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II - Forced structures and chromatic number
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Structural questions

Question
Can a global property force local structure?

High |V |, |E |/|V |
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" %

Chromatic number χ(D): min. colors / no monochromatic arc.

χ(D) = 4

Question
Can high χ force local oriented structure?
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Chromatic number χ(D): min. colors / no monochromatic arc.
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FPT algorithm: distinguishing faces
Input: DAG D, k

Output: ∃?X , |X | ≤ k s.t. D+X plane, strong.
• ∀ face F , local terminals: angles sink/source inside F ,

• Simple faces: 1 local source 1 local sink. 1 “best” completion
• Alternating faces: ≥ 2 local sources, ≥ 2 local sinks.
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Alternating faces: bounding completions

"

Problem: no single “best” way to complete alternating faces.

Lemma Any sol can be reconfigured onto local terminals.

Lemma If (D ,k) is a Yes instance,
number of local terminals across all alternating faces is O(k).

,→ kO(k) different best completions across all alternating faces.
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FPT algorithm

"

Branch over kO(k) best completions of all alternating faces,
,→ for each: compute remaining min. solution within simple faces:

• reduces to Weighted-SCA:

allow only best completion: sink −→ source in simple faces.

Theorem (Bessy, Gonçalves, R., Thilikos ’25+)
Plane SCA is FPT.
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An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,

• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],

• ,→ can be used to solve simple faces... alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,
• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],

• ,→ can be used to solve simple faces... alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,
• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],

• ,→ can be used to solve simple faces... alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,
• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],

• ,→ can be used to solve simple faces... alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,
• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],
• ,→ can be used to solve simple faces...

alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

An open problem

• Both Plane-SCA and Plane-SCA with digons are FPT,
• We only know that Plane-SCA without digons is NP-hard.

Conjecture (Bessy, Gonçalves, R., Thilikos ’25+)
Plane-SCA is polynomial when allowing digons.

• Digon-Only SCA is poly [Frank, Lucchesi-Younger ’80],
• ,→ can be used to solve simple faces... alternating ones?

10 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

II - Forcing oriented subtrees with χ

11 / 20



Introduction I - Plane strong connectivity augmentation II - Forcing oriented subtrees with χ Conclusion

Preliminaries

Chromatic number χ(G ): min. colors / no monochromatic edge

Question Can "high" χ force local substructure?

• minors: χ≥ k
?=⇒ Kk (Hadwiger ’43)

• subgraphs: χ≥ k =⇒ all order k trees / “k-trees”

• induced subgraphs: χ≥ ck ,T
?=⇒ Kk or T (Gyárfás-Sumner ’75)

• oriented subgraphs: χ≥ ck
?=⇒ all oriented “k-trees” (Burr ’80)
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Why look for (oriented) trees

Question Given graph H, ∃? cH s.t.
∀G χ(G )≥ cH =⇒ G contains H as a subgraph?

Theorem (Erdős, Hajnal ’1966)
There exist graphs of arbitrarily large girth and χ.

,→ If H has a cycle: girth ≥V (H)+1 and large χ =⇒ No H
Yes: χ(G )≥ k =⇒ subgraph with δ≥ k −1 =⇒ all k-trees

Question For any k , is there f (k) s.t.
∀D χ(D)≥ f (k) =⇒ D contains all oriented k-trees?
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First examples: stars and directed paths

Lemma χ(D)≥ 2k −2 =⇒ out-star S+
k , of order k .

• else max(d+)≤ k −2 ⇒

degeneracy ≤ 2(k −2) ⇒ χ≤ 2k −3.

Theorem (Gallai, Roy, Hasse, Vitaver ’62)
χ(D)≥ k =⇒ directed path

−→
Pk , of order k .

• Take successive sinks

: independents in DAG that extend right
• Independent in D too ≥χ classes =⇒ −→

Pk
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Burr’s conjecture

Conjecture (Burr ’80)
If χ(D)≥ 2k −2, D contains every oriented k-tree.

