V (Bℓ)\{xℓ} are coloured i. Since |V (Bℓ)|−1 vertices are coloured in total,

and because
∑s

i=1 f
ℓ
i
+
(u) = |V (Bℓ)| − 1, we conclude that, for every i ∈ [s], exactly f ℓ

i
+
(u)

vertices of V (Bℓ) \ {xℓ} are coloured i. Therefore, (Dℓ−1, F ℓ−1) is tight, and Lemma 5.3.6
implies that the colouring we computed is safe.

Case 2: Bℓ is not a hard end-block of Dℓ.

In this case, we colour the vertices of V (Dℓ−1) \ {xℓ} in time O(|V (D)|+ |A(D)|) as follows.
We first compute an ordering σ = (v1, . . . , vn′ = xℓ) of V (Dℓ−1), that is a leaves-to-root
ordering of a spanning tree of Dℓ−1 rooted in xℓ, in time O(|V (Dℓ)|+ |A(Dℓ)|). We greedily
colour vertices v1, . . . , vn′−1 in this order. For every j ∈ [n′−1], the vertex vj has at least one
neighbour in {vj+1, . . . , vn′} (its parent in the spanning tree), so condition (⋆⋆) is fulfilled.
Hence by Lemma 5.3.3, the greedy colouring succeeds and provides a reduced pair (Bℓ, F ′ =
(f ′

1, . . . , f
′
s)) that is valid.

Finally observe that (Bℓ, F ′) is not a hard pair since, for every i ∈ [s], we have f ′
i(xℓ) ≤ f ℓ

i (xℓ).
So if (Bℓ, F ′) is a hard pair, Bℓ is necessarily a hard end-block of (Dℓ, F ℓ), a contradiction.
The result follows.

Note that Case 2 may only be reached once, at which point it outputs a reduced pair. There-
fore, the running time of the algorithm described above is bounded by O(

∑
ℓ

(
|V (Bℓ)|+ |A(Bℓ)|

)
+

|V (D)| + |A(D)|), which is linear in |V (D)| + |A(D)|. Assume finally that, in the process above,
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the second case is never attained. Then the result follows as B1 is a block of D, and we found a
safe colouring of V (D) \ V (B1). □

With the last two lemmas at our disposal, we are ready to test whether a tight valid pair is
hard.

Lemma 5.3.9. Given a tight valid pair (D,F = (f1, . . . , fs)), testing whether (D,F ) is a hard pair
can be done in time linear time.

Proof. We first consider the pair (B,F ′) reduced from (D,F ), where B is a block of D, obtained
by safely colouring V (D) \ V (B) through Lemma 5.3.8. In particular, (B,F ′) is a hard pair if and
only if (D,F ) is, and as B is biconnected, we may only check whether (B,F ′) is a biconnected
hard pair, either monochromatic, bicycle or complete. This amounts to verifying the conditions of
the definition. The fact that this can be done in linear time is already justified in Lemma 5.3.7.
Indeed, testing (B,F ′) for a hard biconnected pair amounts to testing the conditions for a hard
end-block, except for the condition on the cut-vertex. Since there is no cut-vertex in B, we test the
same conditions on all vertices of B. □

5.3.6 Reducing to pairs with two colours
We have just shown how to reduce any tight valid pair into a biconnected one, after which we may
decide whether the initial pair was a hard one. In this subsection, we therefore consider any tight
valid pair (D,F ) that is not hard, and such that D is biconnected. We show how the problem of
F -dicolouring D boils down to F̃ -dicolouring D where F̃ involves only s = 2 colours.

Lemma 5.3.10. Let (D,F ) be a valid pair that is not a hard pair and such that D is biconnected.
In linear time, we can either find an F -dicolouring of D or compute a valid pair (D, F̃ = (f̃1, f̃2))
such that:

• (D, F̃ ) is not hard, and
• given an F̃ -dicolouring of D, we can compute an F -dicolouring of D in linear time.

Proof. We assume that (D,F ) is tight, otherwise we compute an F -dicolouring of D in linear time
by Lemma 5.3.5. Since (D,F ) is tight, we can iterate over {i | fi(v) ̸= (0, 0)} in time O(d(u)). This
allows us to check, in linear time, which of the cases below apply to (D,F ).

Case 1: There exist u ∈ V (D) and i ∈ [s] such that f+
i (u) ̸= f−

i (u).

We define f̃1 = fi and f̃2 =
∑

j∈[s],j ̸=i fj . Let us show that (D, F̃ ) is not a hard pair. Since
D is biconnected, (D, F̃ ) is not a join hard pair. Since f̃1 is not symmetric by the choice of
{u, i}, (D, F̃ ) is neither a bicycle hard pair nor a complete hard pair. Finally, assume for a
contradiction that (D, F̃ ) is a monochromatic hard pair. Since f̃1(u) ̸= (0, 0), we thus have
f̃2(v) = (0, 0) and fi(v) = (d−(v), d+(v)) for every vertex v. We conclude that (D,F ) is also
a monochromatic hard pair, a contradiction.

Case 2: There exist u, v ∈ V (D) and i ∈ [s] such that fi(u) ̸= fi(v).

As in Case 1, we set f̃1 = fi and f̃2 =
∑

j∈[s],j ̸=i fj . Since D is biconnected, (D, F̃ = (f̃1, f̃2))

is not a join hard pair. Moreover, since fi(v) ̸= fi(u), f̃1 is not constant so (D, F̃ ) is neither
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a bicycle hard pair nor a complete hard pair. Again, assume for a contradiction that (D, F̃ )
is a monochromatic hard pair. Since f̃1(u) or f̃1(v) is distinct from (0, 0), we thus have
f̃2(v) = (0, 0) and fi(v) = (d−(v), d+(v)) for every vertex v. We conclude that (D,F ) is also
a monochromatic hard pair, a contradiction.

Case 3: None of the cases above is matched.

Therefore, for each i ∈ [s], fi is a symmetric constant function. Thus, since (D,F ) is not a
hard pair, and because (D,F ) is tight, D is not a bidirected odd cycle or a bidirected complete
graph. Let i ∈ [s] be such that fi is not the constant function equal to (0, 0). We set f̃1 = fi
and f̃2 =

∑
j∈[s],j ̸=i fj . Since (D,F ) is not a monochromatic hard pair, there is a colour k ̸= i

such that fk is not the constant function equal to (0, 0). Hence, none of f̃1, f̃2 is the constant
function equal to (0, 0), and (D, (f̃1, f̃2)) is not a hard pair.

In each case, we have built a valid pair (D, F̃ = (f̃1, f̃2)) where f̃1 = fi and f̃2 =
∑

j ̸=i fj , in
such a way that (D, F̃ ) is not hard. We finally prove that, given an F̃ -dicolouring of D, we can
compute an F -dicolouring of D in linear time. Let α̃ be an F̃ -dicolouring of D. Let X be the set
of vertices coloured 1 in α̃ and D̂ be D − X (D̂ is built in linear time by successively removing
vertices in X from D). We define F̂ = (f̂1, . . . , f̂s), f̂i : V (D̂)→ N2 as follows:

f̂k(v) =

{
fk(v) if k ̸= i
(0, 0) otherwise.

Since f̃2 is exactly
∑s

i=1 f̂i, by the definition of α̃ and D̂, we know that D̂ is strictly-(
∑s

i=1 f̂i)-
bidegenerate. Then applying Lemma 5.3.4 yields an F̂ -dicolouring α̂ of D̂ in linear time. The
colouring α defined as follows is thus an F -dicolouring of D obtained in linear time:

α(v) =

{
i if α̃(v) = 1
α̂(v) otherwise.

□

5.3.7 Solving blocks with two colours - particular cases
We are now left to deal with pairs (D,F ) such that D is biconnected, and F only involves two
colours. Eventually, our strategy consists in finding a suitable decomposition for D, and colouring
parts of it inductively, which will be done in Subsection 5.3.8. In this subsection, we first deal
with some specific forms (D,F ) may take, showing D can be F -dicoloured in those cases. Along
the way, this allows us to deal with increasingly restricted instances, later enabling us to con-
strain the instances considered in the induction. In Lemma 5.3.11 and Lemma 5.3.12, we exhibit
an F -dicolouring of D if there exists a vertex x which does not satisfy some conditions relating
its neighbourhood and F . Then, we solve instances where D is a bidirected complete graph in
Lemma 5.3.13, or an orientation of a cycle in Lemma 5.3.14. Lastly, we solve those that are con-
structed by a star attached to a cycle in Lemma 5.3.15. These will serve as base cases for the
induction.

Given a valid pair (D,F = (f1, f2)) that is tight, non-hard, and such that D is biconnected,
let us define a set of properties that (D,F ) may or may not fulfil. Each of these properties is easy
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to check in linear time, and we will see in the following that when they are not met, there is a
linear-time algorithm providing an F -dicolouring of D. The first property, (E), guarantees that
both f1 and f2 exceed some lower bound. It states that both f−

1 , f−
2 (respectively f+

1 , f+
2 ) are

non-zero on vertices having at least one in-neighbour (respectively out-neighbour).

∀x, c we have (d−(x) > 0 =⇒ f−
c (x) ≥ 1) and (d+(x) > 0 =⇒ f+

c (x) ≥ 1). (E)

Given a digraph D = (V,A), we define the function 1A : V × V → N as follows:

1A(u, v) =

{
1 if (u, v) ∈ A
0 otherwise.

Note in particular, that if (E) holds, then the following holds.

∀x, y, z, c we have fc(x) ≥ (1A(y, x),1A(x, z)). (E’)

Lemma 5.3.11. Let (D,F = (f1, f2)) be a valid tight non-hard pair such that D is biconnected. If
the pair does not fulfill property (E), then D is F -dicolourable. Furthermore, there is a linear-time
algorithm that checks property (E), and if the property is not met, computes an F -dicolouring of
D.

Proof. We first prove that, for some arc (u, v) and for some colour c ∈ {1, 2}, we have:

(f+
c (u) = 0 ∧ fc(v) ̸= (0, 0)) or (f−

c (v) = 0 ∧ fc(u) ̸= (0, 0)). (1)

Note that, if it exists, such an arc is found in linear time. Assume for a contradiction that
no such arc exists. By assumption, ∃x ∈ V (D), c ∈ {1, 2} such that (d+(x) > 0 ∧ f+

c (x) = 0)
or (d−(x) > 0 ∧ f−

c (x) = 0). If (d+(x) > 0 ∧ f+
c (x) = 0), and y is any out-neighbour of x, then

we must have fc(y) = (0, 0) for otherwise (x, y) clearly satisfies (1). Symmetrically, if (d−(x) >
0 ∧ f−

c (x) = 0), and y is any in-neighbour of x, then we have fc(y) = (0, 0) for otherwise (y, x)
satisfies (1). In both cases, we conclude on the existence of a vertex y for which fc(y) = (0, 0). Let
Y be the non-empty set of vertices y for which fc(y) = (0, 0) and Z be V (D) \ Y , that is the set of
vertices z for which fc(z) ̸= (0, 0). Since (D,F ) is valid and tight, Z must also be non-empty, for
otherwise (D,F ) is a monochromatic hard pair. The connectivity of D guarantees the existence of
an arc between a vertex in Y and another one in Z. This arc satisfies (1).

Once we found an arc (u, v) satisfying (1), we proceed as follows to compute an F -dicolouring of
D. If f+

c (u) = 0∧fc(v) ̸= (0, 0), we colour v with c, otherwise we have f−
c (v) = 0∧fc(u) ̸= (0, 0) and

we colour u with c. Let (D′, F ′ = (f ′
1, f

′
2)) be the pair reduced from this colouring and let c′ be the

colour distinct from c. In the former case, that is v is coloured with c, we obtain f ′
c′
+
(u) = f+

c′ (u) ≥
d+D(u) > d+D′(u). In the latter case, u is coloured with c and f ′

c′
−
(v) = f−

c′ (v) ≥ d−D(v) > d−D′(v). In
both cases, (D′, F ′) is loose, meaning the result follows from Lemma 5.3.5. □

The next property, (DS), guarantees that the vertices incident only to digons have symmetric
constraints.

∀x, c we have N−(x) ̸= N+(x), or f−
c (x) = f+

c (x). (DS)

Again, we may solve the instance at this point if (D,F ) does not satisfy (DS).
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Lemma 5.3.12. Let (D,F = (f1, f2)) be a valid tight non-hard pair such that D is biconnected. If
the pair does not fulfill property (DS), then D is F -dicolourable. Furthermore, there is a linear-time
algorithm checking property (DS), and if the property is not met, computing an F -dicolouring of
D.

Proof. Recall that the data structure encoding D allows checking N+(u) = N−(u) in constant
time (as this is equivalent to checking |N+(u) ∩ N−(u)| = d−(u) = d+(u)), so in linear time we
may find a vertex x such that N−(x) = N+(x) and f−

c (x) ̸= f+
c (x) for some c ∈ {1, 2}.

Let T be a spanning tree rooted in x and let σ = (v1, . . . , vn = x) be a leaves-to-root ordering
of V (D) with respect to T . For every j ∈ [n − 1], the vertex vj has at least one neighbour in
{vj+1, . . . , vn} (its parent in the spanning tree), so condition (⋆⋆) is fulfilled. Hence by Lemma 5.3.3,
there is an algorithm that computes an F -dicolouring of D − x. It remains to show that the
reduced pair (D′, F ′) is non-hard. As D′ is the single vertex x, this is equivalent to showing that
f ′
c(x) ̸= (0, 0) for some c.

Towards a contradiction, suppose f ′
1(x) = f ′

2(x) = (0, 0). For i ∈ {1, 2}, let di be the number of
neighbours of x coloured i, and note that d1 + d2 = |N(x)|. Since fi(x) − (di, di) ≤ f ′

i(x) = (0, 0)
we have:

∀i fi(x) ≤ (di, di). (2)

By tightness, we then have:

(|N(x)|, |N(x)|) = f1(x) + f2(x) ≤ (d1 + d2, d1 + d2) = (|N(x)|, |N(x)|)

Thus, the inequalities of (2) are equalities, and both f1, f2 are symmetric on x, a contradiction. □

At this point, we have proven that if one of (E) or (DS) does not hold, an F -dicolouring of D
may be computed in linear time. From now on, we thus consider only instances satisfying both
conditions, and move on to solving the base cases of our induction, corresponding to D having a
certain structure. We first prove that if D is a bidirected complete graph, and the instance is not
hard, an F -dicolouring of D exists and can be computed in linear time.

Lemma 5.3.13. Let (D,F = (f1, f2)) be a valid tight non-hard pair such that D is a bidirected
complete graph. Then D is F -dicolourable and there is a linear-time algorithm providing an F -
dicolouring of D.

Proof. By Lemma 5.3.12, we can assume that f1, f2 are symmetric (i.e. ∀x, c f+
c (x) = f−

c (x)).
Let v be any vertex such that f+

1 (v) = min{f+
1 (x) | x ∈ V (D)}. Let u be any vertex such that

f+
1 (u) > f+

1 (v). The existence of u is guaranteed, for otherwise the tightness of (D,F ) implies
that (D,F ) is a complete hard pair, a contradiction. Let X ⊆ (V (D) \ {u, v}) be any set of
f+
1 (v) vertices (we have f+

1 (u) ≤ n − 1, which implies f+
1 (v) ≤ n − 2, and the existence of X

is guaranteed). Note that X, u, and v can be computed in linear time. We colour all the ver-
tices of X with 1, and note that this is an F -dicolouring of D[X], as every vertex x ∈ X satisfies
f+
1 (x) ≥ f+

1 (v) = |X| > |X| − 1 = d+D[X](x). Let (D′, F ′ = (f ′
1, f

′
2)) be the pair reduced from this

colouring. Observe that we may have X = ∅, in which case (D′, F ′) = (D,F ). Then f ′
1(v) = (0, 0)

and f ′
1(u) ̸= (0, 0), so (D′, F ′) is not a hard pair. If (D′, F ′) is loose, we conclude with Lemma 5.3.5,

otherwise may conclude with Lemma 5.3.11 since (D′, F ′) does not fulfill (E) as witnessed by v. □

The following shows how to compute, in linear time, an F -dicolouring of D if the underlying
graph of D is a cycle.
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Lemma 5.3.14. Let (D,F = (f1, f2)) be a valid tight non-hard pair such that UG(D) is a cycle.
Then D is F -dicolourable and there is a linear-time algorithm providing an F -dicolouring of D.

Proof. By Lemma 5.3.11, we can assume that (E) holds. Let us show that for any vertex x ∈ V (D),
we have d−(x), d+(x) ∈ {0, 2}. Towards a contradiction, and by symmetry, assume that some vertex
x verifies d−(x) = 1. By tightness and by (E), we have 1 = d−(x) = f−

1 (x) + f−
2 (x) ≥ 1 + 1, a

contradiction. We distinguish two cases, depending on whether D contains a digon or not.

Case 1: D contains a digon.

In this case, there is only one orientation avoiding in- or out-degree one, the one with D
fully bidirected. We now claim that, by (E’), for every vertex x ∈ V (D) and every colour c,
fc(x) ≥ (1, 1) Hence, by tightness f1, f2 are constant functions equal to (1, 1). Since (D,F )
is not a hard pair, we conclude that |V (D)| is even, and any proper 2-colouring of UG(D) is
indeed an F -dicolouring.

Case 2: D does not contain any digon.

In this case, the only possible orientation avoiding in- and out-degree one is the antidirected
cycle, that is an orientation of a cycle in which every vertex is either a source or a sink. In
that case we colour every vertex with colour one, and note that for a sink x (resp. a source)
we have f+

1 (x) = 1 > 0 = d+(x) (resp. f−
1 (x) = 1 > 0 = d−(x)). Hence, this colouring is

indeed an F -dicolouring of D.

□

The following shows how to compute, in linear time, an F -dicolouring of D if the underlying
graph of D is a subwheel, that is, a cycle with an additional vertex.

Lemma 5.3.15. Let (D,F = (f1, f2)) be a valid tight non-hard pair, and let v ∈ V be such that
UG(D − v) is a cycle C. Then D is F -dicolourable and there is a linear-time algorithm providing
an F -dicolouring of D.

Proof. By applying Lemma 5.3.11 and Lemma 5.3.12, we may assume that (E) and (DS) hold.
Let v1, . . . , vn−1 be an ordering of V (D) \ {v} along C, which can be obtained in linear time. We
distinguish several cases, according to the structure of (D,F ). It is straightforward to check, in
linear time, which of the following cases matches the structure of (D,F ).

Case 1: |N(v)| < |V (D)| − 1.

Let w be any neighbour of v and let y be any vertex that is not adjacent to v. Let ρw be
(f−

1 (w)− 1A(v, w), f
+
1 (w)− 1A(w, v)). Informally, ρw corresponds to the new value of f1(w)

if we were to colour v with 1. If ρw ̸= (1, 1), we colour v with 1, otherwise we colour v with
2. Let (D′, F ′ = (f ′

1, f
′
2)) be the pair reduced from colouring v, we claim that (D′, F ′) is not

a hard pair.

For every c ∈ {1, 2}, we have f ′
c(y) = fc(y) because y is not adjacent to v, and by (E)

f ′
c(y) = fc(y) ̸= (0, 0). Therefore (D′, F ′) cannot be a monochromatic hard pair. It is also

not a join hard pair because D′ is biconnected.

Assume that (D′, F ′) is a bicycle hard pair. Hence, f ′
1(w) = (1, 1), so v is coloured 2, as

otherwise we would have f ′
1(w) = ρw ̸= (1, 1). But if v is coloured 2, then (1, 1) = f ′

1(w) =
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f1(w) and in that case ρw ̸= (1, 1) (as w is adjacent to v), and we should have coloured v
with colour 1, a contradiction.

Assume that (D′, F ′) is a complete hard pair, then D′ is a bidirected complete graph. Since
UG(D′) is a cycle, D′ is necessarily

←→
K 3. Such a complete hard pair is also, either a monochro-

matic hard pair or a bicycle hard pair, but we already discarded both cases. Hence (D′, F ′)
is not a hard pair, and the result follows from Lemma 5.3.14, as UG(D′) is a cycle.

Case 2: D is bidirected, d+(v) = |V (D)| − 1, |V (D)| is even, and f1 is constant on V (D) \ {v}.
Assume D ̸= ←→K 4 as otherwise the result follows from Lemma 5.3.13. Observe that D − v is
a bidirected odd cycle, and that it contains at least 5 vertices for otherwise D is exactly

←→
K 4.

Since D is bidirected, by (DS) and (E) we have f+
c (x) = f−

c (x) > 0 for every x ∈ V and every
c ∈ {1, 2}.
Since f1 is constant on V (D) \ {v} by assumption, so is f2, as (D,F ) is tight and as d−(u) =
d+(u) = 3 for every u ∈ V (D) \ {v}. Assume without loss of generality that f1(u) = (1, 1)
and f2(u) = (2, 2) for every u ∈ V (D) \ {v}.
If f+

1 (v) ≥ 2, we colour v and v1 with 1, and all other vertices with 2, see Figure 5.3(a).
The digraph induced by the vertices coloured 2 is a bidirected path, which is strictly-f2-
bidegenerate since on these vertices, f2 is the constant function equal to (2, 2). The digraph
induced by the vertices coloured 1 is

←→
K 2 and contains v. Since f+

1 (v) ≥ 2 and f1(v1) = (1, 1),
it is strictly-f1-bidegenerate.

Else, we have f+
1 (v) ≤ 1, and we colour v ∪ {v2i | i ∈

[
|V (D)|

2

]
} with 2 and {v2i−1 | i ∈[

|V (D)|−2
2

]
} with 1, see Figure 5.3(b). Vertices coloured 1 form an independent set, so the

digraph induced by them is strictly-f1-bidegenerate (as f1 is constant equal to (1, 1) on these
vertices). Since f+

1 (v) ≤ 1, and because (D,F ) is valid, we have f+
2 (v) ≥ n − 2. Since

|V (D)| ≥ 6 it implies f+
2 (v) ≥ |V (D)|

2 + 1. Let H be the digraph induced by the vertices
coloured 2. Then the out-degree of v in H is exactly |V (D)|

2 . Since f+
2 (v) ≥ |V (D)|

2 + 1, the
digraph H is strictly-f2-bidegenerate if and only if H − v is strictly-f2-bidegenerate. Observe
that H − v is made of a copy of

←→
K 2 and isolated vertices, so it is strictly-f2-bidegenerate

since f2 is constant equal to (2, 2) on V (H) \ {v}.

Case 3: N+(v) = N−(v) = V (D) \ {v} and D − v is a directed cycle.

Note that in this case, for every vertex u ∈ V (D) \ {v} we have d−(u) = d+(u) = 2, and
by (E) and by the tightness of (D,F ), we have f1(u) = f2(u) = (1, 1). Since d+(v) ≥ 3,
there is a colour c ∈ {1, 2} such that f+

c (v) ≥ 2. Assume f+
2 (v) ≥ 2. We are now ready to

give an F -dicolouring explicitly. We colour v and v1 with 2, and all other vertices with 1, see
Figure 5.4 for an illustration.

The digraph induced by the vertices coloured 1 is a directed path, which is strictly-f1-
bidegenerate since on these vertices, f1 is the constant function equal to (1, 1). The digraph
induced by the vertices coloured 2 is

←→
K 2 and contains v. Since f+

2 (v) ≥ 2 and f2(v1) = (1, 1),
it is strictly-f2-bidegenerate.

Case 4: None of the previous cases apply.
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v

(a)

v1

· · ·
v

(b)

v1

· · ·
vn−1

Figure 5.3: The F -dicolourings for Case 2. The partition on the left corresponds to the case
f+
1 (v) ≥ 2 and the one on the right corresponds to the case f+

1 (v) ≤ 1. Vertices coloured 1 are
represented in orange and vertices coloured 2 are represented in blue.

v v1

· · ·

Figure 5.4: The F -dicolouring for Case 3. Vertices coloured 1 are represented in orange and vertices
coloured 2 are represented in blue.
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We first prove the existence of a vertex u ̸= v and a colour c ∈ {1, 2} such that fc(u) >
(1A(v, u),1A(u, v)). By (E’), for any vertex u ̸= v we have fc(u) ≥ (1A(v, u),1A(u, v)), we
thus look for a vertex u ̸= v such that fc(u) ̸= (1A(v, u),1A(u, v)). Assume for a contradiction
that such a pair does not exist, so for every vertex x ∈ V (D)\{v} and every colour c ∈ {1, 2},
fc(x) is exactly (1A(v, x),1A(x, v)). Assume first that there exists a simple arc (x, v), then
f1(x) = f2(x) = (0, 1). By (E), we deduce that x is a source. Since UG(D − v) is a cycle,
we then have d+(x) = 3 > f+

1 (x) + f+
2 (x), a contradiction to (D,F ) being a valid pair. The

existence of a simple arc (v, x) is ruled out symmetrically, so we now assume N+(v) = N−(v).
Then every vertex x ∈ V (D)\{v} satisfies f1(x) = f2(x) = (1A(v, x),1A(x, v)) = (1, 1). Since
(D,F ) is a tight valid pair, this implies that d+(x) = d−(x) = 2. Hence D − v is a directed
cycle, so Case 3 is matched, a contradiction. This proves the existence of u and c such that
fc(u) ̸= (1A(v, u),1A(u, v)). From now on, we assume c = 1 without loss of generality, and
thus f1(u) > (1A(v, u),1A(u, v)).
Consider the following property, which can be checked straightforwardly in linear time:

∃x ∈ V (D) \ {v}, such that f1(x) ̸= (1 + 1A(v, x), 1 + 1A(x, v)) or f2(x) ̸= (1, 1). (3)

If |V (D)| is odd or if (3) holds, we colour v with 1. Otherwise, we colour v with 2. In both
cases, we claim that the reduced pair (D′, F ′ = (f ′

1, f
′
2)) is not hard.

Assume first that |V (D)| is odd or (3) is satisfied, so we have coloured v with 1. Hence,
f ′
1(u) = f1(u)− (1A(v, u),1A(u, v)) ̸= (0, 0) and f ′

2(u) = f2(u) ̸= (0, 0) (by (E)), so (D′, F ′) is
not a monochromatic hard pair. If |V (D)| is odd, then |V (D′)| is even so D′ is not a bidirected
odd cycle. If a vertex x satisfies (3), we have f ′

1(x) = f1(x) − (1A(v, x),1A(x, v)) ̸= (1, 1) or
f ′
2(x) = f2(x) ̸= (1, 1). In both cases (D′, F ′) is not a bicycle hard pair, as desired. Since
UG(D′) is a cycle, if (D′, F ′) were a complete hard pair it would be either a monochromatic
or a bicycle hard pair, hence (D′, F ′) is not a hard pair.
Assume finally that |V (D)| is even and (3) is not satisfied. Hence v is coloured with 2 and, for
every vertex x ∈ V (D)\{v}, f1(x) = (1+1A(v, x), 1+1A(x, v)) and f2(x) = (1, 1). Since every
vertex x ̸= v is adjacent to v, otherwise Case 1 would match, we have f ′

2(x) ̸= f2(x) = (1, 1)
so (D′, F ′) is not a bicycle hard pair. Assume for a contradiction that it is a monochromatic
hard pair. Since f ′

1(x) = f1(x) ̸= (0, 0) for every vertex x ̸= v, we have f ′
2(x) = (0, 0). Since

f2(x) = (1, 1), we deduce that N+(v) = N−(v) = V (D) \ {v}. Hence every vertex x satisfies
f1(x) = (2, 2) and f2(x) = (1, 1). Since (D,F ) is tight, we conclude that D is bidirected,
|V (D)| is even and f1 is constant on V (D) \ {v}. Thus Case 2 matches, a contradiction.
Since (D′, F ′) is not a hard pair, and because UG(D′) is a cycle, the result follows from
Lemma 5.3.14.

□

5.3.8 Solving blocks with two colours - general case
The goal of this subsection is to provide an algorithm which, given a pair (D,F = (f1, f2)) that is
not hard and such that D is biconnected, computes an F -dicolouring of D in linear time. The idea
is to find a decomposition of the underlying graph UG(D), similar to an ear-decomposition, and
successively colour the “ears” in such a way that the successive reduced pairs remain non-hard. Let
us begin with the definition of the decomposition.
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Definition 5.3.16. A CSP-decomposition (CSP stands for Cycle, Stars, and Paths) of a bicon-
nected graph G is a sequence (H0, . . . ,Hr) of subgraphs of G partitioning the edges of G, such that
H0 is a cycle, and such that for any i ∈ [r] the subgraph Hi is either:

• a star with a central vertex vi of degree at least two in Hi, and such that V (Hi)∩
(⋃

0≤j<i V (Hj)
)

is the set of leaves of Hi, or

• a path (v0, . . . , vℓ) of length ℓ ≥ 3, and such that V (Hi) ∩
(⋃

0≤j<i V (Hj)
)
= {v0, vℓ}.

Lemma 5.3.17. Every biconnected graph admits a CSP-decomposition, which can furthermore be
computed in linear time.

Proof. It is well-known that every biconnected graph G admits an ear-decomposition, and that
it can be computed in linear time (see [Sch13] and the references therein). An ear-decomposition
is similar to a CSP-decomposition except that paths of length one or two are allowed, and that
there are no stars. To obtain a CSP-decomposition of G, we first compute an ear-decomposition
(H0, . . . ,Hr), which we modify in order to get a CSP-decomposition. We do this in two steps.

Before describing these steps, we have to explain how a decomposition (H0, . . . ,Hr) is encoded.
The sequence is encoded as a doubly-linked chain whose cells contain 1) a copy of the subgraph Hi

2) a mapping from the vertices of this copy to their corresponding ones in G, and 3) an integer ni

equal to |⋃0≤j<i V (Hj)|. This last integer will allow us, given two cells, corresponding to Hi and
Hj , to decide whether i ≤ j or not. Indeed, as the decomposition will evolve along the execution,
maintaining indices from {0, . . . , r} seems hard in linear time.

The first step consists in modifying the ear-decomposition in order to get an ear-decomposition
avoiding triples i ≤ j < k such that Hk = (u0, u1) is of length one, where u0, u1 are inner vertices
of Hi, Hj respectively, and where Hj is an ear of length at least three. Towards this, we first go
along every ear, in increasing order, to compute birth(v), the copy of vertex v appearing first in
the current ear-decomposition. Note that birth(v) is always an inner vertex of its ear, which may
be the initial cycle. Then, we go along every ear in decreasing order, and when we have a length one
ear Hk = (u0, u1), we consider the ears of birth(u0) and birth(u1), say Hi and Hj respectively.

If 0 ≤ i < j, and Hj is a path of length at least three, we combine Hj and Hk into two ears, H ′

and H ′′, each of length at least two (see Figure 5.5 (left)). In the ear-decomposition, we insert H ′

and H ′′ at the position of Hj , and delete Hj and Hk.
If 0 < i = j, then Hj = Hi must be a path of length at least four. In that case, we combine

Hj and Hk into two ears, H ′ and H ′′, each of length at least two (see Figure 5.5 (middle)). In the
ear-decomposition, we insert H ′ and H ′′ at the position of Hj , and delete Hj and Hk.

If 0 = i = j, then Hj = H0 must be a cycle of length at least four. In that case, we combine
Hj and Hk into two ears, H ′ and H ′′, each of length at least two (see Figure 5.5 (right)). In the
ear-decomposition, we insert H ′ and H ′′ at the position of Hj , and delete Hj and Hk.
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G⟨⋃0≤i<j V (Hi)⟩

Hj

u0

Hk

H ′′

H ′
u1

G⟨⋃0≤i<j V (Hi)⟩

u0

u1

Hk

H ′′H ′

Hj

u0

u1

Hk

H ′′
H ′

H0

Figure 5.5: Ears Hj and Hk recombined into H ′ (light blue) and H ′′ (pink), each of length at least
two. On the left, the case where Hk has one endpoint in Hj . In the middle, the case where Hk

has its two endpoints in Hj . On the right, the case where Hk has its two endpoints in the cycle
Hj = H0.

Along this process, the ears that are modified are always shortened while still having length at
least two. Hence, we do not create new couples Hj , Hk, with the second of length one, that could
be recombined into ears of length at least two. This concludes the first step.

Before proceeding to the second step, recall that we now have an ear-decomposition without
triples i ≤ j < k such that Hk = (u0, u1) is of length one, where u0, u1 are inner vertices of Hi, Hj

respectively, and where Hj is an ear of length at least three. In particular, this implies that for any
ear of length one Hk = (u0, u1), the ears containing u0 and u1 as inner vertices are distinct. We
denote them Hi and Hj , respectively, and assume without loss of generality that i < j. Note that
since Hj and Hk cannot be recombined, we know Hj has length exactly two and that u1 is its only
inner vertex. The second step then simply consists, for each such ear Hk, in including Hk into Hj ,
redefining the latter to form a star centred in u1.

After this process, no ear can be a path of length one. Assimilating the paths of length two as
stars, we thus have a CSP-decomposition. □

We move to showing that (D,F ) may be inductively coloured following this decomposition (on
the underlying graph of D). Again, we only consider instances that are not dealt with in the pre-
vious subsection, which in particular satisfy (E) and (DS). Then, in the induction, Lemma 5.3.18
corresponds to colouring a star, and Lemma 5.3.19 corresponds to colouring a path, when those
attach to the rest of the graph as in the decomposition. Eventually, bidirected complete graphs,
cycles, and subwheels, which were solved in the previous subsection, form the base of our decompo-
sition. The induction is formalised in Lemma 5.3.20, which achieves to solve the case of biconnected
graphs with two colours.

Lemma 5.3.18. Let (D = (V,A), F = (f1, f2)) be a valid tight non-hard pair, and let v ∈ V (D) be
such that both D and D − v are biconnected, and UG(D) is neither a cycle nor a subwheel centred
in v. Then there exists a colour c ∈ {1, 2} such that colouring v with c is safe. Moreover, there is
an algorithm that either finds c in time O(d(v)) or computes an F -dicolouring of D in linear time.

Proof. By Lemma 5.3.11 and Lemma 5.3.12, we may assume that (E) and (DS) hold. Observe
that d(v) > 0 and (E) implies that f1(v) ̸= (0, 0) and f2(v) ̸= (0, 0), so both colours 1 and 2 are



CHAPTER 5. BROOKS’ EXTENSIONS THROUGH BIVARIABLE DEGENERACY 117

available for v. Note also that since UG(D − v) is not a cycle, in particular colouring v with any
colour c ∈ {1, 2} may never reduce it to a bicycle hard pair. We distinguish three cases.

Case 1: |N(v)| < |V (D)| − 1.

Let u be any neighbour of v and w be any vertex that is not adjacent to v. Since |N(w)| >
0, we have f1(w) ̸= (0, 0) and f2(w) ̸= (0, 0) by (E). Hence colouring v with any colour
c ∈ {1, 2} does not reduce to a monochromatic hard pair. If f1(u) is distinct from (f−

1 (w) +
1A(v, u)), f

+
1 (w) + 1A(u, v), we colour v with 1, otherwise we colour v with 2. By the choice

of u and w, the reduced pair (D′, F ′ = (f ′
1, f

′
2)) satisfies f ′

1(u) ̸= f ′
1(w), so in particular it is

not a complete hard pair.

Case 2: |N(v)| = |V (D)| − 1 and D − v is distinct from
←→
K |V (D)|−1.

We only have to guarantee the existence of c ∈ {1, 2} such that colouring v with c does not
reduce to a monochromatic hard pair. Also note that |N(v)| = |V (D)|−1 allows us O(|V (D)|)
time for computing c.

If there exists a vertex x ̸= v and a colour c ∈ {1, 2} such that fc(x) > (1A(v, x),1A(x, v)),
then colouring v with c is safe as it does not reduce to a monochromatic hard pair as f ′

c(x) =
fc(x)−(1A(v, x),1A(x, v)) ̸= (0, 0) and as f ′

c′(x) = fc′(x) ̸= (0, 0) by (E) for the colour c′ ̸= c.
Note that, if it exists, such a vertex x can be found in time O(|V (D)|).
We now prove the existence of such a vertex x. Assume for a contradiction that fc(x) ≯
(1A(v, x),1A(x, v)) for every x ̸= v and every c ∈ {1, 2}. Observe that, for every x ̸= v,
fc(x) ≥ (1A(v, x),1A(x, v)) by (E’), so we have f1(x) = f2(x) = (1A(v, x)),1A(x, v). Let
x ̸= v be any vertex. If (x, v) is a simple arc, then f1(x) = f2(x) = (0, 1) so d+(x) = 2 and
d−(x) = 0. In particular, x has degree 1 in UG(D − v), a contradiction since UG(D − v)
is biconnected and distinct from K2 (as UG(D) is not a cycle). The case of (v, x) being
a simple arc is symmetric, so we now assume N+(v) = N−(v) = V \ {v}, which implies
f1(x) = f2(x) = (1, 1) for every vertex x ̸= v. Hence in D − v every vertex has in- and
out-degree one. Since UG(D− v) is biconnected and distinct from K2, D− v is necessarily a
directed cycle, a contradiction.

Case 3: |N(v)| = |V (D)| − 1 and D − v is
←→
K |V (D)|−1.

If N+(v) = N−(v) then D is
←→
K |V (D)|, and since (D,F ) is not hard, Lemma 5.3.13 yields

that it is F -dicolourable and an F -dicolouring is computed in linear time.

Henceforth we assume that there exists a simple arc between v and some u ∈ V (D)\{v}. Since
D− v is biconnected by assumption, u must be incident to some digon, then (E) implies that
fc(u) ≥ (1, 1) for every colour c. This guarantees that colouring v with any colour c ∈ {1, 2}
does not reduce to a monochromatic hard pair, since in the reduced pair the constraints for
u are unchanged on one coordinate. We thus have to guarantee that for some c ∈ {1, 2},
colouring v with c does not reduce to a complete hard pair.

We assume that the simple arc between v and u goes from u to v, the other case being
symmetric. If v has at least one out-neighbour w, then either f−

1 (u) = f−
1 (w) and colouring

v with 1 does not reduce to a complete hard pair, or f−
1 (u) ̸= f−

1 (w) and colouring v with 2
does not reduce to a complete hard pair.
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Finally, if v is a sink and colouring v with 1 reduces to a complete hard pair, then f+
1 (x) =

f−
1 (x)+1 for every vertex x ̸= v. Therefore, colouring v with 2 does not reduce to a complete

hard pair, as in the reduced pair we have f ′
1(x) = f1(x) and f+

1 (x) ̸= f−
1 (x).

□

Lemma 5.3.19. Let (D = (V,A), F = (f1, f2)) be a valid pair satisfying (E) and let v0, . . . , vℓ be
a path of G = UG(D) of length ℓ ≥ 3 such that dG(vi) = 2 for i ∈ [ℓ − 1], and such that both
G = UG(D) and G′ = UG(D − {v1, . . . , vℓ−1}) are biconnected and contain a cycle. There is an
algorithm computing an F -dicolouring of D[{v1, . . . , vℓ−1}] in time O(ℓ) in such a way that the
reduced pair (D′, F ′) is not hard.

Proof. Since (E) is satisfied, in particular, for any vertex x and colour c, we have fc(x) ̸= (0, 0).
Note that V \{v0, . . . , vℓ} ≠ ∅ for otherwise G′ does not contain a cycle, a contradiction. Let u be any
vertex in V \{v0, . . . , vℓ}. If f1(v0) = f1(u), we colour v1 with 1, otherwise we colour v1 with 2. We
then (greedily) colour v2, . . . , vℓ−1 using the algorithm of Lemma 5.3.3. For every j ∈ {2, . . . , ℓ−1},
the vertex vj has at least one neighbour in {vj+1, . . . , vℓ}, namely vj+1, so condition (⋆⋆) is fulfilled,
and we are ensured that the obtained colouring is an F -dicolouring D[{v1, . . . , vℓ−1}].

Let (D′, F ′ = (f ′
1, f

′
2)) be the pair reduced from this colouring. As D′ is biconnected, (D′, F ′)

is not a join hard pair. By construction, we have f ′
1(v0) ̸= f ′

1(u) as v0 is adjacent to v1 but u
is not adjacent to any vi with i ∈ [1, ℓ − 1], which we just coloured. Hence (D′, F ′) is neither a
bicycle hard pair nor a complete hard pair, as f ′

1 is not constant on V (D′). Finally, (E) ensures
that f ′

1(u) = f1(u) ̸= (0, 0) and f ′
2(u) = f2(u) ̸= (0, 0). Hence (D′, F ′) is not a monochromatic

hard pair. □

With these lemmas in hand we are ready to prove the main result of this subsection, that
non-hard biconnected pairs are F -dicolourable.

Lemma 5.3.20. Let (D = (V,A), F = (f1, f2)) be a valid non-hard pair. There exists an algorithm
providing an F -dicolouring of D in linear time.

Proof. We denote by P the property of (D,F ) being tight, fulfilling (E) and (DS), not being a
bidirected complete graph.

We first record the number of vertices and arcs of D, which we will keep updated for reduced
pairs defined throughout the algorithm. Then, we check in linear time that each property defining
P holds, and if one does not, we may conclude thanks to one of Lemmas 5.3.5, 5.3.11, 5.3.12
and 5.3.13.

Then, we compute a CSP-decomposition (H0, . . . ,Hr) of UG(D) in linear time, which is possible
by Lemma 5.3.17. If r = 0 then UG(D) is a cycle and the result follows from Lemma 5.3.14, assume
now that r ≥ 1.

For each i going from r to 2, we proceed as follows (if r = 1 we skip this part). First, if Hi is a
path of length ℓ ≥ 3, we colour v1, . . . , vℓ−1 in time O(ℓ) in such a way that the reduced pair (D′, F ′)
is not hard, which is possible by Lemma 5.3.19. We also update |V (D′)| and |A(D′)|, which takes
time O(ℓ). Since ℓ ≥ 3, we can check in constant time that (D′, F ′) satisfies P. Indeed, properties
(E) and (DS) need only be checked for v0 and vℓ, which takes constant time. Then, we may check
whether D′ is a biclique by simply checking whether |A(D′)| = |V (D′)|2. Then, if (D′, F ′) does
not satisfy P, we conclude with one of Lemmas 5.3.5, 5.3.11, 5.3.12 and 5.3.13. Second, if Hi is a
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star with central vertex v, then we compute a safe colouring of v in time O(d(v)), which is possible
by Lemma 5.3.18. Note that, at this step, we may directly find an F -dicolouring in linear time, in
which case we stop here. Assume we do not stop, then we obtain a reduced pair (D′, F ′), again
updating the number of arcs and vertices in time O(d(v)). We then check in time O(d(v)) that
(D′, F ′) satisfies P (we only have to check that it still holds for the neighbours of v in Hi). Again,
if it does not, we conclude with one of Lemmas 5.3.5, 5.3.11, 5.3.12 and 5.3.13.

Assume we have not already found an F -dicolouring by the end of this process, and consider
H1. Now, Lemma 5.3.15 lets us assume that H1 is not a star. Then, H1 is a path, and we colour
it as in the process above, then we conclude by colouring H0 through Lemma 5.3.14.

Since (H0, . . . ,Hr) partitions the edges of UG(D), the total running time of the described algo-
rithm is linear in the size of D. □

5.3.9 Proof of Theorem 5.1.3
We are now ready to prove Theorem 5.1.3, that we first recall here for convenience.

Theorem 5.1.3. Let (D,F ) be a valid pair. Then D is F -dicolourable if and only if (D,F ) is
not a hard pair (as defined in Subsection 5.2.1). Moreover, there is an algorithm running in time
O(|V (D)|+ |A(D)|) that decides if (D,F ) is a hard pair, and that outputs an F -dicolouring if it is
not.

Proof. Let (D,F ) be a valid pair. We first check in linear time whether (D,F ) is tight. If it is
not, we may conclude with Lemma 5.3.5. Henceforth assume that (D,F ) is tight. We then check
whether (D,F ) is a hard pair, which is possible in linear time by Lemma 5.3.9. If (D,F ) is a hard
pair, then D is not F -dicolourable by Lemma 5.2.1 and we can stop. Then, we may assume that
(D,F ) is not a hard pair. In linear time, we find a block B of D and compute a safe colouring α
of V (D) \ V (B), which is possible by Lemma 5.3.8. Let (B,FB) be the reduced pair, which is not
hard, then every FB-dicolouring of B, together with α, extends to an F -dicolouring of D. Then, in
linear time, we either find an FB-dicolouring of B, or we compute a valid pair (B, F̃B = (f̃1, f̃2))
such that (B, F̃ ) is not hard, and an FB-dicolouring of B can be computed in linear time from any
F̃B-dicolouring of B. This is possible by Lemma 5.3.10.

If we have not yet found an FB-dicolouring of B, we compute an F̃B-dicolouring of B in linear
time, which is possible by Lemma 5.3.20. From this we compute an FB-dicolouring of B in linear
time. As mentioned before, this FB-dicolouring together with α gives an F -dicolouring of D, ob-
tained in linear time. □



Part II

(Dis)connecting digraphs
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Chapter 6

Introduction: Altering the
connectivity of (di)graphs

This second part of the thesis deals with algorithmic connectivity problems in digraphs. Specifically,
we look at local modifications rendering a digraph either acyclic, or strongly connected. In Sec-
tion 6.1, we are concerned with the connectivity augmentation of (di)graphs, and its restrictions,
towards the plane strong connectivity augmentation problem studied in Chapter 7. In Section 6.2,
we look at rendering a (di)graph acyclic through vertex deletions, arc deletions and the more general
operation of inversions, which is the topic of Chapter 8.

6.1 Connectivity augmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.1.1 General connectivity augmentation . . . . . . . . . . . . . . . . . . . . 122
6.1.2 Planar connectivity augmentations . . . . . . . . . . . . . . . . . . . . 124
6.1.3 Directed connectivity augmentations . . . . . . . . . . . . . . . . . . . 126
6.1.4 Constrained Strong Connectivity Augmentation . . . . . . . . . . . . . 127
6.1.5 Plane strong connectivity augmentation . . . . . . . . . . . . . . . . . 128

6.2 Rendering a (di)graph acyclic . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
6.2.1 Towards feedback problems . . . . . . . . . . . . . . . . . . . . . . . . 130
6.2.2 Feedback vertex set . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6.2.3 Feedback arc set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.2.4 Feedback arc set in restricted classes . . . . . . . . . . . . . . . . . . . 133
6.2.5 Inversions towards acyclicity . . . . . . . . . . . . . . . . . . . . . . . 133
6.2.6 Inversions of bounded size . . . . . . . . . . . . . . . . . . . . . . . . . 135
6.2.7 Inversions of Prescribed size . . . . . . . . . . . . . . . . . . . . . . . . 136

6.1 Connectivity augmentation
Augmentation problems broadly ask for the addition of few edges ensuring the graph satisfies a given
property. These questions have important applications in the field of survivable network design.
Central to those are connectivity augmentation problems, asking for a minimum number of edge
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(arc) additions such that the resulting (di)graph attains a certain connectivity. These problems
admit many variants, where unrestricted versions often admit polynomial algorithms, but various
restrictions render the problem hard. Here, we will focus more specifically on restrictions asking
for the resulting (augmented) graph to be planar.

To understand the generality of connectivity augmentation, let us observe that many well-known
algorithmic problems can be rephrased in this language. Computing a shortest (weighted) path
between two vertices of G consists in asking for a minimum-cost augmentation of an empty graph,
allowing only for edges of G, such that the two vertices are connected. The minimum spanning tree
problem can also be formulated similarly, and both problems admit polynomial-time algorithms.
In-between these, specifying a subset of vertices (terminals) to connect at minimum cost yields the
Steiner Tree problem, which is yet another one of Karp’s NP-hard problem list [Kar72].

In essence, connectivity augmentation problems ask to augment a non-empty graph, and be-
come interesting in their own sake when asking for connectivity at least 2. As we will see, edge-
connectivity augmentation problems are sensibly simpler than vertex-connectivity ones. This is in
particular because they have often been considered when allowing parallel edges (or arcs), which is
of no help to obtain vertex-disjoint paths.

We begin this section with Subsection 6.1.1, exploring undirected connectivity augmentations,
before considering their planar restrictions in Subsection 6.1.2. We then move to directed connec-
tivity augmentation problems in Subsection 6.1.3. Constrained versions of these problems have
been less studied than their undirected variants, and mostly deal with strong connectivity aug-
mentation. We survey various restrictions of strong connectivity augmentation in Subsection 6.1.4.
Finally, we introduce our problems of planar strong connectivity augmentation in Subsection 6.1.5,
towards Chapter 7.

6.1.1 General connectivity augmentation
In the following, we investigate connectivity augmentations of undirected graphs. There, we distin-
guish two variants, either asking to increase the edge-connectivity, or the vertex-connectivity. For
an extensive survey on connectivity augmentation, we refer the reader to the chapter by Frank and
Jordan [FJ15].

The first general (edge) connectivity augmentation problem was introduced by Frank and
Chou [FC70]. They consider non-uniform connectivity requirements between each pair of ver-
tices, and ask for a minimum augmentation satisfying those. Still, most research has considered
uniform connectivity requirements, asking for the resulting graph to be c-(edge)-connected.

Unweighted case

We define the following unweighted version edge-connectivity augmentation, where the addition of
parallel edges is allowed (meaning this is in fact a multigraph problem).

c-Edge Connectivity Augmentation (c-ECA)
Input: A graph G
Question: Find a minimum multiset X ⊆

(
V
2

)
such that G+X is c-edge-connected.

Cai and Sun [CS89] gave a combinatorial characterization of the minimum number of edges
required to c-edge connect a graph. Building on their result, an efficient algorithm was obtained
for the c-Edge Connectivity Augmentation problem by Watanabe and Namakura [WN87].
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Theorem 6.1.1 (Watanabe, Nakamura ’87). c-ECA admits a polynomial-time algorithm.

Imposing vertex-disjointness conditions renders parallel edges useless, which motivates the fol-
lowing definition for vertex connectivity augmentation. When clear from the context, this will be
the default connectivity augmentation and we may drop the term “vertex”.

c-(Vertex) Connectivity Augmentation (c-VCA)
Input: A graph G
Question: Find a minimum subset X ⊆

(
V
2

)
such that G+X is c-vertex-connected.

The c-VCA problem seems considerably harder, with polynomial algorithms known only for
c = 2 due to Eswaran and Tarjan [ET76], and k = 3 due to Watanabe and Nakamura [WN90].
Determining whether c-VCA admits a polynomial-time algorithm is one of the most pressing prob-
lems in the field. Still, it was shown to admit an FPT algorithm by Jackson and Jordan [JJ05].

Theorem 6.1.2 (Jackson, Jordan ’05). c-VCA is FPT.

An interesting subcase of this problem asks to augment the connectivity by exactly one. Jor-
dan [Jor95] first considered this problem and gave an approximation, then Végh provided a (uni-
form) polynomial-time algorithm [Vég11].

Theorem 6.1.3 (Végh ’11). There exists a polynomial-time algorithm solving c-VCA when the
input graph is (c− 1)-connected.

Weighted variants

What if we now ask for augmentations where not all edges are available for the augmentation? Even
more general, we can introduce a weight on each edge, and ask for solutions of minimum cost, yield-
ing Weighted c-VCA and Weighted c-ECA . In this case, both connectivity augmentations
become NP-hard even for k = 2, as shown by Eswaran and Tarjan [ET76].

Theorem 6.1.4 (Eswaran, Tarjan ’76). Both Weighted 2-ECA and Weighted 2-VCA are
NP-complete.

Indeed, both problems can be reduced directly from Hamiltonian Cycle. A graph G is
Hamiltonian if and only if the empty graph on V (G) vertices can be augmented at cost |V (G)|,
by assigning weights 1 to E(G), and 2 to the rest. In fact, the edge version is even hard for trees,
as shown by Frederickson [FJ81]. Furthermore, Weighted 2-ECA is APX-hard already when
restricted to trees, but admits a 1.5 + ϵ-approximation (for any ϵ > 0) due to a recent result by
Traub and Zenklusen [TZ23].

When it comes to fixed-parameter tractability, we still lack a general FPT algorithm. Still, for
the specific case of increasing edge-connectivity by one, a polynomial kernel was obtained by Marx
and Végh [MV15].

Theorem 6.1.5 (Marx, Végh ’15). Weighted c-ECA admits a polynomial kernel on (c−1)-edge-
connected graphs.

In another direction, Frank [Fra92] considered a vertex-weighted version of edge-connectivity
augmentation, which he showed to be polynomial-time solvable.
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Edge-connectivity augmentation of simple graphs

The c-ECA problem allows the addition of parallel edges, making it rather a multigraph problem
than one about graphs. We look here at an important structural restriction on the output graph:
simplicity. The problem of determining the complexity of this problem was already raised by
Frank [Fra94]. This was settled by Jordan [Jor97], who showed that this restriction already makes
for a hard problem.

Theorem 6.1.6 (Jordan ’97). Simple c-ECA is NP-hard.

On the positive side, Bang-Jensen and Jordan obtained the following result [BJ98]

Theorem 6.1.7 (Bang-Jensen, Jordan ’98). Simple c-ECA is FPT.

6.1.2 Planar connectivity augmentations
We have seen that restrictions on the set of allowed edges (through weights), as well as simplicity
requirements, turn connectivity augmentation into a harder problem. Asking for simplicity is a first
way to impose a structural requirement on the resulting graph. Another natural such restriction,
and probably the most studied one, is to ask for the augmented graph to be planar. This restriction
will be our main interest in this thesis, but other conditions have been studied, such as requiring
bounded maximal degree [Mas+05]. Outside the case of multigraphs, planarity implies the existence
of a vertex with degree at most 5, meaning we should only ask connectivity increases of low values.
In the following, we survey various undirected planar augmentation problems, starting with the
well-studied subcase of Steiner tree, before considering more general connectivity augmentations
constrained by planarity.

Planar Steiner problems

Recall the Steiner Tree problem can be seen as a weighted 1-connectivity augmentation problem
over the terminals. It is one of the most studied problems in parameterized complexity, making for
a good test case before asking questions about connectivity. When parameterized by the number
of terminals k, the problem admits an FPT O(3k · nO(1)) algorithm, by a result Dreyfus and
Wagner [DW71]. When the input is planar, this is the Planar Steiner Tree problem, and we
could ask whether this structural guarantee allows for more efficient algorithms. Assuming the
exponential-time hypothesis, this possibility was discarded by Marx and Pilipczuk [MPP18].

Theorem 6.1.8 (Marx, Pilipczuk, 18). Unless the ETH fails, there is no O(2o(k)nO(1)) algorithm
for Planar Steiner Tree.

As the authors note, this makes it one of the first planar problems not witnessing the “square-
root phenomenon”, which describes the fact that many problems admit O(2O(

√
k)nO(1)) algorithms

in the planar setting. Approximation-wise, planarity can be obtained to improve on the known
2-approximation, as a PTAS was obtained by Borradaille et al. [BKM09].

Simple circuit

The first example of a question which can be considered as a connectivity augmentation problem
constrained by planarity was introduced by Rappaport in 1989. In [Rap89], he investigated the
problem of augmenting a set of lines in the plane into a polygon.
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Simple Circuit
Input: A set of embedded line segments S
Question: Can S be augmented to a simple circuit?

The above can be seen as a generalization of the famous travelling salesman problem. In
(Euclidian) TSP, we consider (embedded) independent vertices and ask for a minimum length
circuit passing through all. Without weights, the problem is trivial, but imposing some of the edges
of the circuit yields the Simple Circuit problem. The resulting graph (polygon) being plane is
important, as augmenting non-embedded lines while preserving planarity is trivial. As Rappaport
showed, this restriction is enough to make for a hard problem [Rap89].

Theorem 6.1.9 (Rappaport ’89). Simple Circuit is NP-complete.

On the positive side, he showed that convexity restrictions on the segments allow for polynomial
algorithms [RIT90].

Plane and planar connectivity augmentation

Simple circuit is in fact a specific case of augmenting a plane straight-line graph to a 2-connected
one. This can be naturally be generalized in two ways, by lifting some of the embedding constrains.
First, we may consider the following plane problem, which still fixes an embedding but not as
straight-line segments.

Plane c-(Edge)-Connectivity Augmentation
Input: A plane graph G, given with its embedding
Question: Find a minimum set X ⊆

(
V
2

)
such that G+X is c-(edge)-connected and plane, for

the same embedding.

Then, the planar version is the same problem except it omits the input of an embedding to be
preserved.

Planar c-(Edge)-Connectivity Augmentation
Input: A planar graph G
Question: Find a minimum set X ⊆

(
V
2

)
such that G+X is c-(edge)-connected and planar.

In these problems, we implicitly forbid parallel edges, meaning these questions are only non-
trivial when k ≤ 5. The most studied case considers k = 2, and was initiated by Kant and
Bodlaender [KB91], who showed planar biconnectivity augmentation is hard.

Theorem 6.1.10 (Kant, Bodlaender ’92). Planar 2-VCA is NP-complete.

Still, in [KB91], the authors give a 2-approximation algorithm, and a 5/4 approximation for
3-VCA if the input is 2-connected. For k = 2, Gutwenger, Mutzel and Zey [GMZ09] later improved
the approximation factor to 5/3. Moreover, if the input graph is outerplanar, Planar 2-VCA
admits a linear-time algorithm for every c due to Kant [Kan96].

Hardness for the edge variant was obtained much later, by Rutter and Wolff [RW08].

Theorem 6.1.11 (Rutter, Wolff ’08). Planar 2-ECA is NP-complete.

Again, if the input graph is outerplanar, then Planar c-ECA is polynomial-time solvable,
according to Nagamochi and Eades [NE98].

Regarding plane connectivity augmentations, the authors of [GMZ09] showed that the vertex-
connectivity version is NP-hard in general.
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Theorem 6.1.12 (Gutwenger, Mutzel, Zey ’09). Plane 2-VCA is NP-complete.

On the other hand, if the input is connected, the problem becomes tractable.

Theorem 6.1.13 (Gutwenger, Mutzel, Zey ’09). Plane 2-VCA admits a polynomial-time algo-
rithm for connected graphs.

Similar results have been obtained for connectivity augmentation of plane straight-line graphs
by Akitaya et al. [Aki+19].

To the best of our knowledge, parameterized aspects of these problems have not yet been con-
sidered, and we ask the following.

Question 6.1.14. Do planar (plane) connectivity augmentation problems admit FPT algorithms
when parameterized by the solution size?

Let us note that planarity-preserving augmentations have been considered for other requirements
than connectivity. For example, one can ask for the resulting graph to have low diameter [GRT15],
or to be Hamiltonian [DL10] We refer to the survey of Hurtado and Toth [HT13] for an overview
of the field.

6.1.3 Directed connectivity augmentations
The analogue of connectivity augmentation for digraphs is to ask for arc additions rendering a
digraph c-strongly connected or c-arc-strongly connected. We will take particular interest in the
case c = 1, that is, Strong Connectivity Augmentation, towards structurally constrained
variants explored later. Note that when c = 1, augmenting with multiple copies of the arc is of no
interest, meaning the only “simplicity” consideration is whether we allow digons or not.

Unrestricted case

Without restrictions, asking for a minimum set of arcs to make a digraph D strongly connected is
not a hard task. If D has source components S and sink components T , at least max (|S|, |T |) arcs
must be added incident to them, giving a lower bound on the solution size. As shown by Eswaran
and Tarjan [ET76], this is always sufficient, and a solution can be constructed efficiently.

Theorem 6.1.15 (Eswaran, Tarjan ’76). Given a digraph D, a minimum strongly connected aug-
mentation of D can be computed in polynomial-time.

Indeed, this problem easily reduces to DAGs by considering the condensation of D. Then, the
algorithm consists in (carefully) adding arcs from sinks to sources “chaining” them into a directed
circuit using min(|S|, |T |) arcs, then adding arcs between the resulting SCC and the remaining
terminals.

The multidigraph version of c-arc strong connectivity can also be solved efficiently, by a result
of Frank [Fra92].

Theorem 6.1.16 (Frank ’92). c-Arc Strong Connectivity Augmentation for multidigraphs
is polynomial-time solvable.

Later, Frank and Jordan [FJ95] showed even the c-strongly connected version is FPT, for simple
digraphs, and a polynomial-time algorithm was given by Végh and Benczur [VB08].

Theorem 6.1.17 (Végh, Benczur ’08). c-Strong Connectivity Augmentation is polynomial-
time solvable.
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Weighted SCA

In light of this, the general Strongly Connectivity Augmentation refers to the weighted
version of the problem, defined as follows.

(Weighted) Strong Connectivity Augmentation (SCA)
Parameter: k
Input: A digraph D = (V,A), a set of links L ⊆ V 2, a weight function w : L→ R+, an integer
k and a budget α ∈ R+.
Question: Is there a subset X ⊆ L such that D + X is strongly connected, |X| ≤ k and∑

e∈X w(e) ≤ α ?

Like its undirected 2-connectivity counterparts, this problem admits a straightforward reduction
from the NP-hard (directed) Hamiltonian cycle problem [Kar72].

Theorem 6.1.18 (Eswaran, Tarjan ’76). (Weighted) Strong Connectivity Augmentation
is NP-complete.

A 2-approximation algorithm was obtained by Frederickson and Ja’Ja [FJ81] already in 1981.
The fixed-parameter tractability of this problem was only established recently by Klinkby, Misra
and Saurabh [KMS21].

Theorem 6.1.19 (Klinkby et al. ’21). (Weighted) Strong Connectivity Augmentation is
fixed-parameter tractable, and admits a 2O(k log k) · nO(1) algorithm.

Their technique consists in reducing the problem to graph pattern recognition, where one tests
for all strongly connected “patterns” on 3k vertices, and tries to map those onto augmentations of
the instance of SCA.

6.1.4 Constrained Strong Connectivity Augmentation
Allowing only digons

A first interesting “structural” restriction is to ask for a strongly connected augmentation of D
by only turning existing arcs into digons. That is, we want a minimum X such that, letting←−
X = {(y, x) : (x, y) ∈ X}, the digraph D +

←−
X is strongly connected. Recalling Subsection 1.2.5, it

is not hard to see that the above is equivalent to asking for a minimum dijoin of D. Indeed, adding
all the reverse arcs of a dijoin cancels all dicuts of D, resulting in a strongly connected digraph. The
following fundamental min-max theorem due to Lucchesi and Younger [LY78] expresses a strong
duality between dijoins and dicuts.

Theorem 6.1.20 (Lucchesi, Younger ’78). The minimum size of a dijoin equals the maximum
number of disjoint dicuts.

In fact, this is a consequence of a much stronger result due to Edmonds and Giles [EG77] con-
cerning submodular functions. Frank provided an algorithmic proof of both of these results [Fra81,
Fra82], see also [Fra84].

Theorem 6.1.21 (Frank ’81). There exists a polynomial-time algorithm computing a minimum
dijoin of a digraph.

The theorems of Frank are much more general, and in particular apply to the weighted version
of our problem. Still, we will only need the algorithm above for our considerations.
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Bipartition constraints

The first truly structural restriction of strong connectivity augmentation comes from the grid brac-
ing problem. In terms of digraphs, this problem can be formulated by asking for a bipartition-
preserving strong connectivity augmentation.

Bipartite Strong Connectivity Augmentation
Input: A bipartite graph G
Question: Find a minimum subset X ⊆ V (D)2 such that D + X is strongly connected and
bipartite.

This problem was shown to be polynomial-time solvable by Gabow and Jordan [GJ00], who also
obtained similar results when preserving partitions into a larger number of classes.

Theorem 6.1.22 (Gabow, Jordan ’00). Bipartite Strong Connectivity Augmentation is
polynomial-time solvable.

Planar Directed Steiner problems

Here, we explore the (hard) parameterized complexity of Steiner-type problems for planar di-
graphs. The canonical generalization of Steiner Tree to digraphs asks for an arborescence of
minimum weight attaining the terminals. It also admits generalizations asking for the resulting
“steiner subgraph” to be strongly connected, and these problems are well-studied in parameter-
ized complexity. In the Strongly Connected Steiner Subgraph (SCSS) problem, we are
given a digraph D along with terminals T , and ask for a strongly connected subgraph of minimum
weight containing T . In the general case, this problem is NP-hard, and even W [1]-hard param-
eterized by k = |T | by a result of Guo et al. [GNS11]. A finer version of this problem is the
Directed Steiner Network (DSN) problem, prescribing reachabilities between the terminals.
We are specifically interested in the planar versions of these problems. There, while more efficient
algorithms can be attained for the first problem, Chitnis et al. [Chi+20] have shown both problems
to be among the few W [1]-hard planar problems.

Theorem 6.1.23 (Chitnis et al. ’19). Planar DSN and Planar SCSS are W [1]-hard parame-
terized by the number of terminals.

Let us note that the parameterized complexity of Planar DSN was fully classified by Galby
et al. [Gal+24], depending on the prescribed reachabilities.

6.1.5 Plane strong connectivity augmentation
In the following, we introduce the contributions of Chapter 7 on strong connectivity augmentation
of plane oriented graphs. We stress that only plane versions of the problem are considered, that
is, the input digraph is given with an embedding which must be preserved by the augmentation.
Then, there are two ways to define the problem. The first version considers all planar digraphs as
input and allow for the addition of digons.

k-Directed-PSCA (DPSCA)
Parameter: k
Input: A plane digraph D, given with its embedding
Question: Is there a set of arcs X ∈ V (D)2 of size at most k such that D +X is plane and
strong, while preserving the embedding of D?
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Our main consideration in this thesis forbids digons, and can be seen as a simplicity-preserving
version of the problem, considering only oriented graphs.

k-Plane Strong Connectivity Augmentation (PSCA)
Parameter: k
Input: A connected oriented plane graph D
Question: Is there a set of arcs X ∈ V (D)2 of size at most k such that D +X is strong and
plane, with the same induced embedding for D ?

Observe that a plane digraph can always be augmented to strong connectivity by adding any
maximal set of arcs (yielding a bidirected triangulation). This is not the case for oriented graphs,
as witnessed by the digraph consisting of a single arc. This means that even the question of
augmentability for plane oriented graphs is of interest. Our first result is that this is indeed not a
trivial question.

Theorem 6.1.24 (Bessy, Gonçalves, R., Thilikos ’25). Plane Strong Connectivity Augmen-
tation is NP-complete, even without restrictions on the solution size.

Our instances are 3-connected, which also yields NP-hardness of the Planar SCA problem. Al-
though Planar 2-VCA and Planar 2-ECA are NP-hard, the hardness of Plane SCA stands in
stark contrast with the undirected analogue for 2-connectivity. Indeed, while Plane 2-VCA is hard
for disconnected instances, it admits a polynomial-time algorithm otherwise by Theorem 6.1.13.