%
Tight : diregular K2k−3 forbids S+

k ,
Restrictions:

• DAGs: χ≥ k =⇒ oriented k-trees [A-B,H,LS,R,T ’13],

• Tournaments: χ≥ 2k −2
?=⇒ oriented k-trees [Sumner ’71]

χ≥ 21
8 k suffices [Dross, Havet ’19]

solved for large k [Kühn, Mycroft, Osthus ’10]

Theorem (Addario-Berry, Havet, Linhares Sales, Reed, Thomassé ’13)
If χ(D)≥ k2

2 − k
2 +1, D contains every oriented k-tree.

Theorem (Bessy, Gonçalves, R. ’24)
If χ(D)≥ 2.93k

p
k +O(k), D contains every oriented k-tree.
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Growing trees by gluing leaves

How to get more than S+
k and

−→
Pk?

Lemma (B ’80; A-B,H,L-S,R,T ’13)
Assume χ(D)≥ c =⇒ q-tree T ,

then
χ(D)≥ c +2(q+ℓ) =⇒ T glued with ℓ out-leaves

Already yields O(k2) bound.
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Growing trees by gluing directed paths

Lemma (Bessy, Gonçalves, R. ’24)
Assume χ(D)≥ c =⇒ q-tree T ,

then
χ(D)≥ c +q+2ℓ =⇒ T glued with

−→
Pℓ.
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The subquadratic bound

Consider k-arborescence T , Out(T ) out-leaves of T .

While |Out(T )| ≥p
k :

• Remove leaves: T ←T −Out(T ),

χ cost +2k

At most
p
k iterations... χ cost +pk ·2k , then: |Out(T )| <p

k
• split T into ≤p

k directed paths,

• glue each one successively −→ χ cost +pk ·2k

Theorem (Bessy, Gonçalves, R. ’24)
If χ(D)≥ 4k

p
k +O(k), D contains every k-arborescence.

• We can adapt gluing to (short) oriented paths.

Theorem (Bessy, Gonçalves, R. ’24)
If χ(D)≥ 2.93k

p
k +O(k), D contains every oriented k-tree.
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Open problems

• Oriented paths better than O(k
p
k),

• Oriented trees requiring Θ(
p
k) leaves or path gluings.

√
k

√
k

• Relaxing containment of trees

: subdivisions or immersions.
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Conclusion

Connectivity problems

I FPT of PSCA: arc augmentations to strong connectivity
within plane oriented graphs [B,G,R,T ’25]

• FPT, hardness for inversions to DAG [B-J, H, H, R, R, S ’25]

Substructures from high χ

II oriented subtrees from χ≥ 2.93k
p
k [B,G,R ’24]

• induced
−→
P4/Kk from high dichromatic number [C,M,R,P,S ’22]

• Brooks-type obstructions from high “generalized” dichromatic
number [G,P-A,R ’24]

Thank you!
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Gluing leaves and oriented paths

Obs: T either has
p
k leaves, or splits into

p
k oriented paths.

• Gluing leaves: glue out-leaves then in-leaves, costs O(k),
• Gluing oriented paths Ps : cost now grows in O(s2).

Lemma (Bessy, Gonçalves, R. ’24)
Assume χ(D)≥ c =⇒ q-vertex tree T ′,

then
χ(D)≥ c +q+ s(s +1)/2 =⇒ T ′ glued with any oriented Ps .

• if s ≤p
k :

cost O(k)

• split into Ps ,
with s ≤p

k .
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Growing oriented trees

Induction

Assume χ≥O(k
p
k) =⇒ subtrees of T ,

then:
• if T has ≥p

k leaves −→ add them in O(k) and induce,
• else, split T into

p
k oriented paths,

• cut them again into ≤ 2
p
k oriented paths of length ≤p

k −→
add them all for O(k

p
k).

Theorem (Bessy, Gonçalves, R. ’24)
If χ(D)≥ 2.93k

p
k +O(k), then D contains every oriented

k-tree.
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