Our main result is that Plane Strong Connectivity Augmentation admits a fixed-parameter
tractable algorithm.

Theorem 6.1.25 (Bessy, Gonçalves, R., Thilikos ’25). Plane Strong Connectivity Augmen-
tation is FPT, and admits a 2O(k log2 k) · nO(1) algorithm.

For the directed version, where hardness is not known, we provide an FPT algorithm parame-
terized by the number of terminals, which is lower than 2k for positive instances.

Theorem 6.1.26 (Bessy, Gonçalves, R., Thilikos ’25). k-Directed-PSCA is FPT with respect
to the number of terminals τ , and admits a 2O(τ) · nO(1) algorithm.

6.2 Rendering a (di)graph acyclic
In this section, we deal with the problem of disconnecting a (di)graph by a minimum number of
vertex and edge (arc) deletions. The first way to ask this question is to understand it globally: how
to disconnect a graph G? How to make a digraph D not strongly-connected? The answers to these
are given by separators and cuts, as we saw in Subsection 1.1.7. Here, we are interested in discon-
nections in a more global sense, through feedback problems, decreasing the connectivity between
every pair of vertices. We formalize this question in Subsection 6.2.1, introducing feedback vertex
sets and feedback arc sets. We survey algorithmic results about the computation of feedback vertex
sets in Subsection 6.2.2. Then, we look at the feedback arc set problem in Subsection 6.2.3, which
will be of particular interest to us, and is in a sense equivalent to feedback vertex set in digraphs.
We further investigate feedback arc set for restricted classes of digraphs, and in particular tourna-
ments, in Subsection 6.2.4. The topic of Chapter 8 is inversions, which are operations generalizing
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feedback arc sets, consisting in reversing all arcs within an induced subdigraph. We introduce al-
gorithmic and structural problems about inversions in Subsection 6.2.5. Then, in Subsection 6.2.6,
we consider the restriction of inversions to sets of bounded size, presenting our first algorithmic re-
sults. Finally, we consider inversions of sets with prescribed (fixed) size in Subsection 6.2.7, where
we present upper bounds on the “inversion number”, as well as hardness results.

6.2.1 Towards feedback problems
We have already seen in Subsection 1.1.7 that asking for any pair of vertices to be disconnected is
trivial when considering edge deletions, and corresponds to Vertex Cover for vertex deletions.
A natural way to relax this full disconnection is by allowing each pair of vertices to be connected,
but not 2 (vertex or edge)-connected. By the theorems of Menger, for any pair x, y ∈ V in the
resulting graph, there cannot be two vertex-(edge-)disjoint paths between x and y. Observe then
that this is equivalent to asking for the resulting graph to be a forest. This motivates the following
definitions. In a graph G, a feedback vertex set is a subset X ⊆ V such that G − X is a forest.
Similarly, a feedback edge set , is a subset F ⊆ E such that G− F is a forest.

In digraphs, if the goal is to disconnect all pairs of vertices, the story is the same as for graphs.
The first interesting case, allowing some connectivity, was already posed in Question 1.2.3. That
is, we allow pairs x, y in the resulting graph to admit either a path from x to y or a path from y
to x, but not both. This is saying that the resulting digraph should be acyclic. Symmetrically to
the above, considering a digraph D, a (directed) feedback vertex set is a subset X ⊆ V such that
D−X is a DAG. Then, a feedback arc set , is a subset F ⊆ E such that D−F is acyclic. We denote
the minimum size of a feedback arc set by fas(D). Here, there is an equivalence between these two
objects (see 10.3.1 in [BG02]). If we consider the line digraph of a given digraph D, feedback vertex
sets correspond exactly to feedback arc sets of D, and vertex-disjoint cycles to edge-disjoint cycles
of D. Conversely, if we split each v ∈ V (D) into an arc (v−, v+), where all in-(out-)neighbours of
v are affected to v− (v+), feedback arc sets and arc-disjoint cycles correspond to feedback vertex
sets and vertex-disjoint cycles of D.

We will be interested in the computation of minimum feedback sets, which we will survey both
for graphs and digraphs. We will see that, except for feedback edge set, all other variants are
NP-complete, prompting us for parameterized algorithms and (parameterized) approximations.

Structure

What can be known about the structure of (di)graphs having no small feedback sets? Feedback
sets look at breaking, or hitting, all (directed) cycles of a graph. Therefore, a collection, or packing
of k (vertex or arc) disjoint cycles, is an obstacle to having a feedback set of size k, since one vertex
must be taken in each of its cycles. Is there some link between this lower bound and the size of
the feedback set? This question falls in the scope of many dualities between minimum hitting sets
versus maximum packing of objects. In fact, we have already seen an example of this in a very
strong form for local connectivity. Indeed, obstacles to small separators (cuts) between x, y ∈ V are
exactly what separators want to hit: vertex (edge) disjoint paths between x and y. There, Menger’s
theorem gives equality between the minimum hitting set (separators and cuts) and the maximum
packing (vertex or edge disjoint paths).

For feedback vertex sets, this link was obtained in the following celebrated theorem by Erdős
and Pósa [EP65].
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Theorem 6.2.1 (Erdös, Pósa ’65). For every graph G, either G contains k vertex-disjoint cycles,
or it admits a feedback vertex set of size O(k log(k)).

In 1973, Younger made the analogue conjecture to the Erdös-Pósa theorem [You73], which was
proved by Reed et al. in 1996 [Ree+96].

Theorem 6.2.2 (Reed, Robertson, Seymour, Thomas ’96). There exists a function f such that for
every digraph D, either D contains k vertex-disjoint circuits, or it admits a directed feedback vertex
set of size f(k).

The analogous result is known for edges, either G admits k edge-disjoint cycles, or it has a
feedback edge set of size 2k log(k) (exercise 9.5 in [Die17]). It is also known for feedback arc sets
and arc-disjoint directed cycles as a consequence of Theorem 6.2.2, because of the reduction to the
vertex version in the line digraph.

6.2.2 Feedback vertex set
In this subsection, we survey results around the Feedback Vertex Set (FVS) problem in graphs
and digraphs. Given a (di)graph G, the decision variant of (Directed) FVS asks, for a given k,
whether there exists a feedback vertex set of size at most k. The minimization variant asks for one
of minimum size. Historically, Feedback Vertex Set and its directed version were among the
first problems shown to be NP-complete by Karp already in his seminal 1972 paper [Kar72].

The undirected problem admits a 2-approximation thanks to Becker and Geiger [BG96], but is
APX-complete by a reduction from Vertex Cover (see [AK00]). The directed variant admits an
approximation up to a factor dependent on the optimum, by a result of Seymour [Sey95]. Still,
under the unique games conjecture there exist no constant-factor approximation, see Guruswami
and Lee [GL16].

Parameterized algorithms

We now consider the parameterization of the decision variant by solution size, which we formally
state below.
Feedback Vertex Set (k-FVS)
Parameter: k
Input: A graph G and an integer k
Question: Is there a set X ⊆ V (G) of at most k vertices such that G−X is a forest?

Directed Feedback Vertex Set (k-DFVS)
Parameter: k
Input: A digraph D and an integer k
Question: Is there a set X ⊆ V (G) of at most k vertices such that G−X is acyclic?

In the undirected case, the fixed-parameter tractability of Feedback Vertex Set was first
shown by Bodlaender [Bod94]. There, he also shows FPT algorithms for the dual problem deciding
packings of at least k vertex-disjoint cycles, and the edge-disjoint version. Since then, Feedback
Vertex Set has been among the most studied parameterized problems, with a series of improve-
ments, culminating in a result by Kociumaka and Pilipczuk [KP14].



CHAPTER 6. INTRODUCTION: ALTERING THE CONNECTIVITY OF (DI)GRAPHS 132

Theorem 6.2.3. k-Feedback Vertex Set admits a
(
(2 + ϕ)k · nO(1)

)
-time algorithm.

Moreover, it was shown to admit a polynomial kernel by Thomassé [Tho10].

Theorem 6.2.4 (Thomassé ’10). k-Feedback Vertex Set admits a kernel on 4k2 vertices.

The Directed Feedback Vertex Set problem was eventually also shown to be FPT by
Chen et al. [Che+08].

Theorem 6.2.5 (Chen et al. ’08). k-Directed Feedback Vertex Set admits a O(4kk! ·nO(1))-
time algorithm.

6.2.3 Feedback arc set
In this subsection, we look at the Feedback Arc Set problem, asking for one of minimum size,
which is the first case of our later problem on inversions. First, we note that the corresponding
undirected problem, finding a minimum feedback edge set, is much simpler. Indeed, observe its
complement in G must be a forest, a maximal one is one that is spanning, and then minimizes the
complement feedback edge set. This can also be adapted for the weighted question by using Prim’s
algorithm, in fact discovered by Jarník [Jar30].

In the directed case, we still have an equivalence between the minimum feedback arc set and
the maximum acyclic subdigraph. This is of much less help here, and both problems are hard,
as Feedback Arc Set was also among the first NP-complete problems from Karp’s list [Kar72].
This hardness is a consequence of the reduction from FVS by considering the digraph obtained by
splitting each vertex into an arc.

The converse the reduction from FAS to FVS obtained by taking the line digraph means exact
algorithms for the latter can be used to solve FAS. This reduction does not preserve approximation
ratios, where the best known approximation is in O(log(n) log log(n)), far from the 2-approximation
for FVS. We are interested mainly in the Feedback Arc Set problem parameterized by k, which
looks for an exact solution, as stated below.

Feedback Arc Set (k-FAS)
Parameter: k
Input: A digraph D and an integer k
Question: Is there a set X ⊆ A(G) of at most k arcs such that D −X is acyclic?

In particular, the reduction to FVS yields the fixed-parameter tractability of FAS as a conse-
quence of Theorem 6.2.5

Corollary 6.2.6 (Chen et al. ’08). k-Feedback Arc Set admits a O(4kk!·nO(1))-time algorithm.

Bounds

On the non-algorithmic front, it is interesting to estimate how large solutions to Feedback Arc
Set can get, relative to n. The feedback-arc-set number of a digraph D, denoted by fas(D), is the
minimum size of a feedback arc set. Let fas(n) be the maximal value of fas(D) over all digraphs
of order n, and note that it is attained by tournaments. Questions abound bounds for fas(n) were
first raised by Erdös and Moon [EM65], who showed 1

2

(
n
2

)
≤ fas(n) ≤ 1

2

(
n
2

)
+ cn3/2(lnn)1/2. This

was improved by Spencer [Spe71, Spe80], before Fernandez de la Vega [Fer83] achieved to show the
following asymptotically tight estimation.
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Theorem 6.2.7 (Fernandez de la Vega ’83). fas(n) = 1
2

(
n
2

)
+Θ(n3/2).

6.2.4 Feedback arc set in restricted classes
Considering the hardness of approximation in general digraphs, and because of practical applica-
tions, much research has studied restrictions to specific classes. We will mainly be interested in the
case of tournaments, but another well-studied case are planar digraphs and their relaxations.

Planar digraphs

Unlike Plane Strong Connectivity Augmentation, the FAS problem is polynomial-time
solvable in planar digraphs, and this is another consequence of the Theorem 6.1.20 by Lucchesi and
Younger [LY78].

Theorem 6.2.8 (Lucchesi ’78). Feedback Arc Set admits a polynomial-time algorithm on pla-
nar digraphs.

It is not hard to show that the minimum feedback arc set of a plane digraph is equal to the
minimum size of a dijoin, see Theorem 15.3.9 in [BG09] for a proof. This means that FAS reduces
to finding a minimum dijoin in D, which is polynomial-time solvable from Theorem 6.1.21.

Tournaments

Asking for a feedback arc set in a tournament can be seen as asking for a ranking (ordering)
of the vertices minimizing the number of “upsets” (backward arcs). The tournament restriction,
Feedback Arc Set in Tournaments (or FAST), remains NP-complete as shown by Alon [Alo06]
and Charbit, Thomassé, and Yeo [CTY07].

The most drastic difference here, is that FAST now admits a so-called polynomial-time approx-
imation scheme, or PTAS . For a minimization problem (as FAST), a PTAS takes some fixed ϵ > 0,
and produces an algorithm running in polynomial time to output a (1 + ϵ)-approximation. The
following result is due to Mathieu and Schudy [KS07], and will be directly used in Chapter 8.

Theorem 6.2.9 (Mathieu, Schudy ’07). For any ϵ > 0, there exists a polynomial-time algorithm
taking any tournament T outputting a (1 + ϵ)-approximation of fas(T ).

This result also had consequences on the parameterized complexity side, where has been used
by Bessy et al. to obtain a linear kernel [Bes+11].

Theorem 6.2.10 (Bessy et al. ’11). For any ϵ > 0, k-Feedback Arc Set in Tournaments
admits a kernel of size (2 + ϵ)k.

Their kernel relies on reduction rules to output an equivalent instance of size subquadratic in k,
then employs the PTAS of [KS07]. As for the PTAS, the polynomial kernelization algorithm has a
time-complexity (largely) dependent on ϵ.

6.2.5 Inversions towards acyclicity
While Feedback Arc Set asks for deletion of arcs towards acyclicity, it can equivalently be
stated in terms of arc inversions. Indeed, if F is a minimum feedback arc set of D if and only if
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the digraph obtained by reversing each arc of D is. To observe this, we can for instance look at an
acyclic (topological) ordering given by D − F . Generalizing this operation to more than a single
arc, in 2010, Belkhechine et al. [Bel+10] introduced the concept of inversion for sets of vertices.
In an oriented graph

−→
G , if X is a set of vertices of

−→
G , the inversion of X consists in reversing

the orientation of all arcs with both endvertices in X. In particular, the reversal of a single arc
corresponds to the inversion of the set of its endvertices.

Analogously to feedback arc sets, the main object of interest here is the inversion number inv(
−→
G)

of an oriented graph
−→
G . This was first defined in [Bel+10] as the minimum number of inversions

transforming
−→
G into an acyclic digraph. This raises plenty of structural and algorithmic problems,

which have recently received a considerable attention. A first line of research, surveyed in Subsec-
tion 6.2.5, looks at obtaining lower and upper bounds on inversion numbers over (subclasses of)
digraphs. The second direction, which we investigate in Subsection 6.2.5, studies the computation
of inv(

−→
G) for a given

−→
G . Since inversion number cannot increase when taking subgraphs, giving

bounds over the class of all digraphs amounts to giving bounds for tournaments, which have been
the most studied subclass since [Bel+10]. Computationally, questions have also mostly dealt with
tournaments, as will be the case of our contributions.

Bounds

In terms of upper bounds, the first results look at estimating inv(n), defined as the maximum of
inv(
−→
G) over all oriented graphs

−→
G of order n. Recall this is the same value when restricted to

tournaments. Belkhechine et al. first showed that n−1
2 − log(n) ≤ inv(n) ≤ n − 3 in [Bel+10].

Recently, Aubian et al. [Aub+25] and Alon et al. [Alo+24] independently improved these bounds
to the following.

Theorem 6.2.11 (Aubian et al. ’22, Alon et al. ’24). For n sufficiently large, n − 2
√
n log n ≤

inv(n) ≤ n− ⌈log(n+ 1)⌉

Since inversions preserve the same underlying graph, it is also natural to ask to transform a
given orientation of a (labelled) graph into another (which is now not necessarily acyclic). Havet
et al. [HHR24] introduced the inversion diameter for a labelled graph G, as the maximal number
of inversions required to go between any two orientations of G. They show that inversion diameter
is asymptotically tied to previously known variants of the chromatic number: acyclic chromatic
number, star chromatic number, and oriented chromatic number.

Algorithmic problems

Since (for now) we have no constraints on the inversion size, no hardness result on FAS yields
hardness of determining inv(

−→
G). Let us state the problem below, parameterized by solution size.

Inversion
Parameter: k
Input: An oriented graph

−→
G and an integer k

Question: Is inv(G) ≤ k?

The first result about the complexity of this problem was in fact an XP algorithm for its restric-
tion to tournaments. Observe inv cannot increase for (induced) subgraphs, so the tournaments T
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satisfying inv(T ) ≤ k can be characterized as those forbidding minimal tournaments with inv > k.
Belkhechine et al. [Bel+10] gave a non-constructive proof that the class of k-“critical” tournaments
is bounded. For each fixed k, the presence of these can be checked in polynomial time, yielding
a polynomial-time algorithm deciding whether inv ≤ k. In contrast, Bang-Jensen et al. [BSH22]
proved that for k ≤ 2, k-Inversion is NP-complete, which was later generalized to all values of k
by Alon et al. [Alo+24].

Theorem 6.2.12 (Alon et al. ’24). k-Inversion is NP-complete for every k.

In the case of tournaments, they improve on the XP algorithm of [Bel+10], by showing fixed-
parameter tractability.

Theorem 6.2.13 (Alon et al. ’24). k-Inversion admits an O(f(k)n2)-time algorithm when re-
stricted to tournaments.

There is still no hardness result for Inversion in tournaments, which was conjectured by Bang-
Jensen et al. [BSH22].

Conjecture 6.2.14 (Bang-Jensen et al. ’22). For every integer k, k-Inversion is NP-complete
for tournaments.

Briefly stepping in the opposite direction, we note Duron et al. [Dur+24] considered the min-
imum number of inversions to make a digraph k-(arc-)strong. There, they show lower and upper
bounds, as well as hardness and inapproximability results for all values of k.

6.2.6 Inversions of bounded size
We are ready to consider inversions of bounded size, and introduce the algorithmic results of Chap-
ter 8. To further tighten the link between feedback arc set (which inverts sets of size 2) and inversions
(of unbounded size), it is natural to impose bounds on the sets being inverted. Yuster [Yus25] ini-
tiated the study of (≤ p)-inversions, which are inversions over sets of size at most p. We first look
at his bounds, then investigate our algorithmic questions.

Bounds

Given an oriented graph
−→
G , its (≤ p)-inversion number , denoted by inv≤p(

−→
G), is the minimum

number of (≤ p)-inversions rendering
−→
G acyclic. Note that inv≤2(

−→
G) = fas(

−→
G). Yuster studied the

maximum inv≤p(n) of the (≤ p)-inversion numbers over all oriented graphs of order n. In fact, he
only considers tournaments, but again those are the oriented graphs attaining the maximal bounds.
From the asymptotically tight estimation of fas(n) in Theorem 6.2.7, we know that inv≤2(n) =
1
2

(
n
2

)
+ Θ(n3/2). For inversions of size 3, Yuster proved 1

12n
2 + o(n2) ≤ inv≤3(n) ≤ 257

292n
2 + o(n2)

and conjectured inv≤3(n) = 1
12n

2 + o(n2). He also proved the following for larger values [Yus25].

Theorem 6.2.15 (Yuster ’23). For sufficiently large p, there exist ϵp > 0 fand δp > 0 such that:
(

1

2p(p− 1)
+ δp

)
n2 + o(n2) ≤ inv≤p(n) ≤

(
1

2⌊p2/2⌋ − ϵp

)
n2 + o(n2)
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Algorithms

Of course, determining inv≤2 for digraphs and tournaments is NP-hard because FAS is. In Chap-
ter 8, we consider the same question for inv≤p, as follows, and show it is also hard within tourna-
ments.
(≤ p)-Inversion
Input: An oriented graph D and a positive integer k
Question: Does D admit a decycling (≤ p)-family of size at most k?

Theorem 6.2.16 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). Tournament (≤ p)-
Inversion is NP-complete, for any fixed integer p greater than 2.

In light of the linear kernel given by Theorem 6.2.10 for FAS in tournaments, thus for (= 2)-Inversion,
it is natural to ask whether Tournament (≤ p)-Inversion also admits (a polynomial) one, for any
fixed p. We give a positive answer to the above in a stronger sense: the Tournament Bounded
Size Inversion problem, considering both p and k as inputs, admits a polynomial kernel in (the
couple of parameters) p and k.

Theorem 6.2.17 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). For any ϵ > 0, Tour-
nament Bounded Size Inversion admits a kernel of size (1 + ϵ)k2p3 + o(k2p3).

In the negative, we show that Bounded Size Inversion for general digraphs is W [1]-hard
parameterized by p, even for k = 1.

6.2.7 Inversions of Prescribed size
Restricting the above, we introduce (= p)-inversions, which are inversions over sets of size exactly
p.

(= p)-invertibility

A first question is whether an oriented graph is (= p)-invertible at all. That is, can it be made
acyclic using (any number of) (= p)-inversions? Clearly, no non-acyclic oriented graph of order at
most p is (= p)-invertible. But there are non (= p)-invertible oriented graphs of arbitrarily large
size. For example, observe that a (= 3)-inversion does not change the parity of the out-degrees of
the vertices of a tournament. Hence to be (= 3)-invertible, a tournament of order n must have as
many vertices of even out-degree as TTn, the transitive tournament of order n, that is ⌈n/2⌉. This
is in fact a characterization, but what does this problem look like for larger values?

(= p)-Invertibility

Input: An oriented graph
−→
G

Question: Is
−→
G (= p)-invertible?

We characterize (most) (= p)-invertible graphs, and use this to show the question is almost
always simple, through the following.

Theorem 6.2.18 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). (= p)-Invertibility
admits a polynomial-time algorithm for oriented graphs of order n ̸= p+ 1.
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Perhaps surprisingly, the case n = p+1 is indeed harder (except, as we will see, for tournaments).

Theorem 6.2.19 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). Deciding whether an
oriented graph of order n is (n− 1)-invertible is NP-complete.

Bounds

In the following, we consider the (= p)-inversion number inv=p(
−→
G) of an oriented graph

−→
G , defined

as the minimum number of (= p)-inversions rendering
−→
G acyclic, or +∞ if

−→
G is not (= p)-invertible.

Clearly inv=p(
−→
G) ≥ inv≤p(

−→
G) and inv=2(

−→
G) = inv≤2(

−→
G), but are these parameters related in the

other direction? We investigate upper bounds on the (= p)-inversion number in terms of feedback-
arc-set number or the (≤ p)-inversion number.

We first look at bounding inv=p in terms of p and fas. There, we identify a dichotomy between
even and odd values of p, by showing no such bound can exist for odd p, but for even p, the following
holds.

Theorem 6.2.20 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). Let p ≥ 4 be an even
integer and let D be an oriented graph with at least p + 2 vertices. Then inv=p(D) ≤ (8p −
12) (fas(D)+1)

2

We show that this also implies a bound in terms of inv≤p, namely inv=p(D) ≤
(
p
2

)
(8p −

12) inv≤p(D). We improve on Theorem 6.2.20 for digraphs where fas is large, by showing inv=p(D) ≤
2 fas(D) + (4p− 9)n+ 19/2, again for even p. We also show the following subquadratic bound in n
for inv=p(n) ≤ n

2⌈p/2⌉·⌊p/2⌋ + o(n2).

Complexity

We will show the algorithmic problems considered for inv≤p admit the same reductions towards
inv=p, yielding the following hardness result.

(= p)-Inversion
Input: A tournament D and a positive integer k
Question: Does D admit a decycling (≤ p)-family of size at most k?

Theorem 6.2.21 (Bang-Jensen, Havet, Hoersch, R., Rambaud, Silva ’25). Tournament (= p)-
Inversion is NP-complete, for any fixed p ≥ 2.

Considering the problem Prescribed Size Inversion, where p is now part of the input,
the same reduction as for Bounded Size Inversion yields W [1]-hardness parameterized by p.
An interesting question is whether it admits a polynomial kernel in (p, k) for tournaments, as in
Theorem 6.2.17.
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7.1 Introduction
In this chapter, we investigate plane strong connectivity augmentation within plane oriented graphs,
through the k-PSCA problem which we recall.

k-Plane Strong Connectivity Augmentation (k-PSCA)
Parameter: k
Input: A connected oriented plane graph D
Question: Is there some X ⊆ V (D)2 with |X| ≤ k such that D+X is strong and plane, with
the same induced embedding for D?

When referring to Plane Strong Connectivity Augmentation without mentioning k, the
problem implicitly has no restrictions on k, and we simply ask whether there is any set X augmenting
the graph while preserving planarity, without adding digons.

The restriction to oriented graphs rather than digraphs is motivated by augmentability consid-
erations. Indeed, plane digraphs can always be augmented to strong connectivity while staying in
the class of plane digraphs: any maximal augmentation yields a bidirected triangulation, which
is strongly connected. On the other hand, within plane oriented graphs, augmentation to strong
connectivity may not always be possible, take for example any oriented triangulation that is not
already strongly connected. Our first result is that deciding strong connectivity augmentability
within plane oriented graphs is already NP-hard.

Theorem 7.1.1. Plane Strong Connectivity Augmentation is NP-complete.

Our reduction is 3-connected, which also yields hardness of the Planar-SCA problem (with-
out budget). These reflect the complexity of the (budgeted variants) in the undirected case (see
Theorem 6.1.10 and Theorem 6.1.12). But the instances being 3-connected contrasts with the
polynomial-time solvability Plane 2-VCA for connected instances. To our knowledge, Plane
Strong Connectivity Augmentation is also one of the few connectivity augmentation prob-
lems to be NP-hard even without budget restrictions, where the only other example seems to
be Simple Circuit.

Our main result is a fixed-parameter tractable algorithm for k-PSCA.

Theorem 7.1.2. k-Plane Strong Connectivity Augmentation is FPT with respect to k,
and admits a 2O(k log k)nO(1) algorithm.

In order to introduce the algorithm of Theorem 7.1.2, we will show a simpler procedure for the
same question within directed graphs, defined below.

k-Directed Plane Strong Connectivity Augmentation (k-Directed-PSCA)
Parameter: k
Input: A connected plane digraph D
Question: Is there some X ⊆ V (D)2 with |X| ≤ k such that D+X is strong and plane, with
the same induced embedding for D?

We show that k-Directed-PSCA is FPT parameterized by the number of terminals τ , which
also implies its fixed-parameter tractability with respect to solution size.

Theorem 7.1.3. k-Directed-PSCA is FPT with respect to the number of terminals τ , and admits
a 2O(τ)nO(1) algorithm.
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Scheme of the FPT algorithm(s). For both k-PSCA and k-Directed-PSCA, our strategy
proceeds by searching for structured solutions. Intuitively, these correspond to solutions X where
in each face F of D, the endpoints of X are skewed towards “terminal components” of the digraph
induced by F . While such a notion admits a straightforward definition in k-Directed-PSCA, the
case of k-PSCA is much more involved. Our main structural result is that the number of structured
completions — possible restrictions of a structured solution to F — can be bounded by a function
of k. Then, we distinguish simple and alternating faces, according to the number of “terminals”
they induce. We show that for positive instances (D, k), the number of alternating faces is always
bounded as a function of k (in fact, τ), which enables branching over all structured completions over
them. This reduces our question to the computation of a solution adding arcs only within simple
faces. The main obstacle then is that the number of simple faces can be linear in the size of the
instance, but crucially, each of them admits an (absolute) constant number of “minimal” structured
completions. For k-Directed-PSCA, this constant is always one, enabling a direct reduction to
the problem of computing a minimal dijoin, which is polynomial by a result of Frank [Fra81]. This
gives FPT algorithm parameterized by the number of terminals τ . In the case of k-PSCA, we
use a randomized algorithm guessing one “allowed” completion per face, reducing our problem to
Weighted SCA, which admits an FPT-algorithm due to Klinkby, Misra and Saurabh [KMS21].
This yields a FPT Monte-Carlo algorithm for k-PSCA, which we derandomize using universal sets.

Structure of the chapter. After some preliminaries in Section 7.2, we show the FPT algo-
rithm for k-Directed-PSCA in Section 7.3, serving as an introduction to our k-PSCA algorithm.
While the overarching steps are common, most technicalities of k-PSCA are short-circuited in k-
Directed-PSCA, where structured solutions admit a very natural definition. Then Section 7.4
shows our FPT algorithm for k-PSCA, achieving to prove Theorem 7.1.2. Finally, we show the
hardness of PSCA in Section 7.5, yielding Theorem 7.1.1.

7.2 Preliminaries
All digraphs in this chapter are plane and given with their embedding. We use the terms “strong”
and “strongly connected” interchangeably, and often refer to directed paths as dipaths. For any D,
the (possibly trivial) source and sink components of D form the set T (D) of terminal components,
and we let τ(D) = |T (D)|.

Boundaries, labelled vertices, and angles. Given a plane digraph D, we identify a face F
with its boundary, which is the (clockwise) closed walk following F . When D is not 3-connected,
a given vertex or arc may appear multiple times along the boundary, which is why we specify
each occurrence as a labeled vertex or an angle. An angle ̂ai−1viai on a face F is the incidence
of two consecutive edges ai−1 and ai at vi. We will always consider a labelled vertex vi and
its corresponding angle ̂ai−1viai interchangeably. Then, we may simply refer to (subwalks of) a
boundary by sequences of labelled vertices (v1, v2, . . . , vℓ). Up to symmetry, we always consider
those ordered clockwise.

Completions. Given a plane digraph D, a completion of D is some embedded subset X ∈ V (D)2,
such that D+X = (V (D), A(D)∪X) is plane and oriented (directed in Section 7.3), when embedded
with respect to D and X. When D+X is moreover strong, X is a solution to D. For any completion
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X, and any face F of D, the restriction XF of X to F is the subset of X embedded in F . Then,
for a subwalk P of the boundary of F , the restriction XP of X to P refers to the arcs of XF with
at least one endpoint on P . We say X is a completion of a face F if it is embedded in F .

7.3 FPT algorithm when allowing digons
The purpose of this section is to show Theorem 7.1.3, by describing a FPT algorithm for k-
Directed-PSCA, when parameterized by the number of terminals τ . This directly yields a FPT
algorithm parameterized by solution size k, thanks to the following observation.

Observation 7.3.1. Any positive instance (D, k) for k-Directed-PSCA satisfies |τ(D)| ≤ 2k.

Indeed, a solution must be incident to every terminal of D, and each arc can only be incident to
two, meaning we can always output no when k < 1

2τ(D).
Throughout the following, we consider an instance (D, k), where D is a plane digraph, and

allow digons in the solution. We will therefore consider completions (and solutions) as embedded
sets of arcs X of V (D)2 such that D + X is a plane digraph. We begin in Subsection 7.3.1 with
a reduction to acyclic instances, the describe their structure: local terminals, as well as simple
and alternating faces. We define structured solutions in Subsection 7.3.2, and show a solution can
always be reconfigured into one that is structured. In Subsection 7.3.3, we bound the number of
alternating faces, and local terminals within them, as a function of the number of terminals τ . This
allows us to guess structured completions corresponding to restrictions of any possible structured
solution to alternating faces in FPT time. Then, in Subsection 7.3.4, we show how to reduce the
computation of the remaining solution in simple faces to the (polynomial) problem of finding a
minimum dijoin, which yields our algorithm for k-Directed-PSCA.

7.3.1 Structure of the instances
Reducing to acyclic instances

We begin by reducing the problem to acyclic instances, through the following. For any plane digraph
D, a condensation of D, Dc, is a plane acyclic digraph with loops and multiple arcs obtained by
contracting iteratively every non-loop arc belonging to a strong component of D. Note that the
embedding of Dc can differ according to the contraction sequence, but not the underlying digraph.

Lemma 7.3.2. An instance (D, k) of Directed-PSCA admits a solution if and only if (Dc, k)
does, for any condensation Dc. Moreover, any solution for Dc can be transformed into a solution
for (D, k) in polynomial time.

Proof. Let us consider a plane digraph D with possibly loops and multiple arcs, and let D′ be the
plane digraph obtained from D by contracting a non-loop arc (u, v) contained in a strong component
C of D. Let w be the vertex of D′ resulting from the merging of u and v. It suffices to show how
to transform a solution X for D into a solution X ′ for D′, with |X| = |X ′|, and vice-versa.

Given a solution X for D, let us construct X ′ as follows: keep every arc not incident to u or v,
and for the other arcs replace their endpoint u or v, by w. It is rather immediate that D′ +X ′ is
plane and strong.
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Given a solution X ′ for D′, let us construct X as follows. Let us first distinguish some faces
of D. Let û1, û2, v̂1, v̂2 be the angles at u or v incident to (u, v). Let Fu(D), Fv(D) be the faces
of D that are incident to u or v, respectively, at an angle distinct from û1, û2, v̂1, v̂2. Note that as
the faces of D and D′ have a natural bijection, Fu(D), Fv(D) also denote sets of faces in D′. For
constructing X, keep every arc that is not incident to w, and for the other arcs e, replace their
endpoint w by u (resp. v), if e is embedded in Fu(D) (resp. if e is not embedded in Fu(D)). The
planarity of D+X is clear, and for the strong connectivity, note that u and v are connected in both
direction, in D, and thus also in D +X. Indeed, there is an arc from u to v, and as they belong
both to C there is a dipath from v to u. This implies that any dipath going through w in D′ +X ′

can be rerouted through u and v. □

We may now reduce our problem to k-DAG-directed-PSCA, corresponding to k-Directed-
PSCA where the input is a plane DAG (without loops).

Lemma 7.3.3. The problem k-Directed-PSCA polynomially reduces to k-DAG-directed-PSCA.

Proof. From Lemma 7.3.2, we know that k-Directed-PSCA polynomially reduces to instances
D that are DAGs with loops. We hence just have to deal with getting rid of the loops. Before going
further, note that there is no point of having a loop in a solution X, so faces incident to only one
vertex should not contain any arc of a minimum solution X.

For any loop ℓ of D based on a vertex v, let Vin, Vout be the sets of vertices embedded inside or
outside ℓ, respectively, those sets being possibly empty. Clearly, any solution X for D divides into
two solutions Xin, Xout (according to the position of the arcs with respect to ℓ) for the subgraphs
Din = D[Vin ∪ {v}] and Dout = D[Vout ∪ {v}]. Indeed, any dipath with both ends in Din (resp
Dout) does not go through a vertex of Vout (resp. Vin). Conversely taking the union of two solutions
Xin, Xout for Din and Dout, leads to a solution for D. Indeed, this follows from the fact that every
vertex of Vin (resp. Vout) has a dipath from v and a dipath towards v in Din (resp. Dout).

Finally, observe that a completion X renders D′
in = Din − {ℓ} (resp. D′

out = Dout − {ℓ}) plane
and strong if and only if it renders Din (resp. Dout) plane and strong.

Hence, (D, k) is a positive instance if and only if there exists kin, kout such that k = kin + kout,
and such that (D′

in, kin) and (D′
out, kout) are both positive instances. In order not to iterate on

distinct values for the budgets (e.g. kin, kout), one should rather first note that (D, k) reduces into
O(n) non-trivial (i.e. with more than one single vertex) loop-free DAG instances Di, for which we
are only interested in the minimum value ki for which they become positive. To find this minimum
for Di, we may just iterate over all values from 1 to 3|V (Di)| (by density) with an algorithm solving
DAG-directed-PSCA. Hence, one can solve the initial instance (D, k) by making O(n2) calls to
this algorithm. □

Local terminals and face types

For a face F , the angle ̂ai−1viai, equivalently the labelled vertex vi, is a local terminal if ai−1 and
ai are both leaving or both entering vi. In the first case, vi ( ̂ai−1viai) is a local source, and in the
other case it is a local sink . Then, observe that any subwalk from a local source to a (consecutive)
local sink is necessarily a directed path, as any repeating vertex would create a cycle. Therefore,
local sources and local sinks alternate along the boundary, joined by directed paths, and there are
as many local sources as local sinks.
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Figure 7.1: A simple face, with two local terminals and an alternating face with 22 local terminals.
Local sources are shown as green angles, while local sinks are the red angles. Note that the same
vertex can appear in both local sinks, local sources and even non-terminal angles.

We define lt(F ) to be the number of local terminals of F , which is therefore even, and always
non-zero when D is not reduced to a single vertex (in which case the instance is trivial). We say
that a face F is a simple if lt(F ) = 2, and let SF be the set of simple faces of D. A face is
alternating when lt(F ) ≥ 4, and we let AF be the set of alternating faces of D. See Figure 7.1.

7.3.2 Existence of structured solutions
A completion, in particular a solution, X for an instance (D, k) of DAG-directed-PSCA is
structured if every arc of X embedded in a face F lies between two local terminals of F . The
following allows us to narrow our search only to structured solutions, which we will do by computing
structured completions within each face.

Lemma 7.3.4. If an instance of DAG-directed-PSCA admits a solution of size k, then it admits
a structured solution of size k.

Proof. Consider an instance (D, k), with D acyclic, and assume that it admits a completion X of
size at most k. To prove the result, we fix an arbitrary face F of D and show how to reconfigure
the restriction XF into a structured solution while preserving its validity. If XF is not structured,
let P be any subwalk of the boundary of F from a local source s to a consecutive local sink t, such
that XF is incident to internal vertices of P . Recall that P is in fact a directed path, and we can
consider its angles as (non-repeating) vertices. We let XP be the subset of XF incident to P , and
describe how to successively reconfigure the endpoints of all its elements on P to either s or t.

First, if XP contains any arcs with both endpoints on P, we modify XP in X as follows. Remove
all arcs with both endpoints on P and replace them with (t, s), then substitute all endpoints of
XP in P with s. It is easy to see that this can be done while preserving a planar embedding. The
addition of (t, s) ensures that V (P ) is now strongly connected. Then, consider any arc (x, p) in the
initial XP , with p ∈ P and x /∈ P . Since its modification yields (x, s), note that the path from x
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to p is preserved after the reconfiguration. Indeed, we may follow (x, s) then any path towards p in
V (P ). This yields that the resulting completion is a solution, concluding the proof for this case.

Now, we may assume all arcs in XP have exactly one endpoint in P. Take v ∈ P \ {s, t} to be
any (labelled) vertex incident to arcs of XP , and let Xv ⊆ XP be the subset of those arcs. Our goal
is to “shift” their v endpoint either towards s or t. Consider v, and let u (resp. w) be the previous
(resp. next) vertex of P incident to XP . When this is not defined, let u = s (resp. w = t). We
define Xu (resp. Xw) to be the subset of arcs obtained by substituting each endpoint of Xv on P
with u (resp. with w). We will show that in X, Xv can be replaced with either Xu or Xw. After
each such shift, arcs of XP will be incident to exactly one less internal vertex of P, ensuring this
operation ends.

Consider the digraph D′ = D +X −Xv and note that arcs of Xv form an oriented star joining
every sink component to every source component in D′. We distinguish three cases according to
the strong component of D′ containing v. First, if v belongs to a source component S′, the directed
subpath (s, . . . , u . . . , v) of P implies u ∈ S′ as well. In turn, D′ + Xu is strongly connected,
because Xu still joins every sink component of D′ to every source component in the same way as
Xv. See Figure 7.2 for an illustration of this case. Symmetrically, if v belongs to a sink component T ′,
we have w ∈ T ′, which yields that D +Xw is strongly connected. Otherwise, if v does not belong
to a terminal component of D′, substituting endpoint v with any vertex in P while preserving
planarity also yields a solution and we may replace Xv by Xu or Xw arbitrarily.

ts

u v w

t

Figure 7.2: A directed path P from a local source s to a local sink t of a face, with arcs of a solution
incident to it shown in blue. Removing the arcs incident to vertex v yields several source and sink
components (in green and red), one of which is a source containing both u and v. Shifting their
endpoints to u, as shown in purple, yields a solution incident to fewer internal vertices of P.

Therefore, either X − Xv + Xu or X − Xv + Xw is a solution for D which, by the choice of
u and w, can be embedded planarly. Since the number of internal vertices of P incident to XP

strictly decreases, we can repeat this process until the only vertices of P incident to XP are s and
t. Applying this transformation for all possible choices of P in F yields a solution X in which XF

is structured. Repeating the process for each face of D, results in a structured solution. □
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7.3.3 Branching over structured completions in alternating faces
In this subsection we show how to branch, in time FPT in τ , over all structured completions of
alternating faces, corresponding to restrictions of a structured solution.

In order to bound the number of local terminals in alternating faces in terms of τ , we will need
the following lemma, which can also be derived from the Poincaré index formula shown by Guattery
and Miller [GM92].

Theorem 7.3.5 (2.1 in [GM92]). For every plane DAG D, we have
∑

F∈F (D)

(lt(F )− 2) ≤ 2τ(D)− 4

Proof. Given a plane DAG D, and a vertex v ∈ V (D), let lt(v) denote the number of angles at v
that are not local terminals. As there are 2|A(D)| angles in D we have:

∑

v∈V (D)

lt(v) +
∑

F∈F (D)

lt(F ) = 2|A(D)|.

Note that lt(v) = 0 if and only if v is a terminal (i.e. v ∈ T (D)). Otherwise, lt(v) ≥ 2.
∑

F∈F (D)

(lt(F )− 2) ≤
∑

F∈F (D)

(lt(F )− 2) +
∑

v∈V (D)

max(0, (lt(v)− 2))

≤


 ∑

F∈F (D)

lt(F )


− 2|F (D)|+


 ∑

v∈V (D)

lt(v)


− 2|V (D)|+ 2|T (D)|

≤ 2(|A(D)| − |F (D)| − |V (D)|) + 2|T (D)|
≤ 2|T (D)| − 4

The last inequality follows from Euler’s formula. □

From Theorem 7.3.5, it is easy to derive that |AF (D)| ≤ τ(D)− 2, which leads to the following.

Corollary 7.3.6. For every plane DAG D, we have
∑

F∈AF (D)

lt(F ) ≤ 4τ(D)− 8

The following shows how to enumerate completions of a face with a bounded number of local
terminals.

Lemma 7.3.7. Given a face f with lt(F ) local terminals, there are 2O(lt(F )) subsets of arcs linking
local terminals that can be embedded inside F without crossings. Furthermore, those sets can be
generated within 2O(lt(F )) time.

Proof. It is well known that the number of triangulations of a polygon with n angles corresponds
to the Catalan number, and that it is O(4n) asymptotically [Wal72]. As any such triangulation
has 2n− 3 edges, there are 2O(n) orientations for each of them, and there are 2O(n) subgraphs for
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each of them. As O(4n) × 2O(n) × 2O(n) = 2O(n), we hence have 2O(lt(F )) sets of arcs to consider.
Finally, note that all this can be done within 2O(lt(F )) time. □

Combining Corollary 7.3.6 and Lemma 7.3.7 allows us to perform our branching in FPT time.

Corollary 7.3.8. Given a DAG D, there are 2O(τ(D)) structured completions of D within alter-
nating faces, and those can be generated within 2O(τ(D)) time.

7.3.4 Computing the remaining solution in simple faces
At this point, we may assume from Subsection 7.3.3 that we are in a branch corresponding to
an “optimal” structured completion across alternating faces. That is, if (D, k) is positive, for a
structured solution X, we have guessed the restriction XAF to the set of alternating faces, letting
kAF = |XAF |. We will then consider the instance (D+XAF , k−kAF ), which, for positive instances,
admits a (structured) solution with all arcs embedded in simple faces (of D). Clearly, if (D, k) was
negative, no guess of XAF in alternating faces can yield a (D +XAF , k − kAF ) having a solution
(in particular within simple faces). Therefore, deciding if (D + XAF , k − kAF ) admits a solution
with all arcs belonging to simple faces of D is equivalent to instance (D, k) for k-PSCA.

We begin by recalling the existence of a polynomial-time algorithm computing minimum dijoins,
then reduce the computation of a (remaining) minimum solution of (D + XAF , k − kAF ) across
simple faces to this problem over an auxiliary graph.

Computing a minimum dijoin

Given a digraph D, recall a dijoin of D is a subset of arcs the contraction of which renders D
strongly connected. The following fundamental result of Frank [Fra81] comes from his algorithmic
proof of the Lucchesi-Younger theorem (see 6.1.20).

Theorem 6.1.21 (Frank ’81). There exists a polynomial-time algorithm computing a minimum
dijoin of a digraph.

We recall that a dijoin can equivalently be defined as a subset of arcs X ⊆ A such that, letting←−
X = {(y, x) : (x, y) ∈ X}, D +

←−
X is strongly connected. Restating Theorem 6.1.21 yields a

polynomial-time algorithm for computing a minimum X ⊆ A(D) such that D +
←−
X is strongly

connected. We now turn to showing that, after our guess in alternating faces, the completion in
simple faces reduces to the above.

Reducing to the minimum dijoin problem

The following observation allows us to only consider a single possible completion for each simple
face.

Observation 7.3.9. For any simple face F , with local source s and local sink t, {(t, s)} is the
unique non-empty structured completion of F .

Observation 7.3.9 means that the only question left is to decide which simple faces to complete,
rather than how.

We define an auxiliary digraph D′, starting from the k-subdivision of D+XAF . Then for every
subdivided (initial) simple face F ′ of D′, with local terminals s and t, we add the arc (s, t) to D′,
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and call these arcs A′. The following lemma shows our reduction: the reversal of a minimum dijoin
in D′ is always a minimum size structured solution of D +XAF within (initial) simple faces (with
arcs “(t, s)”).

Lemma 7.3.10. For every subset
←−
X ′ ⊆ ←−A′ with at most k arcs, D + XAF +

←−
X ′ is strong if and

only if D′ +
←−
X ′ is strong. Furthermore, any minimum subset Y ′ ⊆ A(D′) with at most k arcs and

such that D′ +
←−
Y ′ is strong, is such that Y ′ ⊆ A′.

Proof. The first statement follows from the following facts, holding for any X ′ ⊆ A′,

• D′ +
←−
X ′ can be obtained from D +XAF +

←−
X ′ by subdividing arcs,

• D +XAF +
←−
X ′ can be obtained from D′ +

←−
X ′ by contracting arcs, and

• both operations preserve strong connectivity.

Let us now prove the second statement, and assume towards a contradiction that Y ′ contains
an arc stemming from a k-subdivision, say of (u, v), in D+XAF . Let (u = v0, v1, . . . , vk, vk+1 = v)
be the dipath produced by the subdivision of (u, v), and let (vi, vi+1) be an arc of Y ′. By the
minimality of Y ′, there is a pair x, y of vertices requiring (vi+1, vi) to be connected by a dipath.
We can assume, without loss of generality, that x and y ̸= vj , with 1 ≤ j ≤ k. Indeed, if x = vj
(resp. y = vj) we can replace x by v (resp. y by u) as there exist a vjv-dipath (resp. a uvj-dipath)
avoiding (vi+1, vi). Now, note that this xy-dipath should actually go through (vk+1, vk), (vk, vk−1),
and so on until (v1, v0 = u), but this would contradict that Y ′ has size at most k. □

Finally Lemma 7.3.4, Corollary 7.3.8, and Theorem 6.1.21, allow us to derive Theorem 7.1.3.

7.3.5 Adapting the strategy of k-Directed-PSCA
Non-acyclicty. The first hurdle one runs into when trying to generalize the approach used for k-
Directed-PSCA is that instances of k-PSCA are not equivalent under condensation. Indeed,
contracting arcs may increase the solution size, or even prevent augmentability, see Figure 7.3.

Figure 7.3: An instance of PSCA, with a non-trivial strong component in orange, and the oriented
graph obtained by contracting it into a single vertex. The initial instance has a solution of size
three, shown in blue, that is not preserved for the condensation, which is a negative instance.

As a result, the local terminals we define for k-PSCA will have size possibly linear in n (see Sub-
section 7.4.1), loosening the nature of structured solutions. While we define analogues of simple
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and alternating faces, the solutions may not be reconfigured as seamlessly anymore. In particular,
simple faces may now admit several incomparable completions, which we will need to guess with a
randomized algorithm.

Structured solutions avoiding digons. In k-PSCA, the main difficulty lies in defining a notion
of structured completions of a face that avoids digons, but is still constrained enough to allow for
bounds in terms of k. The obvious obstacle is that an arc of some solution X cannot be reconfigured
onto a pair of vertices that already form an arc in the face at hand. More challenging is the fact that,
when D is not 3-connected, there may exist arcs between vertices of F that are embedded outside
of F , but still obstruct the “shifting” of arcs in X during reconfiguration. While such shifts always
end up in local terminals in k-Directed-PSCA, this is not guaranteed to happen for instances of
k-PSCA. Our goal is still to mimic this intuition, by considering “leftmost” or “rightmost” shifts
of X toward local terminals of F , while avoiding digons. We achieve to define such structured
solutions, which allows us to consider only a bounded number of structured completions in each
face F .

Branching in alternating faces. Although the size of each local terminal can now be very large,
their number across alternating faces can still be bounded by a function of k using same arguments
as for k-Directed-PSCA (see Subsection 7.4.1). Then, thanks to our definition of structured
completions, we may branch over a bounded number of possible completions across all alternating
faces.

Guessing in simple faces. Having branched on a possible (structured) completions within al-
ternating faces, we are left with the task of finding a minimum structured solution across all simple
faces. In k-Directed-PSCA, this question was reducible to the Minimum Dijoin problem thanks
to each simple face admitting an unique structured completion: the arc from its local sink to its
local source, which rendered D[V (F )] strong. This is not achievable in k-PSCA, where existing
arcs from the local source to the local sink in D may prevent the addition of an arc in the other
direction. In fact, a structured completion of a simple face may need multiple arcs, and may not
even render D[V (F )] strong by itself. In particular, there can be multiple structured completions
of F that are pairwise incomparable in terms of connectivity. The crucial step is to show that this
number can still be bounded by an absolute constant (see Subsection 7.4.6), but this prevents a
direct reduction to Minimum Dijoin, or even Weighted SCA. Indeed, we would need to choose
one completion for each face in advance, to prevent the algorithm from producing solutions with
crossings. To overcome this, we guess a single allowed completion in each simple face uniformly at
random, then show a reduction to the Weighted-SCA problem. When the “correct” restriction of
a structured solution has been guessed across the at most k simple faces containing an arc of the
solution, our reduction is guaranteed to find some minimum solution. Since this probability is only
a function of k, our algorithm can be derandomized in FPT-time using universal sets.

7.4 FPT algorithm for k-PSCA

We begin in Subsection 7.4.1 by describing our instances, in particular defining local terminals,
and the subwalks between them (interval dipaths). We show a few properties satisfied by minimal
solutions in Subsection 7.4.2. Then, in Subsection 7.4.3, we show that certain “stacked” endpoints
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of a completion can be enumerated efficiently. Using this, we define the notion of structured solu-
tions in Subsection 7.4.4, which are “maximally stacked” towards local terminals while maintaining
strong connectivity. We show how to branch over all possible structured completions of alternating
faces in Subsection 7.4.5, reducing k-PSCA to multiple instances of the same problem asking for
completions within simple faces only. Then, Subsection 7.4.6 shows how to compute a remaining
minimum solution in simple faces by a reduction to Weighted SCA, yielding our FPT algorithm
for k-PSCA in Subsection 7.4.7.

7.4.1 Structure of the instance
The first structural property to note is that the arguments of Observation 7.3.1 also apply to k-
PSCA, allowing us to bound the number of terminal components in terms of the solution size.

Observation 7.4.1. For any positive instance (D, k), we have |T (D)| ≤ 2k

For a face F , the subwalk of its boundary going clockwise from a (labelled) vertex a to a (labelled)
vertex b is denoted by [a, b]. A strong interval I of F is a maximal subwalk of its boundary whose
vertices belong to the same strong component of D.

Local terminals and face types

We may now define local terminals for k-PSCA, see Figure 7.4 for an illustration.

Definition 7.4.2 (local terminals). Given a plane digraph D (possibly containing loops), and a
face F of D, a strong interval I = [a, b] is a local terminal if one of the following holds.

• The arc preceding a and the one following b along F are out-going from a and b respectively.
In this case, I is a local source.

• The arc preceding a and the one following b along F are incoming towards a and b respectively.
In this case, I is a local sink.

Let lt(F ) denote the number of local terminals around a face F . Note that non-terminal strong
intervals have one incoming and one outgoing arc along the face, meaning local terminals alternate
around the face, and are in even number. A face F is strong when lt(F ) = 0, meaning it contains
a single strong interval I containing all vertices of the face. Note in particular that we can omit any
arcs of a solution embedded in it. Otherwise, a face F is simple when lt(F ) = 2, and alternating
whenever lt(F ) ≥ 4.

Interval dipaths

For a face F , an interval dipath is a maximal subwalk of the boundary, after removing local terminals,
see Figure 7.4. We stress the arcs of an interval dipath are not necessarily oriented in the same
direction. By definition, an interval dipath P is consecutive to a source component S and a sink
component T . As a convention we will denote the vertices of P by v1, . . . , vr, with v1 and vr
adjacent to S and T , respectively. When referring to interval dipaths, as well as in the pictures, left
and right will refer to vertices closer to S (i.e. with lower index), or closer to T (i.e. with higher
index), respectively.
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Figure 7.4: A face F of D, with arcs of V (F )2 embedded outside F shown in gray. The strong
components of D are shown as clouds in green (source), red (sink) and orange (non-trivial interme-
diate). Each consecutive intersection of these components with the boundary of F forms a strong
interval. Strong intervals are shown by thick lines, in green for local sources, red for local sinks,
and orange otherwise.
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In order to define structured solutions in analogy to Directed-PSCA, it would help for interval
dipaths to be directed paths, in order to maintain a solution through our reconfiguration. This is
not always the case, but they behave in the same way connectivity-wise, thanks to the following.

Lemma 7.4.3. Consider any interval dipath P = [v1, vr] of a face F , from local source S to
(consecutive) local sink T .

1. For any vertex s ∈ S (resp. t ∈ T ) and any vertex vi ∈ P , there exists a dipath from s to vi
(resp. from vi to t).

2. For any i, j ∈ [1, r] with i < j, there exists a directed path from wi to wj.

Proof. Let v0 be the vertex preceding v1 around F . As s and v0 belong to the same strong
component, there is a dipath from s to v0, and thus to v1, as the arc between v0 and v1 is out-going
v0. To reach the other vertices of P we just apply the property 2, we prove now. The case of paths
towards t is symmetrical.

For property 2, consider two vertices vi and vj , with i < j. Let I0, . . . , Iq be consecutive strong
intervals around F , such that vi ∈ I0 and vj ∈ Iq (with possibly q = 0). As these intervals are
not local terminals (and given the orientation of (v0, v1)), the arcs along F between these strong
intervals are oriented in the same direction, from Ij to Ij+1. As vi and the rightmost vertex of I0,
vx, belong to the same strong component, there is a dipath from vi to vx, and thus to vx+1, and so
on until reaching Iq, where the strong component containing Iq allows us to reach vj . □

With respect to preserving a solution (that is preserving connections with dipaths), the above
allows us to treat the interval dipaths between the local terminals as dipaths.

Bounding the number of local terminals in alternating faces

Let AF (D) denote the set of alternating faces of D.

Lemma 7.4.4. For every plane digraph D, we have
∑

F∈AF (D)

lt(F ) ≤ 4|T (D)| − 8

Proof. Successively contracting any (non-loop) arc lying within a strong component of D, yields a
plane digraph D′ that is a DAG with loops. More precisely, deleting the loops of this digraph yields
an oriented DAG. Recall that the definitions of local terminals and alternating faces also hold for
DAGs with loops.

Claim 7.4.1. Given a digraph D1 and a digraph D2, obtained from D1 after contracting a single
non-loop arc uv lying inside a strong component of D1, we have

|T (D1)| = |T (D2)| and
∑

F∈AF (D1)

lt(F ) =
∑

F∈AF (D2)

lt(F ).

Proof of the claim. Note that the strong components of D1 are bijectively mapped to the strong
components of D2, in such a way that the terminal components of D1 are mapped to the terminal
components of D2. Also, the faces of D1 are bijectively mapped to the faces of D2. These bijections
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are such that if a face F1 of D1 is mapped to a face F2 of D2, we have lt(F1) = lt(F2). This
implies that the faces of AF (D1) are mapped to those of AF (D2). Hence, the claim holds. □

It is thus sufficient to prove the lemma for the plane oriented DAGs with loops. Let us proceed
by induction on the number of these loops. The initial case, with a loopless D, follows from Corol-
lary 7.3.6, and we distinguish two cases for the induction. First, consider the case where there exists
a face F with only one arc on its boundary, that is, a loop e = (u, u). Then delete e, and observe
that for the other face incident to e, the number of local terminals is unchanged, such as for all the
other faces. Hence, by induction the inequality of the lemma holds.

Otherwise, we may consider the case where a loop e = (u, u) separates two non-empty regions.
Let D1 and D2, be the subdigraphs of D induced by the arcs inside or outside ℓ, respectively. One
can observe that by definition, ℓ is contained in a strong interval for each of its incident faces.
Hence, for any face F of D, the corresponding face of D1 or D2, according to the position of F with
respect to ℓ, keeps the same number of local terminals. Hence,

∑

F∈AF (D)

lt(F ) =
∑

F∈AF (D1)

lt(F ) +
∑

F∈AF (D2)

lt(F ).

Furthermore, if the strong component C of v in D (which has only v as vertex) is terminal in D,
then in each of D1 and D2 the strong components of v, C1 and C2 respectively, are also terminal in
their respective digraphs, while if C is not terminal at least one of C1 or C2 is not terminal. Hence,
|T (D1)|+ |T (D2)| ≤ |T (D)|+ 1, which implies that:

∑

F∈AF (D)

lt(F ) ≤ 4|T (D1)| − 8 + 4|T (D2)| − 8 ≤ 4|T (D)| − 8.

□

7.4.2 Properties of minimal solutions
To come up with a definition of structured solutions, enabling an FPT enumeration, we must be
able to constrain our completions. After deriving some properties imposed by minimality,

The main obstacle we wish to avoid in reconfiguration is the creation of a digon involving X and
an arc of D. Therefore, from now on, we consider completions as multicompletions, that is X can
induce some D+X that contains multi-arcs, digons, and loops, as long as those are fully within X.
The following lemma shows that this relaxation is sound: when X is a minimal (multi)solution, it
cannot contain any multi-arc, digon or loop, meaning it is indeed a (proper) solution.

Lemma 7.4.5. For any digraph D, and any minimal (multi)completion X such that D + X is
strongly connected, X contains at most one arc between any pair of strong components of D. In
particular, X cannot contain any loop, digon, or multi-arc.

Proof. Towards a contradiction, assume that there are two strong components in D, C1 and C2,
linked by two arcs of X, eu and ev. Assume without loss of generality that eu = (u1, u2) goes from
C1 to C2. First, note that ev does not go from C1 to C2, as otherwise eu could be replaced by a
dipath in C1 from u1 to ev, followed by a dipath in C2 from ev to u2. We hence assume now that
ev = (v2, v1) goes from C2 to C1.
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Consider now the digraph D′ = D + (X − {eu, ev}), which is not strong, as X is minimal.
Since D +X is strong, D′ has exactly two terminal components C ′

1 and C ′
2, with C1 ⊆ C ′

1 and
C2 ⊆ C ′

2. As D, and thus D′, is connected, there is a dipath from the unique source component of
D′, say C ′

1, to the unique sink component of D′, C ′
2. In that case, adding the arc ev would suffice

to turn D′ strong, a contradiction. □

Our reconfiguration mainly operates on subwalks W in which elements of X only have one
endpoint. While Lemma 7.4.5 already implies this when W is a local terminal, this is not necessarily
the case for interval dipaths. Given an interval dipath P , the arcs of XP having both endpoints on
P are called backward arcs, but these can still be constrained as follows.

Observation 7.4.6. If X is a minimal solution, for any backward arc e = (wj , wi) of an interval
dipath P :

(i) no arcs of X have both endpoints in [wi, wj ], that is, backward arcs are not nested;

(ii) i < j, that is, e is directed from right to left.

7.4.3 Endpoints of leftmost and rightmost arcs on a subwalk
In the following, we show that endpoints of a solution X that are “stacked” on the ends of a given
subwalk W , in practice a local terminal or an interval dipath, can be guessed efficiently.

Definition 7.4.7. Let W = (w1, . . . , wr) be a subwalk of F , such that every arc of XF has at
most one endpoint on W . Then, the arcs of XW are said to be in leftmost position (resp. rightmost
position) if shifting any of their W -endpoints further left (resp. right) on W does not yield a
completion. That is, if replacing any (underlying) arc e = {wi, x} of XW with an e′ = {wh, x} such
that h < i (resp. h > i) results in a digraph that is either not planar, or not oriented.

The main purpose of Definition 7.4.7 is that (a bounded number of) endpoints that are in
leftmost or rightmost position on a given W can only lie on a bounded number of vertices, which
can be enumerated.

Lemma 7.4.8. Given a subwalk W around a face F of an oriented graph D, for any q ≥ 0, there
exists a set ZL

W (q) (resp. ZR
W (q)) of q-tuples (wi1 , . . . , wiq ) of vertices of P such that:

1. ZL
W (q) (resp. ZR

W (q)) contains at most 5q tuples, and can be enumerated, given D, W , and q
in (5qnO(1)) time

2. For any set XW of arcs in leftmost position (resp. rightmost position) along W , with q =
|XW |, there exists a tuple (wi1 , . . . , wiq ) ∈ ZL

W (q) (resp. ∈ ZR
W (q)), such that the jth arc of

XL
W , from left to right (resp. from right to left) has an endpoint on wij .

Proof. By symmetry, we show this for the left side only, and we proceed by induction on q. If
q = 1, the first two elements of ZL

W (1) are w1, and w2. Now, if there exists an angle u around F
from which one cannot attach an arc with w1, nor w2, it is either because u corresponds to the
same vertex as w1 or w2, or because u is a common neighbour of w1, and w2, but there is at most
one such vertex around F , as D[V (F )] is an outerplanar graph with {w1, w2} on its boundary. For
each of these three vertices, we add in ZL

W (1) their leftmost non-neighbour on P .
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Now, assume we have defined such a set ZL
W (q) for a given q. We are going to construct

ZL
W (q+1), by considering every q-tuple of ZL

W (q) and extending it, in at most 5 different ways. We
hence consider a particular tuple, and we denote wi its last vertex. We first prolong the tuple in
two different ways, in the first one we add wi (the tuples allow repetitions), and in the second one
we add wi+1. Now, if there exists an angle u around F from which one cannot attach an arc with
wi, nor wi+1, it is either because u corresponds to the same vertex as wi or wi+1, or because u is
the common neighbour of wi, and wi+1. For each of these three vertices, we prolong the tuple with
their leftmost non-neighbour on P , after wi. □

7.4.4 Structured solutions
In this subsection, we show that every positive instance (D, k) admits a structured solution, defined
in Definition 7.4.16. What we wish out of structured solutions is, for every local terminal or interval
dipath, to “maximize” P -leftmost and P -rightmost arcs, the endpoints of which can be enumerated
through Lemma 7.4.8.

The first observation is that constraining solutions as such is easy for local terminals. Indeed, for
every subwalk W , corresponding to a local terminal, V (W ) belongs to the same strong component of
D, meaning any substitution of the endpoints of XW in W maintaing strong connectivity. Therefore,
we can ask for those arcs to be in leftmost (or rightmost) position.

Observation 7.4.9. For every solution X, and every local terminal W , the endpoints of XW (and
only those) can be reconfigured to be in leftmost position while maintaining that X is a solution.

Applying Observation 7.4.9 (independently) to each local terminal means we can already ask
for solutions that are in leftmost position in each, and thus guessable. This is indeed how we define
“structured” for endpoints on local terminals in Definition 7.4.16, but before being able to define
structured solutions fully, we turn to the case of interval dipaths. For an interval dipath P , arcs of
XP cannot always be shifted to all be in leftmost or rightmost position on P . Still, we can split P
as follows to recover “simultaneously” leftmost and rightmost arcs on P

Definition 7.4.10. Given a solution X, and an interval dipath P , the left subwalk PL with respects
to X is the longest containing v1 such that:

1. every arc of XP has at most one endpoint in PL (i.e. PL has no backward arc), and

2. the arcs of XL
P := XPL are in leftmost position, then, these are called the P -leftmost arcs of

X.

Starting with P − V (PL), we symmetrically define the right subwalk PR and the subset XR
P of

P -rightmost arcs.

Now, by Lemma 7.4.8, for any solution X, the endpoints of X on PL and PR can be guessed in
FPT time. Solutions may not always be reconfigurable such that all endpoints lie on PL or PR for
each interval dipath P . We therefore also need to consider “middle” arcs.

Definition 7.4.11. Given a solution X, and an interval dipath P , the middle subwalk of P with
respects to X is defined as PM := P − (V (PL) ∪ V (PR)). Then, the set of P -middle arcs XM

P is
the subset of XP having at least one endpoint in PM .
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Reconfiguring middle arcs on interval dipaths

Our goal is to minimize XM
P , then, we will also need to show how to reconfigure its endpoints into

ones that can be enumerated as well.

Definition 7.4.12. Formally, for any interval dipath P , a solution X locally minimizes XM
P , if

there is no minimum solution X ′ such that:

• X \XM
P ⊆ X ′,

• X ′ \ X is obtained from arcs of XM
P by replacing its endpoints on P (and preserving those

outside),

• |X ′M
P | < |XM

P |.
In the following, we consider solutions that locally minimize XM

P simultaneously for every interval
dipath P . This is possible by reconfiguring XM

P for any interval dipath which doesn’t satisfy
the second item Definition 7.4.12. The process indeed finishes, because the sum of |XM

P | strictly
decreases at each step.

The first result we need is that endpoints of XM
P on P can always be gathered onto a common

(labelled) vertex while maintaining a completion. Still, this operation is defined without considering
strong connectivity, and the resulting completion may not be a solution.

Lemma 7.4.13. Consider a face F of D, a completion X, and two (labelled) vertices u and v
around F . Assume X is incident at u with arcs Xu, and at v with arcs Xv, but is not incident
to ]u, v[. Then, replacing the u-end of the arcs of Xu with v, or replacing the v-end of the arcs in
Xv with u, results in a completion X ′ such that any loops, digons, and multiple arcs of D+X ′ are
fully in X ′.

Proof. The following considers all arcs irrespective of their orientation, and we use xy to mean both
(x, y) and (y, x). We let Xu and Xv refer to the endpoints of X incident to u and v respectively,
throughout the proof. Consider successively replacing the u endpoint of arcs in Xu with v. If this
process can be done to obtain the result, we are done. Otherwise, we stop the process at some xu
where the above fails. This must be because the arc xv would produce a multi-arc or a digon with
an already existing arc xv of D. Observe that at this point, any yv in (the updated) Xv is such
that y ∈]v, x[, else yv would cross xu in X. Therefore, no such y can be a neighbour of u in D,
for otherwise yu would cross xv in D. Then, consider symmetrically the successive substitution
of the v endpoints of Xv with u. Since u is not a neighbour of any non-v endpoint y of Xv, all
substitutions apply, and all u and v endpoints of the initial Xu ∪Xv are now u. Note that the only
created loops, digons, and multi arcs, are fully in the resulting □

The second tool is a property on strong components of D − e for e ∈ XM
P , which will enable us

to recover strong connectivity after an application of Lemma 7.4.13.

Lemma 7.4.14. Given a positive instance (D, k), a face F of D and an interval dipath P =
(v1, . . . , vr), consider a minimum solution X that locally minimizes |XM

P |. If XM
P ̸= ∅ there is a

vertex vi in PM incident to an arc e ∈ XM
P . Let vi and e be the leftmost (resp. rightmost) among

such vertices and arcs. Then, we have the following properties:

1. The arc e is such that e = (vi, x) (resp. e = (x, vi)) for some vertex x that can possibly belong
to PL (resp. to PR).
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2. The local terminals contiguous to P , belong to distinct strong components in D +X − {e}.
Proof. For property 1, assume towards a contradiction that e = (x, vi). By maximality of XL

P , it is
possible to replace e in D+X by some arc (x, vh), with h < i, and while remaining a plane oriented
graph. Let vh, be the leftmost such vertex. Note that the new obtained digraph is also strong, as
for any dipath going through e = (x, vi), we can replace this arc by a dipath going through (x, vh)
and through a dipath from vh to vi (by Lemma 7.4.3). This contradicts the maximality of |XL

P |.
For property 2, we can assume, towards a contradiction, that the local source S and the local

sink T contiguous to P belong the same strong component C ′ of D′ = D + X − {e}. Note that
by Lemma 7.4.3, V (P ) also is contained in C ′, including vi. If e was a backward arc, this would
contradict the minimality of X, as its two endpoints belong to C ′. Hence assume now that x /∈ C ′.
This implies that C ′ is a sink component. As e /∈ XL

P , it is possible to replace e = (vi, x) with
an arc e′ = (vh, x), with h < i while remaining an oriented plane graph. Let h be the minimum
such value. Let us now observe that this results in a strong oriented graph, as any dipath going
through e = (vi, x), can now go through a dipath from vi to vh contained in C ′, and then through
e′ = (vh, x). Hence, this results in a solution X − {e}+ {e′} that is still minimum, but that has a
larger set of arcs in leftmost position, a contradiction. □

We are now ready to combine Lemma 7.4.13 and Lemma 7.4.14 to impose “guessable” endpoints
on each interval dipath.

Lemma 7.4.15. Every positive instance (D, k) admits a solution X where, for any interval dipath
P = (v1, . . . , vr), there is a tuple (vi1 , vi2 , . . .) ∈ ZL

P (|XL
P |+ |XM

P |) such that:

• the endpoints of the arcs in XL
P are vi1 , . . . , vi|XL

P
|
successively,

• Arcs in XM
P have a common endpoint, among vi|XL

P
|+1

, . . . , vi|XL
P

|+|XM
P

|
.

In particular there is no backward arc with both ends in PM .

Proof. Consider a minimum solution X that locally minimizes |XM
P |, for every interval dipath P

of D. Now for a particular P around a face F , consider the arcs of XM
P , if there are some, and let

e1 = (vi, x1) and ew = (xw, vj) be its leftmost and rightmost arcs, respectively (by Lemma 7.4.14.1).

Claim 7.4.2. The digraph D+X−XM
P contains a dipath from x1 to S, the local source contiguous

to P in D, and a dipath from T , the local sink contiguous to P in D, to xw.
Proof of the claim. By the minimality of X, the digraph D + X − e1 is not strong and as e1
suffices to make it strong, D + X − e1 has exactly one source component containing x1, and one
sink component containing vi. We denote them Sx1

, and Tvi . Note that by Lemma 7.4.3, Tvi

contains [vi, vr] and T . Now, since Sx1 is the unique source component, there exists a dipath from
x1 to any vertex, and in particular there is a dipath P ′ from x1 to S. If this dipath P ′ were to use
any vertex vj ∈ PM . As vj ∈ Tvi , the path P ′ would contain a subdipath from Tvi to S, implying
that Tvi also contains S. This contradicts Lemma 7.4.14.2. Hence, P ′ does not go through a vertex
of PM , which in turn implies it does not go through an arc of XM

P . The symmetrical proof yields
the dipath from T to xw. □

Let us denote e1, . . . , ew the arcs of XM
P with exactly one endpoint on PM (we will see that

arcs with both ends on PM are not needed in the solution), from left to right, with ej = {vij , xj}
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for some vertex vij ∈ PM and some vertex xj /∈ PM . By Lemma 7.4.8 it is possible to push their
endpoints along P further left on vertices of some tuple of ZL

P (|XL
P |+ |XM

P |) (the first vertices of the
tuples corresponding to the endpoints of XL

P ), while preserving simplicity and planarity, but maybe
losing strong connectivity. Then, we apply Lemma 7.4.13 to gather these endpoints on a common
vertex vh that was an endpoint of the tuple. Let X ′M

P be the arcs reconfigured from XM
P as such,

and note that X ′M
P is now a plane completion that may contain digons, multiple arcs and loops, but

those are fully in X. The following claim ensures that this gathering restores strong connectivity,
and in particular thanks to Lemma 7.4.5, ensures the resulting completion X ′ is indeed a (proper)
solution.

Claim 7.4.3. For every such vertex vh, the oriented plane graph D +X −XM
P +X ′M

P is strong.

Proof of the claim. Let C1, ..., Cw denote the strong components of x1, . . . , xw in D + X − XM
P .

Note that some of these components may coincide. Actually, this list of strong components contains
all the terminal components of D +X −XM

P . Indeed, any other source component should contain
an endpoint of XM

P , that is a vertex of P . This would imply that this source would contain S
and thus x1 (by Claim 7.4.2), so it is C1. The same applies to sink components and xw. Now,
the reconfiguration of all endpoints onto a common vertex vh means that any (previous) source
component Ci now has an arc from vh, and any (previous) sink Cj has an arc towards vh, that is,
all sink components now reach all source components, which implies strong connectivity. □

Hence, X −XM
P +X ′M

P is the desired solution. □

Existence of structured solutions

We can now define structured completions, and thus structured solutions. This definition is based
on Lemma 7.4.8, following the constraints we showed can be imposed on endpoints on each local
terminal and interval dipath.

Definition 7.4.16. A completion X of D is structured if for every face F of D we have the following:

• For every local terminal S (resp. T ), the endpoints of XS (resp. XT ) are in leftmost position
(clockwise). Hence their endpoints correspond to some tuple of ZL

S (|XS |) (resp. ZL
T (|XT |)).

• For every interval dipath P , the endpoints of XR
P are prescribed by some tuple of ZR

P (|XR
P |).

• For every interval dipath P , the endpoints of XL
P ∪ XM

P are prescribed by some tuple of
ZL
P (|XL

P |+ |XM
P |). The endpoints of XL

P correspond to the first values of this tuple, while the
common endpoint of the arcs of XM

P is one of the remaining vertices of the tuple.

Now, combining Observation 7.4.9, Definition 7.4.10 and Lemma 7.4.15 allows us to conclude
the existence of structured solutions.

Theorem 7.4.17. Every positive instance (D, k) admits a structured solution.

7.4.5 Branching over structured completions of alternating faces
In the following, we show that the number of “patterns” of completions restricted to alternating
faces can be bounded in terms of k, allowing us to enumerate them in FPT time.
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Given an instance (D, k) and a structured solution X the pattern of X, denoted P(X), is the
union of facial patterns P(X,F ), over each face F of D. For a given face F , P(X,F ) is the digraph
obtained from the anti-directed cycle with lt(F ) vertices, by subdividing each arc thrice, and by
adding arcs inside, in order to sketch the position of the arcs of XF inside F . Before adding these
arcs we have to name the vertices of P(X,F ). Denoting the succession of local terminals and interval
dipaths around F clockwise with S1, P1, T2, P2, S3, . . . , Tlt(F ), Plt(F ), the outerboundary of P(X,F )
is the (4lt(F ))-cycle (s1, p

L
1 , p

M
1 , pR1 , t2, p

R
2 , p

M
2 , pL2 , s3, . . . , tlt(F ), p

R
lt(F ), p

M
lt(F ), p

L
lt(F )). Now, an arc

e ∈ XF with its head (resp. its tail) in Si, PL
i , PM

i , PR
i , or Ti, is represented by an arc with its

head (resp. its tail) on si, pLi , pMi , pRi , or ti.
The purpose of the following lemma is to enumerate the patterns of a solution X inside a face

F , taking lt = lt(F ) and kF = |XF | in the following.

Lemma 7.4.18. Given values lt, kF there are 2O(lt+kF ) outerplanar digraphs allowing multiple
arcs, whose outerboundary is a 4lt-cycle, and whose number of arcs is 4lt + kF . Furthermore,
those can be generated in

(
2O(lt+kF )(lt+ kF )

O(1)
)

time.

Proof. There are O(44lt) undirected and simple outerplanar triangulations on 4lt vertices [Wal72].
These triangulations have 8lt − 3 edges, so there are

(
kF+8lt−3

kF

)
= 2O(lt+kF ) ways of attributing

to each edge a weight reflecting the multiplicity of arcs. Finally there are 2kF ways to orient the
edges not on the outerboundary. So there are indeed, 2O(lt+kF ) such outerplanar digraphs. Finally
it is clear that those can be enumerated in

(
2O(lt+kF )(lt+ kF )

O(1)
)

time. □
Note that we could have restricted more the family of outerplanar graphs considered, by constraining
the multiplicity of arcs, but this would not change their number asymptotically.

Now that we can guess the pattern of a structured solution (if the instance is positive), we have
to show how to recover an actual solution.

Lemma 7.4.19. There is an algorithm running in time O(2O(kF )nO(1)), taking F and P(X,F ),
and returning a set XF of 2O(kF ) completions of F containing all restrictions of size kF of structured
solutions to F .

Proof. Let X be any structured solution. According to Lemma 7.4.8, for each subwalk W corre-
sponding to a local terminal or an interval dipath, the (say) q endpoints of X on W correspond to
a q-tuple in list of 2O(q) tuples. Hence, combining all these possibilities leads to 2O(kF ) arc sets.
The complexity of this algorithm clearly follows from the complexity of constructing those sets of
tuples (see Lemma 7.4.8). □

Knowing the (full) pattern P(X) of a structured solution, this would lead to a O(2O(k)nO(1))-
time algorithm to recover X. Unfortunately, this does not suffice as we are not able to guess the
(full) pattern P(X) within FPT time. Still, the following shows we can guess the restriction of a
pattern to the set of alternating faces. In turn, this allows us to branch over all their structured
completions, which reduces k-PSCA to the computation of a solution within simple faces.

Theorem 7.4.20. There is a 2O(k)nO(1)-time algorithm, taking an instance (D, k) for k-PSCA,
that either correctly outputs no, or returns a list I = {(Di, ki)}i of instances such that:

• |I| = 2O(k),

• Di is a supergraph of D with V (Di) = V (D),
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• ki ≤ k, and

• (D, k) is a positive instance of k-PSCA if and only if one of the instances (Di, ki) ∈ I admits
a solution Xi whose arcs are all embedded in simple faces.

Proof. We begin by computing in polynomial time the terminal components T (D) of D, and
derive the resulting local terminals and interval dipaths in each face. First, if k < 1

2 |T (D)|, we
may correctly output no by Observation 7.4.1. In the following, we may thus assume |T (D)| ≤ 2k,
which implies there are at most O(|T (D)|) = O(k) alternating faces by Lemma 7.4.4. So, there are
(only) 2O(k) ways to assign them the number of arcs of the solution that are embedded inside each
of them. For each of these assignments, then for each alternating face F with kF arcs of the solution
allowed, we generate all the possible patterns P(X,F ), for a solution X. By Lemma 7.4.18, those
are 2O(lt(F )+kF ). Then, each pattern corresponds to at most 2O(kF ) possible structured completions
of F , which can all be enumerated in time 2O(kF )nO(1) by Lemma 7.4.19. Putting this all together,
we obtain 2O(k) structured completions (Xi)i of the alternating faces, and for every i we create an
instance (Di, ki) = (D +Xi, k − |Xi|). It is now clear that if a solution to (D, k) exists, it should
extend some Xi with arcs embedded in simple faces of D, yielding the last item of the statement for
Di. Conversely, if any (Di, ki) admits a solution X ′

i with arcs embedded in (initial or new) simple
faces, then Xi +X ′

i is a solution to (D, k). □

7.4.6 Computing a solution in simple faces
Because the number of simple faces cannot be bounded by a function of k, we cannot branch
further on their completion. Instead, we will rely on the following constant bound on the number
of restrictions of a minimum structured solution.

Lemma 7.4.21. For any minimum solution X of D, and any simple face F of D, |XF | ≤ 12.

Proof. We know from Lemma 7.4.5 that XF has at most one arc between S and T , and it is also
clear that there is at most one arc between S or T , and P1 or P2. Indeed, if there were several
arcs between S and P1, say, it would be sufficient to keep the one that goes the furthest on P1,
and orienting it towards S if it is not. Indeed, this suffices to make this subgraph of F strong, and
there is hence no need of more arcs inside this subgraph. We have seen that each of P1, P2 has at
most two backward arcs (c.f. Lemma 7.4.15).

It is hence sufficient to bound the number of arcs between P1 and P2. This is immediate if one
of them is empty, so we assume that these paths contain at least one vertex. Let P1 = (u1, . . .)
and P2 = (v1, . . .). We make the assumption that there is an arc from S to T as otherwise adding
a single arc from T to S would make D[V (F )] strong and there would be no need of more arcs to
connect vertices inside F . This arc from S to T ensures that we can add every possible arc between
P1 and P2, while remaining planar inside F . If there are too many arcs (i.e. more than three)
between P1 and P2, let e = {ui, vj} be the leftmost, and let e′ = {ui′ , vj′} be the rightmost, and
replace all these arcs by simply the following three arcs : (ui′ , vj′), (vj′ , ui), and (ui, vj). Indeed,
those three arcs turn D[[ui, ui′ ]∪ [vj , vj′ ]] strong, so there would be no need of more arcs to connect
vertices among those intervals. □

Note that actually, the 12 in Lemma 7.4.21 could be reduced to 3, at the price of a longer case by
case analysis. In any case, having a constant number here is enough to reduce, by Lemma 7.4.18,
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the number of possible patterns P(X,F ) for a structured solution X and a simple face F to a
constant number. This in turn bounds the number of possible restrictions of minimal structured
solutions, the set XF returned by Lemma 7.4.19.

Corollary 7.4.22. There exists an absolute constant N such that, for any instance (D, k), and
any simple face F of D, the set XF has size at most N .

Let us now recall the Weighted SCA problem, to which we will reduce, and which admits a
2O(k log k)nO(1) FPT algorithm, see Theorem 6.1.19.

(Weighted) Strong Connectivity Augmentation (SCA)
Parameter: k
Input: A digraph D = (V,A), a set of links L ⊆ V 2, a weight function w : L→ R+, an integer
k and a budget α ∈ R+.
Question: Is there a subset X ⊆ L such that D + X is strongly connected, |X| ≤ k and∑

e∈X w(e) ≤ α ?

Theorem 7.4.23. There is a 2O(k log k)nO(1)-time algorithm, taking an instance (D, k) for k-
PSCA, and deciding if there exists a solution with at most k arcs all embedded in simple faces.

To process the list I of Theorem 7.4.20, we could restrict to the simple faces that were originally
(i.e. before applying the algorithm of Theorem 7.4.20) simple faces. As we have no control over the
number of simple faces, the algorithm above would be computing “too many” solutions, but all of
them are valid.
Proof. From (D, k) we will generate several instances (D, k, Y ) where Y corresponds to allowed
supplementary arcs. This list of instances will be such that (D, k) is positive if and only if one of the
instances is. To solve these instances we just have to call the algorithm of Theorem 6.1.19, which
has 2O(k log k)nO(1) running time. The set Y being such that D + Y is an oriented plane graph, a
solution of (D, k, Y ) will indeed be a solution of (D, k). Let us now see how to build this family of
instances.

Consider the following randomized algorithm. For each simple face F pick arbitrarily at random,
a set of XF to add in Y . Then, note that D + Y is a plane oriented graph, and that a structured
solution X with arcs only in simple faces, if it exists, is contained in Y with probability at least
1/Nk. This follows from the fact that |XF | > 0 for at most k faces, and the fact that XF ⊆ YF

with probability at least 1/|XF | ≥ 1/N . Thus constructing sets Y randomly, it would be enough in
expectation for a positive instance (D, k) to make 2O(k) tries Y to get a solution.

This approach can be derandomized by using universal sets. Those form a family H of functions
h from the set of simple faces F ∈ SF (D), to X (F ), so that for any k faces F1, . . . , Fk ∈ SF (D), and
any k elements YFi ∈ X (Fi), there is a function h ∈ H such that h(Fi) = Yi, for every i ∈ [1, k]. It
is well known that there exist explicit construction of such family H of size 2O(k log k) log f (see The-
orem 2.5 in [UV22]), where f denotes the number of simple faces. By planarity we have f = O(n),
and so we have the desired complexity for our algorithm. □

7.4.7 FPT algorithm
Combining Theorem 7.4.20 and Theorem 7.4.23 yields the fixed-parameter tractability of k-PSCA.
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Theorem 7.1.2. k-Plane Strong Connectivity Augmentation is FPT with respect to k,
and admits a 2O(k log k)nO(1) algorithm.

Proof. Given an instance (D, k) to k-PSCA, we use Theorem 7.4.20 to either output No, or to
reduce the problem in time 2O(k)nO(1) to that of deciding whether one instance of a list I admits
a solution within simple faces. I contains 2O(k) instances, and for each (Di, ki) ∈ I, we run the
algorithm of Theorem 7.4.23 deciding such a solution in time 2O(k log k)nO(1). Combining both steps
yields a 2O(k log k)nO(1) algorithm deciding (D, k). □

7.5 NP-completeness
In this section, we show that PSCA is NP-complete. The problem is clearly in NP as, given a
plane digraph D and a set of (embedded) arcs X, one can verify in polynomial time that D +X
is strongly connected and plane. We show NP-hardness by a reduction from Planar 3-SAT with a
variable cycle, which has been shown to be NP-complete by Lichtenstein [Lic82]. In this restriction,
each clause contains exactly three literals, the incidence graph of the formula is planar, and a cycle
passing through all variables may be added while preserving planarity. We note that our reduction
can be adapted to yield acyclic instances, showing hardness even for plane DAGs.

Consider an instance Φ =
∧m

j=1 ϕj of Planar 3-SAT, on variables x1, ..., xn, which we take with
a fixed embedding. We construct a plane oriented graph D such that Φ is satisfiable if and only if
D is positive for PSCA (without budget). That is, there exists a set X ⊆ V (D)2, such that D+X
is oriented, strongly connected and plane when preserving the embedding of D.

In the following, we build variable gadgets admitting exactly two maximal valid completions,
corresponding to the negative and positive assignments. Clause gadgets consist of a single internal
source component, incident to the three corresponding variable gadgets. All of their inner faces will
be triangles, forbidding internal completions. The gist of the reduction is that in any augmentation
of D, the source component of each clause gadget may only be attained by vertices outside of it if
one of the corresponding literal gadgets is completed as to satisfy the clause.

7.5.1 Gadgets
In our reduction, both variable and clause gadgets are plane oriented graphs, and eventually, none
will be embedded in an internal (non-external) face of another. Therefore, while the outerface of any
gadget may interact with the rest of the instance, logical choices for variables are encoded by internal
completions, where all arcs are embedded in its inner faces. Inner faces are either triangles, in which
no arc can be added, or contain internal terminals (not incident to the outerface), restricting valid
completions.

Given two completions Y,X of H, we say Y dominates X if the partition of H +X into strong
components is a strict refinement of the one of H+Y . If two completions admit the same partition,
they are equivalent. Then, a completion is maximal when it is not dominated by another. A
completion X of H is valid if it is internal, and all terminals components of H + X lie on the
outerface. We will (implicitly) use the following throughout this section:

Observation 7.5.1. Let D be a positive instance for PSCA, with solution Y , and H be a (plane)
subidgraph of D. Then, the restriction YH of Y to H is valid, and replacing YH in Y with a maximal
valid completion still yields a solution.
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Clauses

Consider a clause ϕ = a∨ b∨ c of Φ, where a, b, c are literals corresponding to variables x, y, z, and
let us build the corresponding gadget, depicted in Figure 7.5. We start with three vertices va, vb, vc,
and add an antidirected path of length 4 between each pair as follows. The path from va to vb
induces vertices (va, vaab, vab, vabb, vb), where va, vab, vb are sinks, and vaab, vabb are sources. The
paths from vb to vc and from vc to va are in the same way, with corresponding internal vertices
labelled accordingly. At this point, we have built an antidirected cycle of length 12, which we embed
as plane, distinguishing the inner and outer faces. We add a vertex s on the inside faces, with in-
arcs from va, vb, vc, and out-arcs towards all other vertices. This achieves to build the gadget for
ϕ, consisting in sinks vab, vbc, vca, and a source component containing all other vertices. Informally,
vertices va, vb, vc now correspond to “entry points” to the clause gadget, which may only be attained
from the rest of the instance if the variable gadgets are completed accordingly. We note that arcs
towards s can also be removed to yield an acyclic clause gadget, but their presence facilitates our
proofs.

va

vc vb

vca

vbc

vab

Figure 7.5: A clause gadget Cϕ, with its (unique) source component Sϕ in yellow. Vertices va, vb, vc
correspond to literals, later identified to vertices of the corresponding variable gadgets. Then, arcs
will be added from the middle local sinks vab, vbc, vca to ensure Cϕ contains no sinks.

Literals

Variable gadgets are constructed from as many literal gadgets as there are occurences in the formula.
Let us describe the construction of a literal gadget, depicted in Figure 7.6. We start with an
alternating cycle of length 8, embedded planarily. We choose an arbitrary sink to be the bottom
sink and label it b, then label remaining sinks in clockwise order as l, t, r for "left", "top" and
"right". We label the sources in-between two sinks as bl, tl, tr and br according to the sinks they
are adjacent to. Create twins b′, l′, t′, r′ for each sink, and embed them on the outer face of the
octagon, then, add an arc from the twin to the original sink. Then, add the arc (t, b) inside the
octagon, leaving only b, l, r as sinks. This results in two 5-faces, which are the only ones that may
be completed.

We say that a completion X of a gadget hits a source s if it contains an arc towards s, then
X hits a sink t if it contains an arc from t. Sinks of a literal gadget are internal to it, and they
will remain internal in the variable gadget, forcing them all to be hit by a valid completion. In
the variable gadget, bottom sources of each literal will also be internal, which will force at least
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b

b′

t

t′

bl

ll′

tl

br

r r′

tr

Figure 7.6: A literal gadget L, with internal sinks b, l, r, bottom sources bl, br, and top sources tl, tr.

one to be hit. The following lemma shows that these two constraints are enough to restrict our
completions to exactly two maximal ones.

Lemma 7.5.2. Any valid completion of the literal gadget L hitting br is either:

• The positive completion Y = {(r, t), (t, br), (l, b), (b, tl)}, yielding sources bl, tr in L+ Y ; or

• Y = {(r, t), (t, br), (b, l), (l, t)}, yielding sources bl, tr, tl in L+Y , and dominated by the positive
completion.

Any valid completion hitting bl is either:

• The negative completion Y = {(l, t), (t, bl), (r, b), (b, tr)}, yielding sources br, tl in L+ Y ; or

• Y = {(l, t), (t, bl), (b, r), (r, t)}, yielding sources br, tr, tl in L+ Y , and dominated by the neg-
ative completion.

In all cases, all non-sources vertices form a sink component.

Proof. Let Y be any valid completion hitting at least one of the bottom sources bl and br. Since
l, b, r are internal sinks, they must be hit by Y , and observe that no arc hitting those can be added
towards bl or br. This means |Y | = 4 and exactly two arcs of Y are embedded in each of the two
faces incident to the arc (t, b).

Assume first that Y hits br. The arc hitting br is exactly (t, br) ∈ Y , as otherwise the internal
sink r could not be hit. Thus, to hit r, the (unique) other arc of Y in the right 5-face is (r, t). If
the arc of Y hitting b is (b, tl), this yields the positive completion {(r, t), (t, br), (l, b), (b, tl)} (see
the second completion in Figure 7.7). Otherwise, the arc of Y hitting b must be (b, l), which yields
completion {(r, t), (t, br), (b, l), (l, t)}. In both cases, since bl, tr are not hit, they are sources of
L + Y , and in the second case, tl must also be. In either case, all non-source vertices form a sink
component.

The case is symmetrical if Y hits bl, which forces arcs of Y added in the left case to be (t, bl)
and (l, t). Then, according to the arc hitting b in the left case, we either obtain the negative com-
pletion Y = {(l, t), (t, bl), (r, b), (b, tr)}, yielding sources br, tl (third completion in Figure 7.7). Or,
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Figure 7.7: A literal gadget L along with three completions. The first completion is valid and hits
a bottom source, but is dominated by the third. The second and third completions correspond to
the positive and negative (valid) completions respectively. These hit exactly one bottom source,
and form a sink component containing all vertices but the two antipodal sources that are not hit.

we obtain Y = {(l, t), (t, bl), (b, r), (r, t)}, yielding sources br, tl, tr (first completion in Figure 7.7). □

Variables

Let us formally describe the construction of the gadget Gx for a variable x appearing nx times in
ϕ. Note that we may assume nx ≥ 2 as otherwise the 3-SAT instance can be reduced by removing
Gx and the associated clause. Take nx copies of a literal gadget, L1, ..., Lnx

, with corresponding
vertices now labelled with subscripts i ∈ [1, nx]. Considering indices i modulo nx in [1, nx], we build
the variable gadget for x as follows:

• for i ∈ [1, nx], identify sources bri ∈ V (Li) and bli+1 ∈ V (Li+1),

• for i ∈ [1, nx], identify r′i with l′i+1.

• Finally, identify all (b′i)i into a common vertex b′.

We embed the resulting gadget canonically, such that the (antidirected) cycle formed by (bri)i is
plane, and the embedding of any Li is preserved. The final construction is depicted in Subsec-
tion 7.5.1 with a completion which will correspond to a positive assignment.

Lemma 7.5.3. A variable gadget Gx admits exactly two maximal valid completions:

• The positive completion, with source vertices (tri)i and sink component Yx = V (Gx)\{tri : i}.

• The negative completion, with source vertices (tli)i and sink component Yx = V (Gx)\{tli : i}.

Proof. Consider a variable gadget Gx, comprised of literal gadgets (Li)i for i ∈ [1, nx]. Let Y be
a maximal valid completion of Gx, and Yi = Y ∩ V (Li)

2 be its restriction to literal gadget Li.
The internal sinks of Gx are exactly (li, bi, ri)i, for i ∈ [nx], meaning each Yi is a valid completion

of Li. The internal sources of Gx are exactly (bri)i, which must all be hit by arcs of Y inside the
literal gadgets, by construction. Then, we know from Lemma 7.5.2 that at most one such arc may
belong to a single Yi. So each Yi contains exactly one arc incident to bri or bli = bri−1. We claim
Yi must also be maximal for Li. Assume it is not, then it must be one of the two completions
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Figure 7.8: The gadget Gx for variable x, appearing in 5 clauses, with a maximal completion
corresponding to the positive assignment shown in green. This yields a valid completion with top-
right vertices of each literal being sources, while all other vertices form a sink component.

dominated by the positive and negative ones, thanks to Lemma 7.5.2. In both cases, tli and tri are
sources in Li + Yi, thus also in Gx + Y . Then, substituting Yi with the completion dominating it
would yield a completion of Gx dominating Y , which contradicts its maximality. Therefore, each
Yi is either the positive or the negative completion of Li.

Now, assume for some i that Yi is the positive completion of Li, that is, the (unique) valid
completion hitting bri. Since bli and bri−1 are identified, and because bli is a source in Li + Yi,
bli must now be hit by Yi−1. This implies that Yi−1 is the positive completion of Li−1 as well.
Applying the above inductively yields that each Yj is exactly the positive completion of Lj for all
j ∈ [nx]. Conversely, if for some i, the completion Yi is the negative completion of Li, then this is
the case for all i.

In turn, Y must be one these two completions, which we call positive and negative respectively.
In both cases, Y contains a directed cycle containing all internal sources of Gx. If Y is positive, it
can be obtained “clockwise” by concatenating directed paths (bli, bi, tli, ti, bli+1). If Y is negative,
it can be found “anti-clockwise” by concatenating directed paths (bri, bi, tri, ti, bli−1). Applying
Lemma 7.5.2, Li+Yi consists in a sink component containing all but source vertices {bli, tri} in the
positive case, or {bri, tli} in the negative case. Combining the two observation, Gx + Y contains
sources {tri : i} and sink component Yx = V (Gx)\{tri : i} in the positive case. And in the negative
case, it contains sources {tli : i} and sink component Yx = V (Gx) \ {tli : i}. This shows that both
completions are indeed valid, and the unique such ones that are maximal. □

7.5.2 Construction
Consider now a Plane 3-SAT instance Φ =

∧
j∈[m] ϕj on variables (xi)i∈n, with an embedding for

which the cycle (x1, ..., xn) may be added while preserving planarity. We describe a plane oriented
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graph D which will be an equivalent instance for PSCA.
We embed variable and clause gadgets corresponding to Φ canonically, respecting the embedding

of Φ. For each variable x, consider the corresponding gadget Gx formed by its nx literals. We label
each literal gadget as Lx,ϕ for any ϕ containing x. That is, the (clockwise) order of literal gadgets
inside Gx follows the order of incidences of (literals of) x in the corresponding clauses of Φ. Likewise,
when writing ϕ = a ∨ b ∨ c, we assume a, b, c are ordered clockwise according to their incidence on
the corresponding variables in Φ.

Let us start by describing vertex/clause incidences. Consider any variable x involved in some
clause ϕ = a ∨ l(x) ∨ c. Taking Lx,ϕ to be the literal gadget of x associated to ϕ, and C to be the
clause gadget of ϕ, we join both gadgets as follows.

• If l(x) = x, we identify vertices vx ∈ V (C) and tlx,ϕ ∈ V (Lx,ϕ). Then, add arcs (vax, l
′
x,ϕ),

(vaxx, l
′
x,ϕ) as well as (vxc, trx,ϕ), (vxc, t

′
x,ϕ), (vxxc, t

′
x,ϕ).

• If l(x) = x, we identify vertices vx ∈ V (C) and trx,ϕ ∈ V (Lx,ϕ). Then, add arcs (vxc, r
′
x,ϕ),

(vxxc, r
′
x,ϕ) as well as (vax, tlx,ϕ), (vax, t

′
x,ϕ), (vaxx, t

′
x,ϕ).

We apply the operation above to any variable/clause incidence, which can be done while preserving
the planar embedding. Note we must ensure that for each ϕ = a∨b∨c, the variable/literal incidence
respects that of Φ. That is, when our definition considers ϕ = a ∨ b ∨ c to join literal (gadget) b,
we then consider ϕ = c∨ a∨ b to join a, and ϕ = b∨ c∨ a to join c. See Figure 7.9 for the resulting
subdigraph of a clause joined with its three variables.

Then, it remains to connect the variable gadgets following the variable cycle (x1, ..., xn). Con-
sider the edge (xi, xi+1) in the variable cycle of Φ, and take Gi and Gi+1 to be the variable gadgets
of xi and xi+1. Then, by our construction and the assumption on the embedding of Φ, we can
safely add an arc between Gi and Gi+1, between vertices other than top sources. Indeed, it suffices
to take two vertices of type l′ in appropriate literal gadgets of xi and xi+1, and add an arc from
the first to the second. This achieves the construction of the reduced instance.

7.5.3 Soundness
We are now ready to show the hardness of Plane Strong Connectivity Augmentation.

Theorem 7.1.1. Plane Strong Connectivity Augmentation is NP-complete.

Proof. Consider a plane 3-SAT instance Φ on variables (xi)i, and let D be the construction
obtained from Φ described in Subsection 7.5.2 as the instance of PSCA.

The initial instance is positive implies the reduced instance is.
Assume first that Φ is a positive instance for 3-SAT, and consider a a boolean assignment

for (xi)i satisfying it. Now, for any i, if xi is set to true, we let Xi be the (embedded) positive
completion of variable gadget Gxi

, and otherwise let Xi be its negative completion, as defined
in Lemma 7.5.3. Then, we let X =

⋃
i Xi, with the embedding respecting those of each Xi in GXi .

By construction, and since all Xi are internal completions of different gadgets, D+X is plane and
oriented. To show that it is indeed a solution for D, it remains to prove strong connectivity.

Take any variable xi and corresponding gadget Gxi
. Then, Lemma 7.5.3 ensures that the

sources of Gxi
+Xi are exactly (tri,j)j , or exactly (tli,j)j , abusing notation to let j index clauses

containing xi clockwise. Moreover, all non-source vertices of Gxi form a single sink component Yxi .
By construction, for each i modulo n in [1, n], our construction adds an arc from some l′i,j to l′i+1,q
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tlx,ϕ try,ϕ

trz,ϕ

Cϕ

Gx

Gy

Gz

Figure 7.9: A clause gadget Cϕ for ϕ = x ∨ y ∨ z. Gadgets Gx, Gy and Gz correspond to variables
x, y and z, appearing 5, 6, and 4 times in Φ respectively. A top source of each literal gadget is
now identified to the source component of the clause. Here, x and z are completed as to satisfy ϕ,
allowing the clause gadget to be entered from variables x and z, but not from y.
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for some j, q. In particular, these are arcs from Yxi to Yxi+1 , yielding that Yxi belong to the same
strongly connected component, say Y , in D +X. We also know that, in D, arcs have been added
from the all clause gadget sinks to some l′i,j in variable gadgets, see the blue arcs in Figure 7.9. In
particular, any initial sink (component) of D belongs to some Yi. Now, since any sink component
of D + X must contain a sink of D, it must intersect some Yi. Therefore, the only possible sink
component of D +X is Y , possibly with Y = V (D).

Since D is connected, to obtain strong connectivity of D+X, it suffices to show that any source
component is also Y . If S is a source component of D + X, it must contain at least one source
component of D. By construction, the source components of D are the sources Sϕ of gadgets Cϕ.
Take then some ϕ such that Sϕ ⊆ S, say with ϕ = l(x) ∨ l(y) ∨ l(z). Recall then that vertices
vl(x), vl(y), vl(z) ∈ Sϕ have each been identified with either some corresponding tl_,ϕ or tr_,ϕ in
gadgets Gx, Gy, Gz. Assume without loss of generality that our boolean assignment is such that ϕ
is satisfied by x. If l(x) = x, we have tlx,ϕ = vl(x) ∈ Sϕ, and since Xi is the positive completion
of Gx, tlx,ϕ ∈ Y , meaning Sϕ ⊆ Y . The argument is symmetric when l(x) = x̄, as trx,ϕ ∈ Y ∩ Sϕ.
In any case Sϕ ⊆ Y , and therefore S ⊆ Y , meaning D +X is strongly connected. See Figure 7.9,
where Y contains tlx,ϕ and thus Sϕ as x appears positively.

The reduced instance is positive implies the initial instance is.
Conversely, assume D is a positive instance of PSCA, take X to be a completion achieving

strong connectivity. Without loss of generality, we can take X to be maximal within each variable
gadget Gi = Gxi

, and let Xi = X ∩ V (Gi). Since Xi is a maximal completion of Gi, which is valid
by strong connectivity of D+X, Lemma 7.5.3 implies Xi is either a positive or negative completion.
Then, we define our boolean assignment for (xi)i according to the type of completion of Xi, and
show it satisfies Φ.

Towards this, consider any clause ϕ = l(x) ∨ l(y) ∨ l(z), corresponding gadget Cϕ, and source
component Sϕ of Cϕ. Since D + X is strongly connected, X must contain an arc towards some
vertex of Sϕ. Since this arc does not create a digon, it cannot be embedded in a triangle of D.
By construction, the arcs between Cϕ and each variable gadget Gx, Gy, Gz ensure that in D, the
only vertices of Sϕ which are incident to faces other than triangles are vl(x), vl(y), vl(z). Now, these
are each identified with a top source tl or tr of the corresponding variable gadgets. More precisely,
each vl(x), vl(y), vl(z) is incident to exactly one non-triangle face in D, which is one of the 5-faces of
the corresponding literal gadgets. Assume without loss of generality that an arc of X towards Sϕ

is incident to vl(x), and is embedded in a 5-face of literal L = Lx,ϕ. We know that the restriction
XL of X to Lx,ϕ is either its positive or negative completion, according to the completion of Gx. If
l(x) = x, by construction we have vl(x) = tlx,ϕ. Then, Lemma 7.5.2 yields that XL is the positive
completion Lx,ϕ. Therefore, Gx has been completed positively, meaning we have assigned x to
true, and ϕ is indeed satisfied. The case is symmetrical when x appears negatively in ϕ, meaning
vl(x) = trx,ϕ: XL is the negative completion of L, meaning our false assignment to x satisfies ϕ. Con-
sidering this for any clause of Φ achieves to show that our boolean assignment to (xi)i satisfies Φ. □

7.6 Further directions
Our results leave two main open problems, the most important one being whether Directed-PSCA
admits a polynomial-time algorithm, which we conjecture.

Conjecture 7.6.1. There exists a polynomial-time algorithm for Directed-PSCA.
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Another important question is the fixed-parameter tractability of PSCA when parameterized by
the number of terminals. We conjecture that unlike Strongly Connected Steiner Subgraph
(see Theorem 6.1.23), this problem should not be W [1]-hard.

Conjecture 7.6.2. Plane Strong Connectivity Augmentation is FPT with respect to the
number of terminals.

We recall that the fixed-parameter tractability for connectivity augmentation in planar (or plane)
undirected graphs remains open. In particular, we lack an undirected analogue of Theorem 7.1.2
for biconnectivity.

Question 7.6.3. Is Plane 2-VCA FPT parameterized by solution size?
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8.1 Introduction
This chapter deals with inversions of bounded or prescribed size, namely (≤ p)-inversions and (= p)-
inversions. Recall these are the operations operating over vertex sets of size at most p, respectively
exactly p, reversing the direction of all induced arcs. As we have seen in Subsection 6.2.5, most of
the literature deals with inversions of arbitrary size. Bounded (or prescribed) size inversions sit in
between general inversions and arc reversals, which correspond to the case p = 2. Then, for a digraph−→
G , the (= p)-inversion number inv=p(

−→
G), and the (≤ p)-inversion number inv≤p(

−→
G), are the

minimum number of corresponding operations rendering
−→
G acyclic. Clearly inv=p(

−→
G) ≥ inv≤p(

−→
G)

and inv=2(
−→
G) = inv≤2(

−→
G) = fas(

−→
G).

170
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While (≤ p)-inversions were already studied by Yuster [Yus25], who showed extremal bounds
on inv≤p(

−→
G), we initiate the study of (= p)-inversions both algortihmically and extremally. Then,

our (parameterized) complexity results deal with both (= p)-inversions and (≤ p)-inversions.
We begin our study of (= p)-inversions in Section 8.3, through the algorithmic problem of (= p)-

invertibility in oriented graphs. There, rather than asking for a minimum number of inversions, we
only wish to decide whether inv=p(

−→
G) is finite. First, we prove that deciding whether an oriented

graph of order n is (= n− 1)-invertible is an NP-complete problem.

Theorem 8.1.1. Vertex-invertibility is NP-complete.

Next, we show that this is essentially the only case when the (= p)-invertibility is hard.

Theorem 8.1.2. There is a polynomial-time algorithm that, given a positive integer p and an
oriented graph D of order distinct from p+ 1, decides whether D is (= p)-invertible.

In order to prove this theorem, we first characterize in Subsection 8.3.2 the (= p)-invertible
tournaments of order at least p+ 2. Then, in Subsection 8.3.3, we use this characterization to give
necessary and sufficient conditions for an oriented graph to be (= p)-invertible. In particular, we
show that if p is even, then every oriented graph of order at least p + 2 is (= p)-invertible (Corol-
lary 8.3.14). Using those conditions, we describe the above-mentioned polynomial-time algorithm.

In Section 8.4, we investigate upper bounds on the (= p)-inversion number in terms of the
feedback-arc-set number or the (≤ p)-inversion number. We identify a dichotomy between even
and odd values of p : when p is even the (= p)-inversion number is at most 4(p − 1)

(
p
2

)
times the

(≤ p)-inversion number (Corollary 8.4.5), while there is no upper bound on the (= p)-inversion
number as a function of the (≤ p)-inversion number when p is odd (Proposition 8.4.6).

Finally, in Section 8.5, we study the complexity of deciding the (≤ p)-inversion number and
(= p)-inversion number of a given oriented graph.

(≤ p)-Inversion
Input: An oriented graph D and a positive integer k
Question: Does D satisfy inv≤p(D) ≤ k?

(= p)-Inversion
Input: An oriented graph D and a positive integer k
Question: Does D satisfy inv=p(D) ≤ k?

Note that when p = 2, both problems correspond to computing the feedback-arc-set number of
an oriented graph, which is NP-hard [Kar72]. In Subsection 8.5.1, we show that both problems are
also NP-hard for any fixed p greater than 2, even when restricted to tournaments.

Theorem 8.1.3. Tournament (≤ p)-Inversion and Tournament (= p)-Inversion are NP-
complete, for any fixed integer p greater than 2.

In Subsection 8.5.2, we prove the following kernelization when the input is a tournament.

Theorem 8.1.4 (see Theorem 8.5.4). When considering p as an input, Tournament (≤ p)-
Inversion admits a (1 + ϵ)k2p3 + o(k2p3) kernel for every ϵ > 0.

This implies that the problem is FPT when parameterized by k and p. In contrast, we show
that for general oriented graphs, the problem is hard when parameterized by p even when k = 1.
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Theorem 8.1.5. Given a digraph D, both deciding whether D can be made acyclic by one (≤ p)-
inversion, and deciding whether D can be made acyclic by one (= p)-inversion, are W [1]-hard
parameterized by p.

8.2 Preliminaries
A (= p)-set (resp. (≤ p)-set) is a set of cardinality exactly p (resp. at most p). Let D be a digraph
and X a family of subsets of V (D). We say that X is a (= p)-family (resp. (≤ p)-family) if all
members of X are (= p)-sets (resp. (≤ p)-sets). We denote by Inv(D;X ) the digraph obtained after
inverting all sets of X one after another. Observe that this is independent of the order in which
we invert those sets: Inv(D;X ) is obtained from D by reversing exactly those arcs for which an
odd number of members of X contain both endvertices. If X = {X}, then we write Inv(D,X) for
Inv(D;X ). A decycling family of a digraph D is a family X of subsets of V (D) such that Inv(D;X )
is acyclic.

For a digraph D, let σ = (v1, v2, . . . , vn) be an ordering of the vertices of D. An arc (vi, vj) is
forward (according to σ) if i < j and backward (according to σ) if j < i. It is well known that a
digraph is acyclic if, and only if, it admits an acyclic ordering . That is, an ordering of its vertices
with no backward arcs. A median order of a digraph D is an ordering of the vertices of D with the
maximum number of forward arcs, or, equivalently, the minimum number of backward arcs. Note
that this is also an ordering for which the arcs of a minimum feedback arc set are all backward.

8.3 (= p)-invertibility

8.3.1 NP-completeness of (n− 1)-Invertibility

Let D be a digraph. The vertex-inversion of a vertex v in D consists in reversing all the arcs
incident to v. If X is a set of vertices, then we denote by VInv(D,X) the digraph obtained after
the vertex-inversions of all vertices of X. Note that this is independent of the order of the vertex-
inversions. An arc is reversed if and only if exactly one of its end-vertices is in X. A digraph is
vertex-invertible if there is a sequence of vertex-inversions that makes D acyclic, that is if there
exists a set X of vertices such that VInv(D,X) is acyclic. Such a set X is called a vertex-inversion
set . Observe that VInv(D, {v}) is the converse of Inv(D,V (D) \ {x}).

Observation 8.3.1. A digraph on n vertices is vertex-invertible if and only if it is (= n − 1)-
invertible.

We denote by Vertex-invertibility the problem of deciding whether a given digraph is vertex-
invertible. By Observation 8.3.1, Vertex-invertibility is equivalent to the problem (n − 1)-
Invertibility of deciding whether a digraph of order n is (= n − 1)-invertible. Therefore, prov-
ing the NP-completeness of (n − 1)-Invertibility is equivalent to prove the NP-completeness of
Vertex-invertibility. We prove it in the remainder of this subsection. We first establish some
preliminary results.

The vertex-inversions of all vertices of a set X results in inverting all the arcs between X and
V (D) \X, so applying vertex-inversions to all vertices of X is equivalent to applying them on all
vertices of V (D) \X.



CHAPTER 8. INVERSIONS OF BOUNDED SIZE 173

Observation 8.3.2. If X is a vertex-inversion set of D, then V (D) \X is also a vertex-inversion
set.

Lemma 8.3.3. Let D be an acyclic digraph and v a vertex of D. One can invert a set X of vertices
such that VInv(D,X) is acyclic with source v.

Proof. Consider an acyclic ordering (v1, . . . , vn) of D. Let i be the integer such that vi = v. Set
X = {v1, . . . , vi−1}. One can easily check that VInv(D,X) is acyclic and that v is a source in this
digraph. □

Corollary 8.3.4. Let D be a vertex-invertible digraph. Then, for every v ∈ V (D), there exists
X ⊆ V (D) such that VInv(D,X) is an acyclic digraph with source v.

Corollary 8.3.5. Vertex-invertibility is polynomial-time solvable for tournaments.

Proof. Let T be a tournament and let v ∈ V (T ). By Corollary 8.3.4, it suffices to check if
VInv(T,N−(v)) is an acyclic digraph. □

In general digraphs, we show a reduction from 2-Dicolourability, which is known to be
NP-complete due to Bokal [Bok+04].

Theorem 8.1.1. Vertex-invertibility is NP-complete.

Proof. We prove the statement by a reduction from 2-Dicolourability. Let D be a digraph.
Let D′ be the digraph obtained from D as follows.

• Subdivide each arc of D once and let S be the set of subdivided vertices.

• Add a new vertex v and the arc (v, u) for all u ∈ S.

Now we prove that D is a positive instance for 2-Dicolourability if and only if D′ is a positive
instance for Vertex-invertibility.

Suppose first that D is a positive instance for 2-Dicolourability. Let {X1, X2} be a 2-
dicolouring of D. We claim that H = VInv(D′, X1) is acyclic. Towards a contradiction, suppose
the opposite and let C be a directed cycle of H. Note that v is a source in H, so v /∈ V (C). So
the vertices of C must alternate between S and X1 ∪ X2. Moreover, note that if u ∈ S and u
has a neighbour in both X1 and X2, then u is either a source or a sink in H. So V (C) ⊆ X1 or
V (C) ⊆ X2. This implies that D[X1] or D[X2] is not acyclic, a contradiction.

Suppose now that D′ is a positive instance for Vertex-invertibility. Let X be a vertex-
inversion set of D′. By Observation 8.3.2 and Corollary 8.3.4, we may assume that v /∈ X and
that v is the source of VInv(D′, X). Since v is also a source of D′ and N+

D′(v) = S, it follows
that X ∩ S = ∅, so X ⊆ V (D). We claim that {X,V (D) \X} is a 2-dicolouring of D. Towards a
contradiction, suppose the opposite. Suppose first that D[X] has a directed cycle (u1, . . . , uℓ, u1).
This implies that (uℓ, wℓ, uℓ−1, wℓ−1, . . . , u1, w1, uℓ) is a directed cycle of VInv(D′, X) where wi is
the subdivided vertex of (ui, ui−1), a contradiction. Suppose now that D −X has a directed cycle
(u1, . . . , uℓ, u1). This implies that (u1, w1, u2, w2, . . . , uℓ, wℓ, u1) is a directed cycle of VInv(D′, X),
where wi is the subdivided vertex of (ui, ui+1), a contradiction. □
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8.3.2 Characterization of (= p)-invertible tournaments
The aim of this section is to prove the following theorem.

Theorem 8.3.6. Given an integer p ≥ 2 and two orientations
−→
G1,
−→
G2 of the same graph on

n ≥ p + 2 vertices, one can decide in linear time whether there exists a (= p)-family X of subsets
of V (G) such that Inv(

−→
G1;X ) =

−→
G2.

Let p, n be integers with p ≥ 2 and n ≥ p+ 2. When we want to invert only sets of size exactly
p, several obstructions appear, depending on the value of p modulo 4. Let T be a tournament
with vertex set [n]. Observe that when p is odd, for any vertex v, d+(v) mod 2 is invariant under
(= p)-inversions. Moreover, when

(
p
2

)
is even (that is when p ≡ 0 mod 4 or p ≡ 1 mod 4), the parity

of the number of backward arcs with respect to the natural ordering (the arcs ji with i < j) is also
invariant under (= p)-inversions. We will actually show that these two invariants are essentially
the only ones, which gives a characterization of tournaments reachable from any given tournament
via (= p)-inversions. To prove that, we will use an algebraic representation of the problem.

We shall do all operations in the two-element field F2. For convenience, we index the vectors

of the vector space F(
n
2)

2 by the (= 2)-sets of [n]. Thus, the coordinates of a vector u ∈ F(
n
2)

2 are
indexed by (= 2)-sets of [n], and element of u are given by u{i,j} for i, j ∈ [n]2.

We start by defining a representation of (labelled) n-vertex tournaments by
(
n
2

)
-dimensional

vectors over F2. Let T be a tournament with vertex set [n]. We define aT ∈ F(
n
2)

2 by

(aT ){i,j} =

{
1 if ji ∈ A(T ),
0 if ij ∈ A(T ),

for every i, j ∈ [n] with i < j. Let X ⊆ [n], and let iX ∈ F(
n
2)

2 be defined by

(iX){i,j} =

{
1 if i, j ∈ X,
0 otherwise,

for every i, j ∈ [n] with i ̸= j. The point of these definitions is the following observation.

Observation 8.3.7. For every tournament T on [n] and for every X ⊆ [n],

aInv(T ;X) = aT + iX .

The proof of Theorem 8.3.6 will consist in defining a linear mapping π : F(
n
2)

2 → Ft
2 for some

nonnegative integer t such that for all tournaments T ′, T on [n],

there exists a (= p)-family X ⊆ 2[n] such that Inv(T ;X ) = T ′

if and only if π(aT ) = π(aT ′). (8.1)

Informally, π corresponds here to the most general quantity which is invariant under (= p)-
inversions.

The property (8.1) can be reformulated as follows. For every u ∈ F(
n
2)

2 , with 0 being the null
element of Ft

2:
u ∈ Span{iX | X ⊆ [n], |X| = p} if and only if π(u) = 0. (8.2)

It will be clear from the definition of π that it can be computed in linear time, and so Theo-
rem 8.3.6 will follow. The following facts will be used several times in the construction of π.
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Claim 8.3.1. With four (= p)-inversions, we can reverse the arcs of a 4-cycle and no other arcs.
Proof of C. onsider four vertices x1, x2, x3, x4 and X a set of p− 2 other vertices. Let us invert the
sets X ∪ {x1, x2}, X ∪ {x2, x3}, X ∪ {x3, x4}, and X ∪ {x4, x1}. Doing so, all arcs are reversed an
even number of times except those of the 4-cycle (x1, x2, x3, x4, x1). □

Claim 8.3.2. Assume p is even. With 2(p − 1) (= p)-inversions, we can reverse any two adjacent
arcs and no others.
Proof of C. onsider three vertices u, v1, v2 and let us show how to reverse the arcs between u and
v1, and u and v2. Let X be any set of p− 2 other vertices. Invert first X ∪ {u, v1} and X ∪ {u, v2}.
This reverses the arcs (u, v1), (u, v2), and those of the complete bipartite graph with bipartition
({v1, v2}, X). Since p is even, the arc set of this bipartite graph can be decomposed into (p− 2)/2
4-cycles, which can be reversed one after another by Claim 8.3.1 using four inversions each. Doing
so, only the arcs (u, v1) and (u, v2) remain reversed. □

Claim 8.3.3. Assume p is even. With 4(p − 1) (= p)-inversions, we can reverse two non-adjacent
arcs and no others.
Proof of T. o reverse two non-adjacent arcs (u1, v1) and (u2, v2), one can use Claim 8.3.2 to reverse
(u1, v1) along with (u1, u2) and then (u1, u2) with (u2, v2). This can be done with 2·2(p−1) = 4(p−1)
(= p)-inversions. □

The construction of π satisfying (8.2) is split into four cases, according to the value of p modulo
4.

Case p ≡ 2 mod 4.

In this case, we take t = 0, and so for every u ∈ F(
n
2)

2 , π(u) = 0. Concretely, (8.1) means that it is
always possible to transform an n-vertex tournament into another using (= p)-inversions. To prove
(8.2), it is enough to show that dim(Span{iX | X ⊆ [n], |X| = p}) =

(
n
2

)
. For every a, b ∈ [n] with

a < b, let vab ∈ F(
n
2)

2 be defined by, for every i, j ∈ [n] with i < j,

(vab){i,j} =

{
1 if (a, b) = (i, j),
0 otherwise.

Clearly, the vab for a, b ∈ [n] with a < b form a family of linearly independent vectors of F(
n
2)

2 . We
will show that they all belong to Span{iX | X ⊆ [n], |X| = p}. Let a, b ∈ [n] with a < b and let
U ⊆ [n] be a (p+ 2)-set which contains a, b. We claim that

vab =
∑

X⊆U ; |X|=p; a,b∈X

iX .

Indeed, for every i, j ∈ U with i < j,

|{X ⊆ U | |X| = p; a, b, i, j ∈ X}| =





(
p+2−4
p−4

)
if i, j, a, b are distinct,(

p+2−3
p−3

)
if |{i, j} ∩ {a, b}| = 1,(

p+2−2
p−2

)
if {i, j} = {a, b},
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which is odd if and only if {i, j} = {a, b} since p ≡ 2 mod 4. This proves that vab =
∑

X⊆U ; |X|=p; a,b∈X iX ,
and so (8.2) holds. We deduce the following.

Corollary 8.3.8. Let p be an integer such that p ≡ 2 mod 4. Every tournament of order at least
p+ 2 is (= p)-invertible.

Case p ≡ 0 mod 4.

Let t = 1, and let π be defined as follows. For every u ∈ F(
n
2)

2 , let

π(u) =
∑

i,j∈[n],i<j

u{i,j}.

Less formally, π is defined so that for any T , π(aT ) is the parity of the number of backward arcs
(since the operations are in F2).

First, since p ≡ 0 mod 4,
(
p
2

)
is even, and so π(iX) = 0 for every (= p)-set X ⊆ [n]. Hence,

since π is clearly surjective, and by the rank theorem, to prove (8.2), it is now enough to show that
dim(Span{iX | X ⊆ [n], |X| = p}) ≥

(
n
2

)
− 1. For every a, b ∈ [n] with a < b and (a, b) ̸= (1, 2), let

wab ∈ Fn
2 be the vector defined by

(wab){i,j} =

{
1 if (i, j) = (a, b) or (i, j) = (1, 2),
0 otherwise,

for every i, j ∈ [n] with i < j. By Claim 8.3.2 and Claim 8.3.3, wab ∈ Span{iX | X ⊆ [n], |X| = p}.
For every (αab)a,b∈[n], a<b, (a,b)̸=(1,2) ∈ F(

n
2)−1

2 , if
∑

a,b∈[n],a<b,(a,b)̸=(1,2)

αabwab = 0,

then for every a, b ∈ [n], a < b, (a, b) ̸= (1, 2), the coordinate corresponding to (a, b) gives αab = 0.
Hence the vectors (wab)a,b∈[n],a<b,(a,b) ̸=(1,2) are linearly independent and belong to Span{iX | X ⊆
[n], |X| = p}. This proves dim(Span{iX | X ⊆ [n], |X| = p}) ≥

(
n
2

)
− 1 and so (8.2).

Corollary 8.3.9. Let p be an integer such that p ≡ 0 mod 4. Every tournament of order at least
p+ 2 is (= p)-invertible.

Proof. Let n be an integer such that n ≥ p+ 2. It is enough to show that there are two transitive
tournaments T0, T1 on [n] such that π(aTϵ

) = ϵ for each ϵ ∈ F2. We take A(T0) = {ij | 1 ≤ i < j ≤
n} and A(T1) = {ij | 1 ≤ i < j ≤ n} \ {12} ∪ {21}. □

With Lemma 8.3.13, this immediately yields the following.

Corollary 8.3.10. Let p be an integer such that p ≡ 0 mod 4. Every oriented graph of order at
least p+ 2 is (= p)-invertible.
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Case p ≡ 3 mod 4.

Let π be defined as follows. For every u ∈ F(
n
2)

2 , let π(u) be the vector of Fn−1
2 defined as:

π(u) =
(∑

j∈[n]\{i} u{i,j}

)
i∈[n−1]

.

Less formally, π is such that for any tournament T , π(aT )i is the parity of the number of
backward arcs incident to i (as tail or head). Therefore,

π(aT )i = |N+
T (i) ∩ [i− 1]|+ |N−

T (i) ∩ {i+ 1, . . . , n}| mod 2

= |N+
T (i) ∩ [i− 1]|+ n− i− |N+

T (i) ∩ {i+ 1, . . . , n}| mod 2

= n+ i+ d+T (i) mod 2

for every i ∈ [n− 1], which is indeed invariant, in F2, under (= p)-inversions, since p is odd. From
the algebraic point of view, this means that for every (= p)-set X ⊆ [n], for every i ∈ [n − 1],∑

j∈[n]\{i}(iX){i,j} = 0. Therefore, π(iX) = 0 for every X ⊆ [n] with |X| = p. Thus, by the rank
theorem, to prove (8.2), it is now enough to show that

1. π is surjective, and

2. dim(Span{iX | X ⊆ [n], |X| = p}) ≥
(
n
2

)
− n+ 1 =

(
n−1
2

)
.

First we show that π is surjective. For every a ∈ [n] \ {1}, let ya ∈ F(
n
2)

2 be defined by

(ya){i,j} =

{
1 if (i, j) = (1, a),
0 otherwise,

for every i, j ∈ [n] with i < j. Then the matrix whose columns are π(ya) for a ∈ [n] \ {1} is, up to
a permutation of the columns, the identity matrix. We conclude that π is surjective.

We now show that dim(Span{iX | X ⊆ [n], |X| = p}) ≥
(
n−1
2

)
. Let a, b ∈ [n] \ {1} with a < b.

Let zab ∈ F(
n
2)

2 be defined by

(zab){i,j} =

{
1 if (i, j) ∈ {(1, 2), (2, a), (a, b), (b, 1)},
0 otherwise,

for every i, j ∈ [n] with i < j. First, if a > 2, then {a, b} ∩ {1, 2} = ∅, and so zab ∈ Span{iX | X ⊆
[n], |X| = p} by Claim 8.3.1. Suppose now that a = 2. Let U ⊆ [n] be of size p + 2 containing
1, 2, b. We claim that

zab =
∑

X⊆U ;|X|=p;1,2,b∈X

iX .

Indeed, for every i, j ∈ U with i < j,

|{X ⊆ U | |X| = p; 1, 2, b, i, j ∈ X}| =





(
p+2−5
p−5

)
if {i, j} ∩ {1, 2, b} = ∅,(

p+2−4
p−4

)
if |{i, j} ∩ {1, 2, b}| = 1,(

p+2−3
p−3

)
if {i, j} ⊆ {1, 2, b},
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which is odd if and only if {i, j} ⊆ {1, 2, b} since p ≡ 3 mod 4. It remains to show that zab for
a, b ∈ [n] \ {1} with a < b are linearly independent. Suppose that αab ∈ F2 for a, b ∈ [n] \ {1}, a < b
are such that ∑

a,b∈[n]\{1},a<b

αabzab = 0.

Then for every a, b ∈ [n] \ {1} with a < b, the coordinate corresponding to {a, b} implies that
αab = 0. This proves that the vectors zab for a, b ∈ [n] \ {1} with a < b are linearly independent,
and concludes the proof of (8.2).

A vertex in a digraph D is out-even (resp. out-odd) if its out-degree in D is even (resp. odd).

Corollary 8.3.11. Let p be a positive integer with p ≡ 3 mod 4. For every tournament T on
n ≥ p+ 2 vertices, T is (= p)-invertible if and only if it has ⌈n/2⌉ out-even vertices.

Proof. For every u ∈ F(
n
2)

2 , let π′(u) ∈ Fn
2 be defined by

π′(u)i = π(u)i + n+ i mod 2,

for every i ∈ [n− 1], and

π′(u)n =

(
n

2

)
+

∑

i∈[n−1]

π′(u)i mod 2.

We claim that for every tournament T on [n], for every i ∈ [n], π′(aT )i = d+T (i) mod 2. Indeed,
letting d+L(i) (resp. d+R(i)) be the number of out-neighbours of i with index j < i (resp. j > i), and
d−R(i) the number of in-neighbours with j > i, we obtain the following equalities modulo 2:

d+(i) = d+L + d+R + 2d−R(i) = πi(u) + dR(i) = πi(u) + n− i = πi(u) + n+ i

Therefore, π′(aT )i = 0 if vertex i is out-even and π′(aT )i = 1 if vertex i is out-odd. (For i = n, it
follows from the equalities for smaller values of i and the fact that

∑
i∈[n] d

+
T (i) =

(
n
2

)
.) Moreover,

for every u,u′ ∈ F(
n
2)

2 , π′(u) = π′(u′) if and only if π(u) = π(u′). In turn, it remains to show that
for every v ∈ Fn−1

2 , there exists a transitive tournament T on [n] such that π′(aT ) = v if and only
if the number of zeros in v is ⌈n/2⌉.

First, for every transitive tournament T , the number of vertices of even out-degree is ⌈n/2⌉,
and so the number of zeros in π(aT ) is ⌈n/2⌉. Conversely, for every v ∈ Fn−1

2 with ⌈n/2⌉ zeros, let
σ be a permutation of [n] such that for every i ∈ [n], vσ(i) = 1 if and only if n + i is odd. Then,
T = ([n], {σ(i)σ(j) | 1 ≤ i < j ≤ n}) is a transitive tournament with π′(aT ) = v. This proves the
corollary. □

Case p ≡ 1 mod 4.

We define π as follows. For every u ∈ F(
n
2)

2 , let

π(u) =

((∑
j∈[n]\{i} u{i,j}

)
i∈[n−1]

,
∑

i,j∈[n],i<j u{i,j}

)
.
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Since p ≡ 1 mod 4,
(
p
2

)
is even and so

∑
i,j∈[n],i<j(iX){i,j} = 0 for every X ⊆ [n] with |X| = p.

Moreover, since p is odd, for every i ∈ [n − 1],
∑

j∈[n]\{i}(iX){i,j} = 0. Therefore, π(iX) = 0 for
every (= p)-set X ⊆ [n]. Thus, to prove (8.2), by the rank theorem, it is now enough to show that

1. π is surjective, and

2. dim(Span{iX | X ⊆ [n], |X| = p}) ≥
(
n
2

)
− n.

First we show that π is surjective. For every a ∈ [n− 1], let ta ∈ F(
n
2)

2 be defined by

(ta){i,j} =

{
1 if (i, j) = (a, n),
0 otherwise,

for every i, j ∈ [n] with i < j. Moreover, let tn ∈ F(
n
2)

2 be defined by

(tn){i,j} =

{
1 if (i, j) ∈ {(1, 2), (1, 3), (2, 3)}
0 otherwise,

for every i, j ∈ [n] with i < j. The matrix whose columns are (π(ta))a∈[n] is, up to the ordering of
the columns, 



1 0 . . . 0 0
0 1 0 0
...

. . .
...

0 0 . . . 1 0
1 1 . . . 1 1




and so π is surjective.

We now show that dim(Span{iX | X ⊆ [n], |X| = p}) ≥
(
n
2

)
− n. For every a, b ∈ [n] \ {1, 2}

with a < b, let sab ∈ F(
n
2)

2 be defined by

(sab){i,j} =

{
1 if (i, j) ∈ {(1, 2), (2, b), (a, b), (1, b)},
0 otherwise,

for every i, j ∈ [n] with i < j. By Claim 8.3.1, sab ∈ Span{iX | X ⊆ [n], |X| = p}. Moreover, for

every a ∈ {3, . . . , n− 1}, let sa ∈ F(
n
2)

2 be defined by

(sa){i,j} =

{
1 if (i, j) ∈ {(1, 2), (2, a), (a, a+ 1), (1, a+ 1)},
0 otherwise,

for every i, j ∈ [n] with i < j. Again, by Claim 8.3.1, sa ∈ Span{iX | X ⊆ [n], |X| = p}. We
claim that the vectors (sab)a,b∈[n]\{1,2},a<b, (sa)a∈{3,...,n−1} are linearly independent. Suppose for
contradiction that there exists αab ∈ F2 for a, b ∈ [n]\{1, 2}, a < b, and αa ∈ F2 for a ∈ {3, . . . , n−1}
not all zero such that ∑

a,b∈[n]\{1,2},a<b

αabsab +
∑

a∈{3,...,n−1}

αasa = 0.
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First assume that αa = 0 for every a ∈ {3, . . . , n − 1}. Then for every a, b ∈ [n] \ {1, 2} with
a < b, the coordinate corresponding to {a, b} implies that αab = 0. This is a contradiction.

Now suppose that there exists a0 ∈ {3, . . . , n−1} such that αa0
= 1. Take such an a0 maximum.

The coordinate corresponding to {a0, a0 +1} implies that α(a0,a0+1) = 1. But then, the coordinate
corresponding to {1, a0 + 1} implies that there exists b ∈ [n] \ {1, 2} with b > a0 + 1 such that
α(a0+1,b) = 1. As a consequence, the coordinate corresponding to {a0+1, b} implies that αb−1 = 1,
contradicting the maximality of a0.

Therefore, the vectors (sab)a,b∈[n]\{1,2},a<b, (sa)a∈{3,...,n−1} are linearly independent and so

dim(Span{iX | X ⊆ [n], |X| = p}) ≥
(
n− 2

2

)
+ n− 3 =

(
n

2

)
− n.

This proves (8.2).

Corollary 8.3.12. Let p be a positive integer with p ≡ 1 mod 4. For every tournament T on
n ≥ p+ 2 vertices, T is (= p)-invertible if and only if it has ⌈n/2⌉ out-even vertices.

Proof. For every u ∈ F(
n
2)

2 , let π′(u) ∈ Fn+1
2 be defined by

π′(u)i = π(u)i + n+ i mod 2,

for every i ∈ [n− 1],

π′(u)n =

(
n

2

)
+

∑

i∈[n−1]

π′(u)i mod 2,

and
π′(u)n+1 = π(u)n.

Observe that for every tournament T on the vertex set [n], for every i ∈ [n], π′(aT )i = d+T (i) mod 2,

and π′(aT )n+1 is the parity of the number of backward arcs. Moreover, for every u,u′ ∈ F(
n
2)

2 ,
π′(u) = π′(u′) if and only if π(u) = π(u′). Now, it remains to show that for every v ∈ Fn−1

2 , there
exists a transitive tournament T on [n] such that π′(aT ) = v if and only if the number of zeros in
{vi | i ∈ [n]} is ⌈n/2⌉.

First, for every transitive tournament T on [n], the number of out-even vertices is ⌈n/2⌉, and
so the number of zeros in π′(aT ) is ⌈n/2⌉. Reciprocally, for every v ∈ Fn+1

2 with exactly ⌈n/2⌉
zeros in (v1, . . . ,vn), let σ be a permutation of [n] such that for every i ∈ [n], vσ(i) = 1 if and
only if n + i is odd. By possibly exchanging the position of 1 and 3 in σ, we can assume that
|{ij | 1 ≤ i < j ≤ n, σ(i) > σ(j)}| mod 2 = vn+1. Then, T = ([n], {σ(i)σ(j) | i < j}) is a
transitive tournament with π′(aT ) = v. This proves the corollary. □

8.3.3 Polynomial-time algorithm
In this subsection, we shall use the results of the previous subsection to prove the following theorem.

Theorem 8.1.2. There is a polynomial-time algorithm that, given a positive integer p and an
oriented graph D of order distinct from p+ 1, decides whether D is (= p)-invertible.

We need the following lemma that will allow us to reduce to tournaments.
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Lemma 8.3.13. An oriented graph D is (= p)-invertible if and only if there is an (= p)-invertible
tournament T having D as spanning subdigraph.

Proof. If a tournament T admits D as a spanning subdigraph, any decycling (= p)-family of T
is also a decycling (= p)-family of D. Conversely, assume D admits a decycling (= p)-family X .
Let D′ = Inv(D;X ). Since it is acyclic, D′ admits an acyclic ordering σ. Let T ′ be the transitive
tournament on V (D) with acyclic ordering σ and let T = Inv(T ′;X ). Observe now that D is a
spanning subgraph of T . Moreover Inv(T ;X ) = T ′, so X a decycling (= p)-family of T . □

With Corollaries 8.3.8 and 8.3.9, this immediately yields the following for even p.

Corollary 8.3.14. Let p be an even integer. Every oriented graph of order at least p+ 2 is (= p)-
invertible.

When p is odd, we need the following lemma.

Lemma 8.3.15. There is a polynomial-time algorithm that, given a graph G with a partition
(A1, A2) of V (G) and an integer s, either returns an orientation

−→
G of G such that the set S−→

G
:=

{v ∈ A1 | v is out-odd in
−→
G}∪ {v ∈ A2 | v is out-even in

−→
G} has size s, or returns “No” if no such

orientation exists.

Proof. Let G be a graph, (A1, A2) a partition of V (G) and s an integer. Before describing our
procedure, we observe the following:

(i) For any orientation
−→
G of G the parity of |S−→

G
| is the same, since reversing an arc does not

change it.

(ii) Reversing an arc with one vertex in S−→
G

and the other not in S−→
G

leaves the size of S−→
G

unchanged.

(iii) Reversing any arc with both ends inside (resp. both out-side) of S−→
G

decreases (resp. increases)
the size of S−→

G
by 2.

(iv) In the same way reversing a path between two vertices w, z outside (resp. inside) S−→
G

with all
internal vertices inside (resp.outside) S−→

G
adds w, z to S−→

G
(resp. removes w, z from S−→

G
).

With this in hand, we start with an initial arbitrary orientation
−→
G . If |S−→

G
| ̸≡ s mod 2, then we

return “No”, according to (i). Otherwise |S−→
G
| ≡ s mod 2, and we distinguish two cases depending

on whether |S−→
G
| ≤ s or not.

If |S−→
G
| ≤ s, we apply the following steps.

1. If |S−→
G
| = s, then return

−→
G .

2. If every connected component of G contains at most one vertex not in S−→
G

, then return “No”,
since (ii) and (iii) yield that S−→

G
is already of maximum size.

3. Let C be a connected component of G which contains at least two vertices w, z /∈ S−→
G

. Take
a minimum (undirected) path P from w to z, and note that all internal vertices of P must
be in S−→

G
. Replace

−→
G by the orientation obtained from it by reversing the arcs of P and go

to step 1.



CHAPTER 8. INVERSIONS OF BOUNDED SIZE 182

If |S−→
G
| ≥ s, we apply the following similar steps.

1. If |S−→
G
| = s, then return

−→
G .

2. If every connected component of G contains at most one vertex in S−→
G

, then return “No”, since
since (ii) and (iii) yield that S−→

G
is already of minimum size.

3. Switch the roles of S−→
G

and its complement and proceed as in the case when |S−→
G
| ≤ s.

Now, when |S−→
G
| ≤ s (resp. |S−→

G
| ≥ s), if we never output “No”, each step decreases (resp.

increases) |S−→
G
| by two, according to (iii) and (iv), so the process must end when |S−→

G
| = s.

□

We are now ready to prove Theorem 8.1.2.
Proof of Theorem 8.1.2. Let D be an oriented graph on n vertices and p a positive integer. If
n ≤ p− 1, then there is no (= p)-subsets of [n], so D is (= p)-invertible if and only if it is acyclic.

From now on, we may assume n ≥ p+ 2.
If p is even, then by Corollary 8.3.14, D is (= p)-invertible. Now assume p odd.
Let G be the complement of the underlying graph of D, that is, such that V (G) = V (D) and

uv ∈ E(G) if and only if there is no arc between u and v in D. Let A1 (resp. A2) be the set of
out-odd (resp out-even) vertices in D. By Lemma 8.3.13, Corollary 8.3.11, and Corollary 8.3.12,
D is (= p)-invertible if and only if there is a tournament T with D as a spanning subdigraph
and ⌈n/2⌉ out-even vertices. Observe that for any tournament T containing D as a subgraph,−→
G = (V (D), A(T ) \ A(D)) is an orientation of G, and that the set of out-even vertices in T is
S−→
G

= {v ∈ A1 | v is out-odd in
−→
G} ∪ {v ∈ A2 | v is out-even in

−→
G}. Therefore D is (= p)-

invertible if and only if there is an orientation
−→
G of G such that |S−→

G
| = ⌈n/2⌉. This can be checked

in polynomial time by Lemma 8.3.15. □

8.4 Bounds on (= p)-inversion numbers
Once we know whether an oriented graph D is (= p)-invertible or not, two different questions arise.
If D is (= p)-invertible, what is the (= p)-inversion number of D? And if D is not (= p)-invertible,
how close to an acyclic digraph can it be made? Of course, for the latter, we need a measure of
closeness to acyclicity. A natural one is the feedback-arc-set number.

Proposition 8.4.1. Let p be an odd integer such that p ≥ 3. Every oriented graph of order
n ≥ p + 2 can be transformed using (= p)-inversions in a digraph with feedback-arc-set number at
most 1

2⌈n/2⌉.

Proof. Let D be an oriented graph of order n. Let T a tournament of order n such that D is a
subdigraph of T . Since an arc-reversal changes the parity of the out-degree of exactly two vertices,
one could reverse a set R of at most 1

2⌈n/2⌉ arcs in T to obtain a tournament T ′ having exactly
1
2⌈n/2⌉ out-even vertices. Now, by Corollaries 8.3.11 and 8.3.12, T ′ is (= p)-invertible, so there is
family X of (= p)-sets such that Inv(T ′;X ) is acyclic. Then R is a feedback arc-set of Inv(T ;X ),
and R ∩A(D) a feedbak arc-set of Inv(D;X ). □
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The above proposition is tight. Indeed, consider a k-diregular tournament T for k odd. Its
number of vertices is n = 2k + 1. Let T ′ be a tournament obtained from T using (= p)-inversions
for some odd p. Since T has no out-even vertices, so does T ′. Now a transitive tournament on n
vertices has ⌈n/2⌉ out-even vertices, and an arc-reversal changes the parity of the out-degree of two
vertices. Therefore, fas(T ′) ≥ 1

2⌈n/2⌉.

We shall now consider the first question.

8.4.1 Bounds on the (= p)-inversion number.
First bound in terms of the size

The algebraic point of view used in Subsection 8.3.2, in particular Property (8.2), has an immediate
consequence on number of (= p)-inversions to go from an oriented graph to another (when it is
possible):

Theorem 8.4.2. For every orientations
−→
G1,
−→
G2 of the same graph G, if there exists sets X1, . . . , Xℓ ⊆

V (G), all of size p, such that
−→
G1 = Inv(

−→
G2;X1, . . . , Xℓ), then there exists sets X ′

1, . . . , X
′
ℓ′ ⊆ V (G),

all of size p, such that
−→
G1 = Inv(

−→
G2;X

′
1, . . . , X

′
ℓ′) and

ℓ′ ≤ |E(G)|.

Proof. Let a ∈ FE(G)
2 be defined by

ae =

{
0 if e has the same orientation in

−→
G1 and

−→
G2

1 otherwise.

for every e ∈ E(G). Moreover, for every X ⊆ V (G), let iX ∈ FE(G)
2 be defined by

(iX)uv =

{
1 if u, v ∈ X

0 otherwise.

for every uv ∈ E(G). Then we have, for every X1, . . . , Xℓ ⊆ V (G),

a =
∑

j∈[ℓ]

iXj ⇔
−→
G1 = Inv(

−→
G2;X1, . . . , Xℓ).

Let X1, . . . , Xℓ ⊆ V (G) all of size p such that
−→
G1 = Inv(

−→
G2;X1, . . . , Xℓ) and ℓ is minimum.

We want to show that ℓ ≤ |E(G)|. Suppose for contradiction that ℓ > |E(G)|. Since ℓ > |E(G)| =
dimFE(G)

2 , the family (iXj
)j is dependent over FE(G)

2 , so there exists J ⊆ [ℓ] nonempty such that∑
j∈J iXj

= 0. It follows that

a =
∑

j∈[ℓ]\J

iXj
.

and so
−→
G1 = Inv(

−→
G2; (Xj)j∈[ℓ]\J), contradicting the minimality of ℓ. □

Corollary 8.4.3. Let D be an oriented graph. If D is (= p)-invertible, then inv=p(D) ≤ |A(D)|.
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First bound in terms of the feedback-arc-set number and better bound in terms of the
size

Theorem 8.4.4. Let p ≥ 4 be an even integer and let D be an oriented graph with at least p + 2
vertices. Then,

inv=p(D) ≤ 2(p− 1)(fas(D) + 1).

Proof. Let D1 be the acyclic oriented graph obtained by reversing every arc of a minimum feedback
arc set of D and let D2 be an acyclic oriented graph obtained from D1 by reversing exactly one arc.
Then D disagrees with one of D1, D2 in a set E′ of arcs such that |E′| is even and |E′| ≤ fas(D)+1.

By Claims 8.3.2 and 8.3.3, one can reverse the arcs of |E′| two by two using at most 4(p−1) |E
′|

2
(= p)-inversions. Thus inv=p(D) ≤ 2(p− 1)(fas(D) + 1). □

Corollary 8.4.5. Let p ≥ 4 be an even integer, and let D be an oriented graph with at least p+ 2
vertices and at least one directed cycle. Then,

inv=p(D) ≤ inv≤p(D)4(p− 1)

(
p

2

)
.

Proof. Note that inv≤p(D) ≥ fas(D)

(p2)
, and using this we argue as follows.

inv≤p(D)4(p− 1)

(
p

2

)
≥ 4(p− 1)

(
p

2

)
fas(D)(

p
2

)

≥ 4(p− 1) fas(D)

≥ 4(p− 1)
fas(D) + 1

2
≥ inv=p(D) by Theorem 8.4.4.

□

Similarly, one can ask whether for odd p there exists a function fp such that inv=p(D) ≤
fp(inv

≤p(D)) for all (= p)-invertible oriented graph D. It turns out that the answer for this
question is negative, even when D is a tournament and p = 3.

Proposition 8.4.6. Let p be an odd positive integer. There is no function fp such that inv=p(T ) ≤
fp(inv

≤p(T )) for all (= p)-invertible tournament T .

Proof. Let TTn be a transitive tournament on n vertices. Let v1, . . . , vn be the unique acyclic
ordering of TTn. We denote by Tn be the tournament obtained by reversing the arc v1vn (so
inv≤p(Tn) = 1). Note that, for even n, Tn has n/2 out-even vertices, and by Corollary 8.3.11, Tn is
(= p)-invertible.

Towards a contradiction, suppose that there is a function fp such that inv=p(Tn) ≤ fp(inv
≤p(Tn)) =

fp(1) for all n. Then consider a sufficiently large even n, greater than p+2, such that n−3
p ≥ fp(1).

Let X be a decycling (= p)-family of Tn of cardinality at most n−3
p . Since at most n−3 vertices can

be involved in X , there must exist a vertex vi for 2 ≤ i ≤ n−1 that does not belong to any set of X .
Thus X is also a decycling (= p)-family of Tn−vi = Tn−1, and so Tn−1 is (= p)-invertible. But, since
(n−1) is odd, Tn−1 has less than ⌈n−1/2⌉ out-even vertices, a contradiction to Corollary 8.3.11. □
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Lemma 8.4.7. Let p be an integer greater than 1, and let D be an oriented graph of order n.
In at most |A(D)|/(p − 1) (= p)-inversions, we can transform D into an oriented graph D′ with
fas(D′) ≤ (p− 2)n− 3

4p
2 + 7p

4 .

Proof. Let (v1, . . . , vn) be an ordering of the vertices of D. Let D = D1, and for k = 1 to n − p
we do the following.

Let Bk be the set of backward arcs with head vk in Dk. Let u1, . . . , ut be the tails of the arcs
in Bk. (Note that {u1, . . . , ut} ⊆ {vk+1, . . . , vn}.) Set sk = ⌊t/(p − 1)⌋, and for i = 1 to sk,
let Xi = {vk} ∪ {uj | (i− 1)(p− 1) + 1 ≤ j ≤ i(p− 1)}. We then invert all the Xi (which are
all p-sets) to obtain Dk+1.

Observe that for each k ∈ [n− p], at step k, we reversed all backward arcs with head vk except
possibly t− sk(p− 1) ≤ p− 2. Moreover vk is in no inversions in further steps. So in D′, there are
at most (p− 2)(n− p) backward arcs with head in {v1, . . . , vn−p}.

Now consider a median order (wn−p+1, . . . , wn) of Dn−p+1[{vn−p+1, . . . , vn}]. It has at most
1
2

(
p
2

)
backward arcs.

Thus, considering the ordering (v1, . . . , vn−p, wn−p+1, . . . , wn), we get

fas(D′) ≤ (p− 2)(n− p) +
1

2

(
p

2

)
= (p− 2)n− 3

4
p2 +

7p

4

The number of inversions made to go from D to D′ is
∑n−p

k=1 sk ≤ 1 +
∑n−p

k=1 |Bk|/(p− 1). Now
each arc in Bk is incident to vk and a vertex of {vk+1, . . . , vn}, so

∑n−p
k=1 |Bk| ≤ |A(D)|. So the

number of inversions is at most |A(D)|/(p− 1). □

Lemma 8.4.7 and Theorem 8.4.4 immediately imply the following.

Corollary 8.4.8. Let p ≥ 4 be an even integer and let D be an oriented graph of order n ≥ p+ 2.
Then,

inv=p(D) ≤ |A(D)|
p− 1

+ 2(p− 1)

(
(p− 2)n− 3

4
p2 +

7p

4

)

A natural question is whether such a corollary also holds when p odd.

Problem 8.4.9. Let p ≥ 3 be an odd integer. Does there exist a constant Cp such that inv=p(D) ≤
|A(D)|
p−1 + Cp · n for every invertible oriented graph D of order n ≥ p+ 2 ?

Better bounds for dense digraphs

The following proposition is easy and well known. Its proof is left to the reader.

Proposition 8.4.10. A graph of order n with no even cycles has at most ⌊ 3(n−1)
2 ⌋ edges.

Proposition 8.4.11. Let p ≥ 3 and ℓ ≥ 2 be two integers, and let D be an oriented graph of order
at least p+ 2. With 4ℓ (= p)-inversions, we can reverse the arcs of a 2ℓ-cycle and none other.

Proof. We may assume without loss of generality that D is a tournament, up to completing it
arbitrarily to obtain one. Indeed, if the result holds for such a tournament, then applying the same
inversions over D also produces the desired sol. Now, let C = (x1, . . . , x2ℓ, x1) be a (initial) 2ℓ-cycle
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of D. Consider the 4-cycles Ci = (xi, xi+1, xi+ℓ+1, xi+ℓ, xi) (with indices modulo 2ℓ) for i ∈ [ℓ]. By
Claim 8.3.1, one can reverse the arcs of each Ci and no other in four (= p)-inversions. Doing so for
each Ci, every chord of type xi+ℓxi is reversed twice and each arc of C is reversed only once. Thus,
those 4ℓ inversions reverse the arcs of C and no other arcs. □

Theorem 8.4.12. Let p be an even integer greater than 2, k ≥ 1 an integer and D an oriented
graph of order n ≥ p+ 2. Then inv=p(D) ≤ 2 fas(D) + 2pn− 3

2p− 5n+ 13
2 .

Proof. Let D1 be the acyclic oriented graph obtained by reversing every arc of a minimum feedback
arc set of D and let D2 be an acyclic oriented graph obtained from D1 by reversing exactly one
arc. Then, there is some i such that D disagrees with Di on an even number of arcs, call them F ′,
and we have |F ′| ≤ fas(D) + 1.

Let F ′
1 be a maximal subset of F ′ which is the union of arc-disjoint even cycles. By Proposi-

tion 8.4.10, |F ′ \ F ′
1| ≤ ⌊ 3(n−1)

2 ⌋. Let P2 be a maximum set of disjoint pairs of adjacent arcs in
F ′ \ F ′

1, let F ′
2 be the set of arcs in pairs of P2, and let F ′

3 = F ′ \ (F ′
1 ∪ F ′

2). By our choice of
P2, the set F ′

3 is a matching so |F ′
3| ≤ n/2. Moreover, |F ′

3| is even because F ′ was even and F ′
1

and F ′
2 are also even by definition. We first reverse the arcs of F ′

1 using 4ℓ (= p)-inversions per
2ℓ-cycle by Proposition 8.4.11, so in average two (= p)-inversions per arc. We then reverse the arcs
of F ′

2 using 2(p − 1) (= p)-inversions per pair of adjacent arcs by Claim 8.3.2, so in average p − 1
(= p)-inversions per arc. Finally, we reverse the arcs of F ′

3 using 4(p− 1) (= p)-inversions per pair
of non-adjacent arcs by Claim 8.3.3, so in average (2p − 2) (= p)-inversions per arc. Therefore,
D1 can be transformed in the acyclic digraph D2 (and thus D into the acyclic digraph D∗) using
2|F ′

1|+ (p− 1)|F ′
2|+ (2p− 2)|F ′

3| (= p)-inversions. Since |F ′
2 ∪F ′

3| ≤ 3(n−1)
2 , and |F ′

3| ≤ n/2, we get

inv=p(D) ≤ 2|F ′
1|+ (p− 1)|F ′

2|+ (2p− 2)|F ′
3|

≤ 2|F ′|+ (p− 3)|F ′
2|+ (2p− 4)|F ′

3|
≤ 2 fas(D) + 2 + (p− 3)|F ′

2 ∪ F ′
2|+ (p− 1)|F ′

3|

≤ 2 fas(D) + 2 + (p− 3)
3(n− 1)

2
+ (p− 1)n/2

≤ 2 fas(D) + 2pn− 3

2
p− 5n+

13

2

□

A natural question is to ask for statement similar to Theorem 8.4.12 for odd p.

Problem 8.4.13. Let p ≥ 3 be an odd integer, and k ≥ 1 an integer. Do there exist constants
C,Cp such that inv=p(D) ≤ C · fas(D)+Cp ·n for every invertible oriented graph of order n ≥ p+2?

Problem 8.4.14. For p even, n ≥ p+ 2, determine

M=p(n) = max{inv=p(D) | D digraph of order n}
= max{inv=p(T ) | T tournament of order n}.

Better bounds for very dense digraphs

Theorem 8.4.15. Let p be an integer with p ≥ 2. There exist constants αp and ϵp with ϵp > 0

such that the following holds. Let n be a positive integer, and let E ⊆
(
[n]
2

)
. There exists an integer
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ℓ with ℓ ≤ |E|
⌈p/2⌉·⌊p/2⌋ and (= p)-sets X1, . . . , Xℓ ⊆ [n] such that

∣∣∣∣E∆

(
X1

2

)
∆ . . .∆

(
Xℓ

2

)∣∣∣∣ ≤ αp · n2−ϵp .

Intuitively, this means that after |E|
⌈p/2⌉·⌊p/2⌋ inversions, we have reversed exactly the edges in E,

up to O(n2−ϵp) errors. The quantity |E|
⌈p/2⌉·⌊p/2⌋ comes from the following observation: in a bipartite

graph G, |E(G)∩
(
X
2

)
| ≤ ⌈p/2⌉ · ⌊p/2⌋ for every X ⊆ V (G) of size at most p. Hence, |E|

⌈p/2⌉·⌊p/2⌋ is a
lower bound, which is not too far from the optimum by Theorem 8.4.15. We will use the following
classical theorem by Kővári, Sós, and Turán [KST54].

Theorem 8.4.16 (Kővári, Sós, and Turán ’54). Let s, t be positive integers with t ≤ s, and let G
be a graph on n vertices. If |E(G)| > 4s

1
t n2− 1

t , then Ks,t is a subgraph of G.

Proof of Theorem 8.4.15. Note that it is enough to prove the result for large enough values of n.
Let

s =
⌊
n

1
2t2

⌋
, t =

⌊p
2

⌋
, N =

⌊
n2− 1

3t

⌋
, C =

⌊
n1− 1

2t

⌋
,

and let n0 be a positive integer such that

n1− 1
2t

(
lnn− 2−2⌈ p

2 ⌉−1n
1
6t

)
< − ln(2n)

for every n ≥ n0.
Let n be an integer with n ≥ n0, and let Y be a random family of subsets of V (G) each of size

⌈p2⌉, such that the event X ∈ Y for X ∈
(V (G)

⌈ p
2 ⌉
)

are independent and with the same probability

N ·
(

n
⌈ p

2 ⌉
)−1.

Let G = ([n], E). We will build a sequence H1, . . . ,Hr of pairwise edge-disjoint copies of Ks,t

in G as follows.
Let i ≥ 1. Assume that H1, . . . ,Hi−1 is already constructed. If G \ ⋃j∈[i−1] E(Hj) does not

contain Kt,s+C as a subgraph, then the sequence is finished. Otherwise, let H0
i be a copy of Kt,s+C

in G \ ⋃j∈[i−1] E(Hj) with bipartition (Ai, B
0
i ) with |Ai| = t and |B0

i | = s + C. Then let Yi be
an inclusion-wise maximal family of pairwise disjoint members of Y included in B0

i . Finally, let
Bi = B0

i ∩
⋃Yi and let Hi be the complete bipartite graph with bipartition (Ai, Bi). Note that the

graphs Hi are pairwise edge-disjoint.
Claim 8.4.1. For every i ∈ [r],

P [|Bi| ≥ s] > 1− 1

2n
.

Proof of L. et
W = B0

i \
⋃
Yi.

We want to show that P[|W | > C] < 1
2n .

P[|W | > C]

≤ P
[
∃Z ⊆ B0

i , |Z| = C and ∀X ∈
(

Z

⌈p2⌉

)
, X ̸∈ Y

]
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≤
∑

Z∈(B
0
i

C )

P
[
∀X ∈

(
Z

⌈p2⌉

)
, X ̸∈ Y

]

≤
(
s+ C

C

)
·
(
1−N ·

(
n

⌈p2⌉

)−1
)( C

⌈ p
2
⌉)

≤ (s+ 1)C · exp
(
−N

(
C

⌈ p
2 ⌉
)

(
n

⌈ p
2 ⌉
)
)

≤ exp

(
C ln(s+ 1)−N

(C − ⌈p2⌉)⌈
p
2 ⌉

n⌈ p
2 ⌉

)

≤ exp

(
C ln(s+ 1)−N2−⌈ p

2 ⌉
C⌈ p

2 ⌉

n⌈ p
2 ⌉

)
since C ≥ 2

⌈p
2

⌉

≤ exp

(
C lnn−N2−⌈ p

2 ⌉
C⌈ p

2 ⌉

n⌈ p
2 ⌉

)
since s+ 1 ≤ n

≤ exp

(
n1− 1

2t lnn−N2−2⌈ p
2 ⌉

n(1− 1
2t )⌈

p
2 ⌉

n⌈ p
2 ⌉

)
since

1

2
n1− 1

2t ≤ C ≤ n1− 1
2t

≤ exp
(
n1− 1

2t lnn− 2−2⌈ p
2 ⌉−1n2− 1

2t · n− 1
2t ⌈

p
2 ⌉
)

since
1

2
n2− 1

2t ≤ N

≤ exp
(
n1− 1

2t lnn− 2−2⌈ p
2 ⌉−1n1− 1

2t

)
since

⌈p2⌉
2t
≤ 1

= exp
(
n1− 1

2t

(
lnn− 2−2⌈ p

2 ⌉−1n
1
4t

))

<
1

2n

□

We deduce from the claim that P
[
∀i ∈ [r], |Bi| ≥ s

]
> 1 − r 1

2n ≥ 1
2 . Observe moreover that

E[|Y|] = N , so by Markov’s inequality, P[|Y| > 2N ] ≤ 1
2 . Hence there exists Y such that |Bi| ≥ s

for every i ∈ [r] and |Y| ≤ 2N . From now on we fix such a family Y.
For every i ∈ [r], let

Xi = {Ai ∪ Y | Y ∈ Yi},
and let Ei be the set of all the unordered pairs u, v ∈ [n] such that the number of sets X in Xi

containing both u and v is odd. Observe that for every i ∈ [r],

E(Hi) ⊆ Ei ⊆ E(Hi) ∪
(
Ai

2

)
∪
⋃

Y ∈Y

(
Y

2

)
.

Hence, for every uv ∈ E∆(
⋃

i∈[r] Ei), either u, v ∈ Y for some Y ∈ Y ∪ {Ai | i ∈ [r]}, or
uv ∈ E \⋃i∈[r] Ei. The point is that this leaves only a few possible pairs of vertices. Let X 1 be the
set of all the pairs of the first kind, that it the pairs uv ∈ E∆(

⋃
i∈[r] Ei) with uv ∈ E \⋃i∈[r] Ei,

and let X 2 be the set of all the uv ∈ E∆(
⋃

i∈[r] Ei) with u, v ∈ Y for some Y ∈ Y ∪ {Ai | i ∈ [r]}.
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We take X1, . . . , Xℓ to be the elements of
⋃

i∈[r] Xi. By construction, we have

ℓ =
∣∣∣
⋃

i∈[r] Xi

∣∣∣ ≤ |E|
⌊p2⌋⌈

p
2⌉

.

It remains to bound the size of X 1 ∪ X 2. Since the graphs H1, . . . ,Hr are pairwise edge disjoint,
we have r ≤ |E|

st and so

|X 1| ≤ (t− 1) · r

≤ (t− 1) · |E|
st

≤ |E|
s

≤ 2n2

n
1

2t2

= 2n2− 1
2t2 .

Then, since G \⋃i∈[r] E(Hi) does not contain Kt,s+C as a subgraph, Theorem 8.4.16 implies

|X 1| ≤ 4(s+ C)
1
t n2− 1

t

≤ 4(2n1− 1
2t )

1
t n2− 1

t since s ≤ C and C ≤ n1− 1
2t

≤ 8n2− 1
2t2 .

Moreover,

|X 2| ≤
(⌈p2⌉

2

)
· |Y|

≤ p2 · 2N because p ≥ 2 and |Y| ≤ 2N

≤ 2p2n2− 1
3t because N ≤ n2− 1

3t .

It follows that

|X 1 ∪ X 2| ≤ 2n2− 1
2t2 + 8n2− 1

2t2 + 2p2n2− 1
3t

≤ αpn
2−ϵp

where αp = 2 + 8 + 2p2 and ϵp = min{ 1
3t ,

1
2t2 }. This proves the theorem. □

Corollary 8.4.17. Let p be an even integer. inv=p(D) ≤ fas(D)
⌈p/2⌉·⌊p/2⌋ + o(n2) for every oriented

graph D of order n.

Defining inv=p(n) as the maximum value of inv=p(
−→
G) over all digraphs

−→
G of order n, we obtain

the following corollary.

Corollary 8.4.18. If p is an even integer, then inv=p(n) ≤ n
2⌈p/2⌉·⌊p/2⌋ + o(n2).

Once more a natural question is whether this corollary also holds when p is odd.

Problem 8.4.19. Let p ≥ 3 be an odd integer. Is is true that inv=p(D) ≤ fas(D)
⌈p/2⌉·⌊p/2⌋ + o(n2) for

every invertible oriented graph D of order n ?
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8.5 Complexity of computing the (≤ p)-inversion number on
tournaments

All the restrictions of our problems to instances in which the input oriented graph is a tournament
are named with a Tournament preceding the name of the general problem. For example, this
restriction for (≤ p)-Inversion is named Tournament (≤ p)-Inversion.

8.5.1 NP-completeness of Tournament (≤ p)-Inversion and Tourna-
ment (= p)-Inversion

Given a tournament T and an integer k, recall that deciding whether T has a feedback arc set of
size at most k is NP-complete [Alo06, CTY07]. This means that Tournament (≤ p)-Inversion
and Tournament (= p)-Inversion are NP-complete when p = 2. We show this generalizes to
any p, recalling Theorem 8.1.3.

Theorem 8.1.3. Tournament (≤ p)-Inversion and Tournament (= p)-Inversion are NP-
complete, for any fixed integer p greater than 2.

Our reductions will be from a hypergraph edge-colouring problem. A hypergraph H consists
of a vertex set V (H) and a multiset E(H) of subsets of V (H), called the hyperedges of H. For
some nonnegative integer k, we say that H is k-uniform if |e| = k holds for every e ∈ E(H) and
k-regular if every v ∈ V (H) is contained in exactly k hyperedges. For some positive integer k, a
k-edge-colouring of a hypergraph H is a mapping ϕ : E(H) → [k]. If ϕ(e) ̸= ϕ(e′) holds for each
pair of distinct hyperedges e, e′ with e ∩ e′ ̸= ∅, then we say that ϕ is a proper k-edge-colouring.
We say that a hypergraph is 3-edge-colourable if it admits a proper 3-edge-colouring.

A hypergraph is p-special if it satisfies the following four properties:

(S1) H is p-uniform;

(S2) H is 3-regular;

(S3) |e ∩ e′| ≤ 1 for all distinct hyperedges e, e′ ∈ E(H);

(S4) for all triples (v, v′, v′′) of distinct vertices, if each of {v, v′}, {v, v′′}, and {v′, v′′} is contained
in a hyperedge of H, then {v, v′, v′′} is contained in a hyperedge of H.

We denote by p-Special Hypergraph 3-Edge-Colourability, in short (p, 3)-SHEC, the
problem of deciding whether a given p-special hypergraph H is 3-edge-colourable.

The hardness of (p, 3)-SHEC will be crucial for our reduction proving Theorem 8.1.3. Note that
the problem (2, 3)-SHEC is exactly the problem of deciding whether a cubic, triangle-free graph
is 3-edge-colourable. This problem is well known to be NP-hard. (See for example Theorem 4 in
[CE91].)

Proposition 8.5.1. (2, 3)-SHEC is NP-hard.

In the following, we give a slightly technical proof for the fact that this hardness result generalizes
for arbitrary p ≥ 3.

Lemma 8.5.2. (p, 3)-SHEC is NP-hard for every p ≥ 2.
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Proof. By Proposition 8.5.1, the statement holds for p = 2. Now consider an integer p ≥ 3.
Inductively, we may suppose that (p − 1, 3)-SHEC is NP-hard. We will show the hardness of
(p, 3)-SHEC by a reduction from (p− 1, 3)-SHEC.

Let H be a (p − 1)-special hypergraph. We now create a hypergraph H′. For every v ∈ V (H)
and every (i, j) ∈ [p]2, we let V (H′) contain a vertex vi,j . Next, for every e ∈ E(H) and every
(i, j) ∈ [p]2, we let V (H′) contain a vertex xe

i,j . For every e ∈ E(H) and every (i, j) ∈ [p]2, we let
E(H′) contain a hyperedge ei,j = xe

i,j ∪{vi,j | v ∈ e}. Further, for every e ∈ E(H) and every i ∈ [p],
we let E(H′) contain a hyperedge fe,i consisting of {xe

i,j | j ∈ [p]}. Finally, for every e ∈ E(H) and
every j ∈ [p], we let E(H′) contain a hyperedge f ′

e,j consisting of {xe
i,j | i ∈ [p]}. This finishes the

description of H′. Observe that |V (H′)| = p2(|V (H)|+ |E(H)|). Then, it is easy to check that H′

is 3-regular because H is, so we have |E(H′)| ≤ 3|V (H′)|. Hence, the size of H′ is polynomial in the
size of H.
Claim 8.5.1. H′ is p-special.
Proof of W. e need to prove that H′ satisfies (S1), (S2), (S3) and (S4).

It follows immediately from the fact that H is (p − 1)-uniform and by construction that H′

satisfies (S1).

We have already argued that H′ is 3-regular, so it satisfies (S2).

We next prove (S3). Let g, g′ be distinct hyperedges in E(H′). First suppose that g = fe,i
for some e ∈ E(H) and some i ∈ [p]. If g′ = fe′,j for some e′ ∈ E(H) and j ∈ [p], we obtain
(e, i) ̸= (e′, j) by assumption. It follows by construction that g ∩ g′ = ∅. Next suppose that
g′ = f ′

e′,j for some e′ ∈ E(H) and some j ∈ [p]. We have by construction that g ∩ g′ = {xe
i,j} if

e′ = e and g ∩ g′ = ∅, otherwise. Now suppose that g′ = e′i′,j for some e′ ∈ E(H) and (i′, j) ∈ [p]2.
It follows by construction that g ∩ g′ = {xe

i,j} if (e′, i′) = (e, i), and g ∩ g′ = ∅, otherwise. The case
of g = f ′

e,j for some e ∈ E(H) and some j ∈ [p] can be handled similarly. We may then suppose
that g = ei,j for some e ∈ E(H) and (i, j) ∈ [p]2. By symmetry of the roles played by e and e′,
we may also suppose that g′ = e′i′,j′ for some e′ ∈ E(H) and (i′, j′) ∈ [p]2. If (i, j) ̸= (i′, j′), we
have g ∩ g′ = ∅ by construction. If (i, j) = (i′, j′), we deduce g ∩ g′ = {vi,j | v ∈ e ∩ e′}. As H is
(p− 1)-special, we have |e ∩ e′| ≤ 1 and so |g ∩ g′| ≤ 1. Therefore H′ satisfies (S3).

Let us now prove (S4). Consider three distinct vertices v, v′, v′′ of V (H′) such that each of
{v, v′}, {v, v′′}, and {v′, v′′} is contained in a hyperedge of E(H′).

First suppose that v = xe
i,j for some (i, j) ∈ [p]2 and e ∈ E(H). As {v, v′} is contained in a

hyperedge of H′, we either have v′ = xe
i′,j for some i′ ∈ [p] − i, v′ = xe

i,j′ for some j′ ∈ [p] − j or
v′ = u′

i,j for some u′ ∈ e. We first deal with the case where v′ = xe
i′,j for some i′ ∈ [p] − i, and

discriminate according to the three possibilities for v′′ (which are the same as for v′).

• If v′′ = xe
i′′,j for some i′′ ∈ [p]− {i, i′}, and we obtain {v, v′, v′′} ⊆ f ′

e,j .

• If v′′ = xe
i,j′′ for some j′′ ∈ [p] − j, and our construction yields that no hyperedge in E(H′)

contains {v′, v′′}, a contradiction.

• If v′′ = u′′
i,j for some u′′ ∈ e, and again by construction no hyperedge in E(H′) contains

{v′, v′′}, a contradiction.

Now, up to symmetry between v′ and v′′, the last remaining case is when v′ = u′
i,j for some u′ ∈ e

and v′′ = u′′
i,j for some u′′ ∈ e − u′. Then, we know that {v, v′, v′′} ⊆ ei,j by construction. This

concludes the case v = xe
i,j , and by symmetry also the cases where v′ = xe′

i′,j′ and v′′ = xe′′

i′,j′ .
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We may hence suppose that v = ui,j for some u ∈ V (H) and (i, j) ∈ [p]2, that v′ = u′
i′,j′ for

some u′ ∈ V (H) and (i′, j′) ∈ [p]2, and that v′′ = u′′
i′′,j′′ for some u′′ ∈ V (H) and (i′′, j′′) ∈ [p]2.

If (i, j) ̸= (i′, j′), our construction yields that E(H′) does not contain a hyperedge containing
{v, v′}, a contradiction. We therefore obtain (i′, j′) = (i, j), and symmetrically (i′′, j′′) = (i, j). By
construction, we know each of {u, u′}, {u, u′′}, and {u′, u′′} is contained in a hyperedge of E(H).
As H is (p − 1)-special, we then know there exists some e ∈ E(H) such that {u, u′, u′′} ⊆ e. By
construction, it follows that {v, v′, v′′} ⊆ ei,j . Therefore, H′ satisfies (S4). □

It remains to prove that H′ is 3-edge-colourable if and only if H is. First suppose that H′ is
3-edge-colourable. Then it admits a proper 3-edge-colouring ϕ′. Let ϕ be the 3-edge-colouring of
H defined by ϕ(e) = ϕ′(e1,1) for every e ∈ E(H). Let e, e′ ∈ E(H) with e ∩ e′ ̸= ∅. Then, by
construction, we have e1,1 ∩ e′1,1 ̸= ∅. As ϕ′ is a proper 3-edge-colouring, ϕ′(e1,1) ̸= ϕ′(e′1,1) and
hence by construction ϕ(e) ̸= ϕ(e′). It follows that ϕ is a proper 3-edge-colouring of H.

Now suppose that H is 3-edge-colourable. Then it admits a proper 3-edge-colouring ϕ. We
now define a 3-edge-colouring ϕ′ of H′ as follows. First, for every e ∈ E(H) and (i, j) ∈ [p]2, we
set ϕ′(ei,j) = ϕ(e). Now consider some e ∈ E(H) and let α, β be the unique integers with α < β
and {α, β} = [3] \ {ϕ(e)}. We then set ϕ′(fe,i) = α for all i ∈ [p] and ϕ′(f ′

e,j) = β for all j ∈ [p].
This finishes the description of ϕ′. Let us prove that ϕ′ is proper. Consider some g, g′ ∈ E(H′)
with g ∩ g′ ̸= ∅. If g = fe,i for some e ∈ E(H) and some i ∈ [p] or g = f ′

e,j for some e ∈ E(H)
and some j ∈ [p], we obtain ϕ′(g) ̸= ϕ′(g′) by construction of ϕ′. We may hence suppose that
g = ei,j for some e ∈ E(H) and some (i, j) ∈ [p]2. Symmetrically, we may suppose that g′ = e′i′,j′

for some e′ ∈ E(H) and some (i′, j′) ∈ [p]2. If (i, j) ̸= (i′, j′), we have g ∩ g′ = ∅ by construction,
a contradiction. We then have (i′, j′) = (i, j) and e ̸= e′. By construction and as g ∩ g′ ̸= ∅, we
then have e ∩ e′ ̸= ∅. As ϕ is a proper 3-edge-colouring of H, we have ϕ(e) ̸= ϕ(e′) and hence by
construction that ϕ′(g) ̸= ϕ′(g′). Therefore ϕ′ is a proper 3-edge-colouring of H′. This finishes the
proof. □

For the main part of the proof of Theorem 8.1.3, we further need the following simple observation.

Proposition 8.5.3. Let D be a digraph and X be a decycling (≤ p)-family of size k for some
positive integers k and p. If there exists an arc uv ∈ A(D) and pk directed cycles C1, . . . , Cpk in D
such that V (Ci) ∩ V (Cj) = {u, v} for all distinct i, j ∈ [pk] and uv ∈ A(Ci) for all i ∈ [pk], then
there exists X ∈ X such that {u, v} ⊆ X.

Proof. Set Y =
⋃

X∈X X, and observe that |Y | ≤ kp. For every i ∈ [pk], at least one arc of Ci

is spanned by Y , so there exists Xi ∈ X containing at least two vertices of Ci. If none of the Xi

contains {u, v}, then each Xi contains at least one vertex in V (Ci) \ {u, v}. Now, either some Xi

contains two elements of V (Ci) \ {u, v}, or it contains u or v, and in any case we have |Y | ≥ kp+1,
a contradiction. Thus one of the Xi contains {u, v}. □

We shall also use the following notation : given two disjoint sets of vertices A and B in a digraph
D, we write A⇒ B if all possibles arcs with tail in A and head in B. We are now ready to proceed
to the main proof of Theorem 8.1.3.
Proof of Theorem 8.1.3. Let us prove the NP-hardness of Tournament (≤ p)-Inversion.

The proof is a reduction from (p − 1, 3)-SHEC to Tournament (≤ p)-Inversion. Let H be
a (p− 1)-special hypergraph and let (v1, . . . , vn) be an arbitrary ordering of V (H). We further set
k = |E(H)|. We now create a tournament T . We first let V (T ) contain V (H). Further, for all
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distinct i, j ∈ [n] with i < j, we let A(T ) contain (vj , vi) if {vi, vj} ⊆ e for some e ∈ E(H), and
(vi, vj), otherwise. Next, for i ∈ [n], we let V (T ) contain a set Wi of pk vertices, and we let A(T )
contain arcs such that T [Wi] is a transitive tournament. We set W =

⋃
i∈[n] Wi. Next, for i ∈ [n],

we let {v1, . . . , vi−1} ⇒ Wi and Wi ⇒ {vi, . . . , vn} in T . Further, for all distinct i, j ∈ [n], with
i < j we let Wi ⇒ Wj in T . Finally, we let V (T ) contain a set Z = {z1, z2, z3}. We let Z ⇒ W
and V (H) ⇒ Z in T . Finally, we add some arcs such that T [Z] is a transitive tournament. This
finishes the description of T . Observe that the size of T is polynomial in the size of H.

Let us prove that inv≤p(T ) ≤ k if and only if H is 3-edge-colourable.

First suppose that H admits a proper 3-edge-colouring ϕ. For every e ∈ E(H), we set Xe =
e ∪ {zϕ(e)}. Observe that |Xe| = p, as H is (p − 1)-uniform. Set X = (Xe | e ∈ E(H)) and
X =

⋃
e∈E(H) Xe. Observe that X contains exactly k sets. Now let T ′ = Inv(T ;X ). We shall now

prove that T ′ is a transitive tournament.
First consider some i ∈ [n] and some j ∈ [3]. Then, by construction, we know A(T ) contains the

arc vizj . AsH is 3-regular and ϕ is a proper 3-edge-colouring ofH, there exists exactly one e ∈ E(H)
with vi ∈ e and ϕ(e) = j. It follows that {vi, zj} ⊆ Xe and {vi, zj} ⊈ Xe′ for all e′ ∈ E(H) \ {e}. It
follows that A(T ′) contains the arc (zj , vi). Hence Z ⇒ V (H) in T ′. Furthermore, as X ∩W = ∅,
we have Z ⇒W in T ′. Next, as |Xe ∩Z| ≤ 1 for all e ∈ E(H), we have T ′[Z] = T [Z], and so T ′[Z]
is a transitive tournament. It hence suffices to prove that T ′ − Z is a transitive tournament.

To this end, consider some distinct i, j ∈ [n] with i < j. If there exists no hyperedge in E(H)
containing {vi, vj}, then, by construction, we know A(T ) contains (vi, vj) and {vi, vj} \Xe ̸= ∅ for
all e ∈ E(H). It follows that A(T ′) contains the arc (vi, vj). If there exists a hyperedge e ∈ E(H)
containing {vi, vj}, then, by the property (S3) of (p−1)-special hypergraph, e is the only hyperedge
containing {vi, vj}. It follows by construction that A(T ) contains (vj , vi), and as {vi, vj} ⊆ Xe,
{vi, vj} ⊈ Xe′ for all e′ ∈ E(H) \ {e}, we deduce that A(T ′) contains (vi, vj). Therefore T ′[V (H)]
is transitive with acyclic ordering (v1, . . . , vn). Now since we have X ∩W = ∅, all the arcs incident
to a vertex of W are unchanged we inverting the sets of X . Hence, in T ′, {v1, . . . , vi−1} ⇒ Wi

and Wi ⇒ {vi, . . . , vn} for all i ∈ [n], Wi ⇒ Wj for all distinct i, j ∈ [n]. Therefore, T ′ − Z is a
transitive tournament, which implies that T ′ is a transitive tournament.

Now suppose that T has a decycling (≤ p)-family X of size at most k. For i ∈ [k], let Fi be the
set of arcs of A(T ) for which there exist exactly i sets in X each of which contain both endvertices
of the arc and let F =

⋃
i∈[k] Fi. Further, let A1 be the set of all arcs oriented from V (H) to Z in

A(T ), and A2 those arcs in A(T ) of the form (vj , vi) for some i, j ∈ [n] with i < j.

Claim 8.5.2. F = F1 = A1 ∪A2 and |X| = p for all X ∈ X .

Proof of F. irst consider an arc vizj ∈ A1 for some i ∈ [n] and j ∈ [3]. Observe that for every
w ∈ W1, (zj , w, vi) is a triangle in T , then Proposition 8.5.3 and the fact that |W1| = pk yields
vizj ∈ F , therefore A1 ⊆ F .

Next consider some distinct i, j ∈ [n] with i < j such that (vj , vi) ∈ A2. Observe that for every
w ∈ Wj , (vi, w, vj , vi) is a directed 3-cycle in T . Hence, (vj , vi) ∈ F by Proposition 8.5.3, since
|W1| = pk, therefore A2 ⊆ F .

As A1 ∩ A2 = ∅, we get |F | ≥ |A1|+ |A2|. Moreover as H is (p− 1)-special, a double counting
of the vertex-hyperedge incidences yields 3n = k(p− 1), therefore:
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k

(
p

2

)
≥
∑

X∈X

(|X|
2

)

=

k∑

i=1

i|Fi|

≥ |F |
≥ |A1|+ |A2|

= 3n+ k

(
p− 1

2

)

= k(p− 1) + k

(
p− 1

2

)

= k

(
p

2

)
.

Then, equality holds throughout and the statement follows. □

Now consider some X ∈ X . Then, Claim 8.5.2, yields that |X| = p, X ⊆ Z ∪ V (H) and
F ∩A(T [Z]) = ∅, hence |X ∩ Z| ≤ 1. Now consider some distinct i, j ∈ [n] such that {vi, vj} ⊆ X.
By Claim 8.5.2, one of (vi, vj) and (vj , vi) is contained in A2, and, by construction and (S3), there
exists a unique hyperedge e ∈ E(H) such that {vi, vj} ⊆ e. As vi and vj were chosen to be
arbitrary elements of X ∩ V (H) and by the property (S4), we have X ∩ V (H) ⊆ e. We now obtain
p = |X| = |X ∩Z|+ |X ∩V (H)| ≤ 1+ |e| = 1+ (p− 1) = p, hence equality holds throughout which
yields X = e ∪ zj for some j ∈ [3]. As F = F1 by Claim 8.5.2, for every e ∈ E(H), there exists at
most one X ∈ X with e ⊆ X. Then, since |X | = k = |E(H)|, for every e ∈ E(H), there exists one
(and exactly one) je ∈ [3] such that e ∪ zje ∈ X .

We now define a 3-edge-colouring ϕ of H by setting ϕ(e) = je, and let us prove that it is proper.
Consider some v ∈ V (H) and suppose for the sake of a contradiction that there exist two distinct
hyperedges e, e′ ∈ E(H) containing v with ϕ(e) = ϕ(e′). It follows by construction that X contains
both the sets e∪ zϕ(e) and e′ ∪ zϕ(e). We then have vzϕ(e) ∈ F \ F1, a contradiction to Claim 8.5.2.

The NP-hardness proof for Tournament (= p)-Inversion is very similar to the one for Tour-
nament (≤ p)-Inversion. Indeed, instances created in the reduction are positive for Tourna-
ment (≤ p)-Inversion if and only if they are positive for (p− 1, 3)-SHEC if and only if they are
positive for Tournament (= p)-Inversion. That is because for any produced instance, both
directions hold: firstly, the decycling family provided by the solution to (p− 1, 3)-SHEC is clearly
a (= p)-family by definition; secondly, if there is a decycling (= p)-family of size k, it is also a
(≤ p)-family, and we have shown that it corresponds to a positive instance of (p − 1, 3)-SHEC.
Actually the proof for (= p)-inversion is a subproof of the current one in the sense that we do not
need Claim 8.5.2 to justify that each inversion has size p. □

8.5.2 A O(k2p3) kernel for Tournament Bounded Size Inversion

In this section, we study the complexity of the two following versions of (≤ p)-Inversion and
(= p)-Inversion, which differ only by including p in the input. This allows us to parameterize by
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both the solution size k, and p, which enables us to derive a polynomial kernel (in p and k) for
tournaments.
Bounded Size Inversion
Input: An oriented graph D and two positive integers p and k
Question: Does D admit a decycling (≤ p)-family of size at most k?

Prescribed Size Inversion
Input: An oriented graph D and two positive integers p and k
Question: Does D admit a decycling (= p)-family of size at most k?

Recall that while Feedback Arc Set in Tournaments is NP-complete, it admits a (2 +
ϵ)k kernel for every ϵ > 0 thanks to Bessy et al. [Bes+11], using the PTAS of Mathieu and
Schudy [KS07]. In our language, this means it is also a kernel for 2-inversion. Here, we consider
instances (T, p, k) for (≤ p)-inversion, and show a polynomial kernel in p and k. Our algorithm also
leverages the PTAS of [KS07] to find a feedback arc set F of size bounded by a function of p and
k. Then, T \ F is acyclic, and we consider the positions of the arcs of F in T to prune vertices “in
between” while preserving an equivalent instance, as long as the “gaps” are large enough.

Theorem 8.5.4. For any ϵ > 0, Tournament Bounded Size Inversion admits a kernel of size
(1 + ϵ)k2p3 + o(k2p3).

Proof. Consider an instance (T, p, k) for Tournament Bounded Size Inversion, with tourna-
ment T and integers k, p, and fix some ϵ > 0. We describe a polynomial-time algorithm producing
an instance (T ′, p, k) equivalent to (T, p, k), such that |T ′| = O(k2p3).

Note that any (≤ p)-inversion reverses the direction of at most
(
p
2

)
arcs. Thus, if (T, p, k) is a

positive instance for Tournament Bounded Size Inversion, then T admits a feedback arc set
of size at most M ≤ k

(
p
2

)
. We first run the PTAS of [KS07] to yield a feedback arc set F such that

|F | ≤ (1+ ϵ)M . Now, if |F | > (1+ ϵ)k
(
p
2

)
, we may output a trivial No instance (such as a directed

3-cycle with k = 0). We may hence suppose that |F | ≤ (1 + ϵ)k
(
p
2

)
in the following. Then, we can

assume F is arc-minimal, because an arc of F the removal of which still yields a feedback arc set
can be found and removed in quadratic time.

We then order V (T ) according to an acyclic ordering σ of T \F , as a mapping σ : V (T )→ |V (T )|,
which can be obtained in polynomial time. Since F is arc-minimal, note that any (a, b) ∈ F is such
that σ(b) < σ(a). Let S ⊆ V (T ) be the set of endpoints of arcs in F , then |S| ≤ 2(1+ ϵ)k

(
p
2

)
. A set

I ⊆ V (T ) is called an interval of (V (T ), σ) if I = σ−1([i, j]) for some i < j ≤ |V (T )|. We employ
the following reduction rule, running in polynomial time, as long as it applies:

♣ Take an arbitrary interval I of (V (T ), σ), disjoint from S, and containing more than kp + 1
vertices, then delete an arbitrary vertex z ∈ I.

Claim 8.5.3. The instance (T ′, p, k), output after one application of ♣ is a Yes instance if and only
if (T, p, k) is.
Proof of the claim. First, if (T, p, k) admits a solution of size (at most) k, say X1, ..., Xk, then
letting X ′

i = Xi − z for each i ∈ [k] yields that X ′
1, ..., X

′
k is a solution to (T ′, p, k).

Now, assume (T ′, p, k) admits a solution of size (at most) k, say (X ′
1, . . . , X

′
k), resulting in the

transitive tournament R′. Consider inversions X ′
1 \ I, . . . , X ′

k \ I on T , resulting in tournament R,
and let us show that they are a solution of size k. Assume for the sake of contradiction that R is not
acyclic and hence, as it is a tournament, contains a triangle C = (a, b, c). This triangle necessarily
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involves a vertex in I, say it is b (possibly equal to z). Indeed, R[V (T ) \ I] is equal to the result
of (X ′

1 \ I, . . . , X ′
k \ I) applied to T [V (T ) \ I], which is also the transitive tournament R′[V (T )\I].

Now, b ∈ I, and b is not part of any inversions X ′
1 \ I, . . . , X ′

k \ I, thus arcs (a, b) and (b, c) existed
in T \ F , which is acyclically ordered by σ, yielding σ(a) < σ(b) < σ(c). We argue that none of a
or c belongs to I. Indeed, otherwise arc (c, a) would not have been inverted by any X ′

i \ I. In that
case, (c, a) was also an arc of T , but cannot be an arc of T \F since σ(a) < σ(c), so (c, a) ∈ F ⊆ S2,
which is absurd. Therefore, (c, a) is also an arc in R′, because R′[V (T )\ I] = R[V (T )\ I]. Consider
T ′, and take any z′ ∈ I − z that does not belong to any (X ′

1, . . . , X
′
k), which is possible since

|I−z| ≥ kp+1. Observe that as T \F is acyclic and acyclically ordered by σ, the fact that a, c /∈ I,
b ∈ I, and σ(a) < σ(b) < σ(c) yields that σ(a) < σ(z′) < σ(c) as well. Arcs (a, z′) and (z′, b) exist
in T \ F , as z′ /∈ S, and since z′ does not belong to any X ′

i, these arcs must also belong to R′,
yielding cycle (a, z, c), which is absurd and concludes the equivalence. □

We apply rule ♣ repeatedly, while the condition holds, ending in the equivalent instance
(T ′, k, p). At this point, T ′ still contains the vertices of S, with |S| ≤ 2(1 + ϵ)k

(
p
2

)
. Further-

more, V (T ) \ S can be partitioned into a collection of 2(1 + ϵ)k
(
p
2

)
+ 1 intervals with respect to σ,

each of which contains at most kp + 1 vertices. This yields that |V (T ′)| ≤ 2(1 + ϵ)k
(
p
2

)
+ (kp +

1)
(
2(1 + ϵ)k

(
p
2

)
+ 1
)
, and in turn |V (T ′)| ≤ (1 + ϵ)k2p3 + o(k2p3). □

8.5.3 W[1]-hardness of Bounded Size Inversion parameterized by p.
We recall the Multicoloured Clique problem, a common restriction of Clique, which is still
W [1]-hard, but allows for easier reductions in many hardness proofs.

Multicoloured Clique (MCC)
Parameter: k
Input: A graph G, along with a partition (V1, . . . , Vk) of V (G)
Question: Does G contain a clique with exactly one vertex from each Vi?

The hardness of MCC derives by a straightforward parameterized reduction from k-Clique,
shown by Fellows et al. [Fel+09].

Proposition 8.5.5 (Fellows et al. ’09). MultiColoured Clique is W[1]-hard.

We are now ready to show the hardness of Bounded Size Inversion parameterized by p,
reducing from MCC.

Theorem 8.1.5. Given a digraph D, both deciding whether D can be made acyclic by one (≤ p)-
inversion, and deciding whether D can be made acyclic by one (= p)-inversion, are W [1]-hard
parameterized by p.

Proof. We prove this statement for one (≤ p)-inversion by a reduction from MCC, then argue the
reduction also holds for one (= p)-inversion.

Consider an instance (G, (V1, . . . , Vk)) of Multicoloured Clique, and let us construct an
instance (D, p) to the (≤ p)-inversion problem. For i ∈ [k], let qi = |Vi| and let v1i , . . . , v

qi
i be an

arbitrary enumeration of Vi. For every i ∈ [k] and j ∈ [qi], we let V (D) contain two vertices wj
i

and xj
i and for every i ∈ [k], we let A(D) contain arcs such that w1

i x
1
i . . . w

qi
i xqi

i w1
i is a cycle which
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we denote by Ci. Further, we denote by F the set of all ordered pairs (vj1i1 , v
j2
i2
) with 1 ≤ i1 < i2 ≤

k, j1 ∈ [qi1 ], j2 ∈ [qi2 ] and such that E(G) does not contain an edge linking vj1i1 and vj2i2 . We let V (D)

contain a set Z that contains a vertex zf for every f ∈ F . Further, for every f = (vj1i1 , v
j2
i2
) ∈ F ,

we let A(D) contain the arcs wj1
i1
zf , zfw

j2
i2

, and wj1
i1
wj2

i2
. Finally, we set p = 2k. This finishes the

description of (D, p). For an illustration, see Figure 8.1.
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w3
3
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3
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2
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2

w2
1

x2
1

G D

Figure 8.1: An illustration of an instance (G, (V1, V2, V3)) of MCC and the corresponding digraph
D. The vertices of V1, V2, and V3 are marked in blue, red, and green in G, respectively. Here,
non-edges of G yield F = (v11 , v

1
3), (v

1
1 , v

2
3), (v

2
1 , v

2
2), (v

1
2 , v

3
3), (v

2
2 , v

2
3). For i ∈ [3], the directed cycle

Ci in D is marked in the same colour as Vi in G. All vertices of Z and arcs of D incident to Z are
marked in black.

It is easy to see that (D, p) can be constructed in polynomial time from (G, (V1, . . . , Vk)) and
clearly, p is bounded by a computational function of k. It hence suffices to prove that inv≤p(D) ≤ 1
if and only if (G, (V1, . . . , Vk)) is a Yes instance of MCC.

First suppose that (G, (V1, . . . , Vk)) is a Yes instance of MCC, so for i ∈ [k], there exists
some ri ∈ [qi] such that G[{vr11 , . . . , vrkk }] is a clique. Set X = {wr1

1 , xr1
1 , . . . , wrk

k , xrk
k } and D′ =

Inv(D,X). Clearly, we have |X| = 2k = p. It now suffices to prove that D′ is acyclic. In D, we have
V (D) = Z ∪⋃i∈[k] Ci, and its non-trivial strongly connected components are exactly the directed
cycles (Ci)i. Now, as {vr11 , . . . , vrkk } induces a clique in G, the set X must induce a matching
(wri

i , xri
i )i∈[k] in D. For any i, the inversion of (wri

i , xri
i ) yields that D′[Ci] is acyclic. Moreover,

note that any vertices joined by a path in D′ must have also been joined in D. Indeed, any path of
D′ using the arc (wri

i , xri
i ) may be replaced by the directed path from wri

i to xri
i along the other side

of Ci. In particular, any directed cycle in D′ involves only vertices contained in a strongly connected
component of D, so it must be contained in some Ci, which is absurd. Therefore, inv≤p(D) ≤ 1.

Now suppose that inv≤p(D) ≤ 1, so there exists a (≤ p)-set X ⊆ V (D) such that D′ is acyclic
where D′ = Inv(D,X). As Ci is a directed cycle for i ∈ [k] and V (Ci1)∩V (Ci2) = ∅ for all distinct
i1, i2 ∈ [k], we have 2k = p ≥ |X| =∑k

i=1 |X∩V (Ci)|+ |X∩Z| ≥
∑k

i=1 |X∩V (Ci)| ≥
∑k

i=1 2 = 2k.
Then, the equality holds throughout and we have X ∩ Z = ∅ and |X ∩ V (Ci)| = 2 for i ∈ [k]. Now
consider some i ∈ [k]. As Ci is a directed cycle and D′ is acyclic, X contains two consecutive
vertices of Ci. As |V (Ci) ∩ X| = 2, this yields that there exists one unique ri ∈ [qi] such that
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wri
i ∈ X.

We claim that G[{vr11 , . . . , vrkk }] is a clique. Suppose otherwise, so there exists some distinct
i1, i2 ∈ [k] with i1 < i2 such that E(G) does not contain an edge linking v

ri1
i1

and v
ri2
i2

. It follows
that f = (v

ri1
i1

, v
ri2
i2

) ∈ F . As {wri1
i1

, w
ri2
i2
} ⊆ X and X ∩Z = ∅, we now know that wri1

i1
zpw

ri2
i2

w
ri1
i1

is
directed cycle in D′, a contradiction. Therefore, G[{vr11 , . . . , vrkk }] is a clique and so (G, (V1, . . . , Vk))
is a Yes instance of MCC.

The same reduction applies when considering one (= p)-inversion, again taking p = 2k. Indeed,
for a solution X to MCC, the inversion set we produce has size exactly p = 2k. Conversely, recall
that in a reduced instance, the k directed cycles (Ci)i share no vertices, so in a positive instance,
the solution contains at least two vertices in each, so it has size exactly 2k. □

8.6 Further directions
While we have shown Bounded Size Inversion is not FPT parameterized by the size of the
inversions, the question of obtaining an FPT algorithm parameterized by k for every fixed p remains
open.

Problem 8.6.1. Does Bounded Size Inversion admit an algorithm running in f(k)nO(f(p))

time?

Going back to the problem of inversions without size constraints, where Tournament k-inversion
is FPT, it would be interesting to obtain a generalization of Theorem 8.5.4.

Problem 8.6.2. Does Tournament k-inversion admit a polynomial kernel?
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(= p)-inversions, 170
(= p)-family, 172
(= p)-set, 172
(≤ p)-family, 172
(≤ p)-inversion number, 135, 170
(≤ p)-inversions, 135, 170
(≤ p)-set, 172
2-connected, 9
χ-bounded, 19
fas(D), 132
k-connected, 13
k-degeneracy ordering, 12

acyclic
digraphs, 22

acyclic ordering, 22, 172
adjacent, 7
anticomplete, 10
arborescence, 21
arc, 20
arc connectivity, 25
augmentation

edge, 10
average degree, 12

bicliques, 10
bidegeneracy, 94
bidirected clique, 22
bidirected graph, 21
bikernel-perfect, 45
block, 57
blocks, 46
blow-up, 11

chromatic number, 15
digraphs, 26

circuit, 7
clique, 10, 13
clique number, 13
closed neighbourhood, 7
closed walk, 7
colour, 15
colour class, 15
colouring, 15
colouring number, 15
complement, 11
complete, 10
complete bipartite graphs, 10
completion, 140
condensation, 24
connected

graph, 9
vertices, 9

connected components, 9
contraction, 11
cut, 14
cycle, 7, 9

DAG, 22
decycling family, 172
degeneracy, 12
degree, 12
deletion

edge, 10
vertex, 10

DFVS, 131
diameter, 13
dichromatic number, 26
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dicolouring, 26
dicritical, 26
dicut, 24
digirth, 24
digon, 20
digraph, 20
dijoin, 24, 146
dipolar set, 74
Directed Acyclic Graph, 22
directed cut, 25
directed cycle, 21
directed edges, 20
directed girth, 24
directed graph, 20
directed path, 21
directed separator, 25
distance, 13
dominating set, 13
domination number, 13
drawing, 8

edge, 7
edge crossings, 8
edge-connected, 14
embedding, 8

faces, 8
FAS, 132
feedback arc set, 130, 132
feedback edge set, 130
Feedback vertex set, 131

directed, 131
feedback vertex set

digraphs, 130
graphs, 130

feedback-arc-set number, 132
fixed-parameter reduction, 31
fixed-parameter tractable, 30
forest, 9
forward-induced, 80
FPT, 30
FVS, 131

girth, 13
graph class, 7

handshaking lemma, 12

digraphs, 24
hereditary, 11
hero, 52
hyperedges, 190
hypergraph, 190

identification, 10
immersion, 11

digraphs, 23
in-degree, 24
in-dominating set, 45
in-domination, 21
in-kernel, 45
in-neighbourhood, 20
independence number, 13
independent, 10
independent digraph, 22
independent set, 13
induced subdigraph, 23
induced subgraph, 11
inversion, 23, 134

arc, 23
inversion diameter, 134
inversion number, 134
isolated, 13
isomorphism, 7

join
graphs, 11

kernel, 31, 45
kernelization algorithm, 31

length, 9
local connectivity, 13
local edge connectivity, 14
local sink, 142
local source, 142
local terminal, 142, 149

maximum average degree, 12
maximum degree, 12
maximum in-degree, 24
maximum out-degree, 24
median order, 44, 172
minimum degree, 12
minimum in-degree, 24
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minimum out-degree, 24
minor, 11
minor-closed, 11
monochromatic, 15
monotone, 11

neighbourhood, 7
closed neighbourhood, 7

nice set, 74
NP-complete, 8

order, 7
orientation, 21
oriented cycle, 21
oriented graph, 20
oriented path, 21
out-degree, 24
out-dominating set, 45
out-domination, 21
out-kernel, 45
out-neighbourhood, 20

parameterized problem, 30
path, 7, 9
perfect, 19
planar, 8
plane embedding, 8
polynomial kernel, 31
PTAS, 133

quasi-kernel, 45

restriction, 141

SCC, 24
semicomplete, 23
semidegree, 39
separator, 13
simple, 7
sink, 21
size, 7

source, 21
spanning subtree, 13
stable set, 13
strong neighbour, 77
strong neighbourhood, 77
strongly connected, 24
strongly connected component, 24
subdigraph, 23
subdivision, 11

digraphs, 23
subgraph, 11
subpath, 11
substitution, 11
subtree, 11

topological ordering, 22
tournament, 23
trail, 7
tree, 9
tree decomposition, 17
treewidth, 10, 17

underlying graph, 21
union

graphs, 11
universal

graph, 45
vertex, 13

variable bidegeneracy, 59
vertex, 7
vertex-connected, 13
vertex-connectivity

digraphs, 25
vertex-inversion, 172
vertex-inversion set, 172
vertex-invertible, 172

walk, 7

XP algorithms, 30
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