Condition number of a square matrix with i.i.d.
columns drawn from a convex body

Radostaw Adamczak! Olivier Guédon
Alexander E. Litvak Alain Pajor
Nicole Tomczak-Jaegermann?

Abstract

We study the smallest singular value of a square random matrix with
i.i.d. columns drawn from an isotropic log-concave distribution. An im-
portant example is obtained by sampling vectors uniformly distributed in
an isotropic convex body. We deduce that the condition number of such
matrices is of the order of the size of the matrix and give an estimate on
its tail behaviour.
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1 Introduction

The quantitative behaviour of the smallest singular value of random matrices
with i.i.d. random entries has attracted a lot of attention over the years. For
Gaussian entries the problem has been investigated in [6] and [16], whereas
for more general models of random matrices with i.i.d. entries, major results
were recently obtained in [9, 13, 14, 17]. In asymptotic geometric analysis one
is interested in sampling vectors uniformly distributed over a convex body. In
particular the entries of corresponding matrices are not necessarily independent.
We develop this direction in the present paper, and we study an even more
general case when the columns of random matrices are i.i.d. random vectors with
an isotropic log-concave distribution. Our main result is a deviation inequality
for the smallest singular value.
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The first results concerning the smallest singular value of large random ma-
trices were obtained in [6] and [16]. The authors considered matrices with in-
dependent standard Gaussian entries and proved the following theorem (below
| - | denotes the Euclidean norm on R™).

Theorem 1.1 ([6, 16]) Let n > 1 and let T be an n x n random matriz with
i.i.d. N'(0,1) entries. Then, for any e >0,

P( inf |Tz| <en™Y?) < Ce,
zesSn—1t

where C is an absolute constant.

Recently a lot of effort has been devoted to proving counterparts of the
above theorem for matrices with general i.i.d. entries. Going in a geometrically
motivated direction we consider in this paper Ensembles (in the sense of Ran-
dom Matrix Theory) of matrices with i.i.d. columns distributed according to
a log-concave isotropic probability measure. An important example of such an
Ensemble is obtained by sampling vectors uniformly distributed in an isotropic
convex body. The formal definition of this Ensemble is presented in Section 2.1.
The main result of our paper is

Theorem 1.2 Letn > 1 and letT' be an n xn matriz with independent columns
drawn from an isotropic log-concave probability . For every e € (0,1),

zesSn—1

9\ 2
]P’( inf |Tx| < cen_1/2> < C'min {ns,e + e_c\/ﬁ} < Coe <log 5) , (D)

where ¢, C, and Cy are absolute positive constants.

We would like to emphasize the difference between two terms under the
minimum in formula (1). Contrary to the case e.g. of matrices with i.i.d.
Bernoulli random entries, the left hand side of (1) tends to 0 as € — 0, due to
the absolute continuity of log-concave distributions. This is not the case for the
second term & + exp(—cy/n) under the minimum, but it has been achieved in
the first term en as well as in the right hand side of formula (1). In fact we
conjecture that

P( inf |Tz|<cen/?) < Ce.
zesSn—1

In the setting of the log-concave Ensemble, the study of the limiting empirical
distribution of the singular values has been done in [10]. Weaker quantitative
results in the direction of Theorem 1.2 were first obtained in [1]. Similarly as in
[9, 13, 14], the proof is based on the splitting of the sphere S™~! into two regions:
the set of vectors whose norm is concentrated on a small number of coordinates,
and the set of other vectors. The main difficulty lies in the fact that we assume
only independence of the column vectors of the matrix and not of all the entries.
Therefore we develop several strategies to study different kind of small ball
probability estimates. One of crucial new ingredients is Proposition 2.7, which
will be essential in the setting of the log-concave Ensemble.



When combined with estimates for the operator norm of the matrix I', ob-
tained recently in [2], the above theorem also yields a corollary about the tail
behaviour of the so called condition number of the matrix I" (denoted by (T")).
The question about its behaviour for random matrices was raised by Smale [15]
in connection with stability of numerical algorithms for solving large systems
of linear equations. Theorem 1.2 implies that for random matrices I" with in-
dependent log-concave isotropic columns, (T') < Cn, similarly as for matrices
with independent Gaussian entries ([6, 16]).

We also investigate the isotropic constant of isotropic log-concave measures
(defined below in (5)), a quantity of major importance in convex geometry.
Although our estimates do not appear in the present proof of Theorem 1.2,
they can be used for related problems, see [1]. In particular Lemma 3.3 is a
general result of probabilistic nature and is of independent interest.

In Section 2, after presenting some preliminary facts (Subsection 2.2) we
prove Theorem 1.2 (Subsection 2.3). We conclude the Section with a tail in-
equality for the condition number of I' (Corollary 2.9). In Section 3 we present
an estimate of the isotropic constant of the convolution of isotropic log-concave
measures.
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2 Smallest singular value

2.1 Basic definitions and notation

Throughout the paper | - | denotes the Euclidean norm and (-,-) the standard
inner product on R"™.

For an n x n matrix T', let s1(T') > s3(I") > ... > s,(T") be the singular
values of I', i.e. the eigenvalues of the matrix v/ I'T*. In particular

siI) =Tl = sup [Tz|
zesSn—1

and if the matrix is invertible

1
n() = —— = inf [zl
o) = gy =, dgl 1!

The condition number of a square matrix I' is defined as

S1 (F)
sn(T)°

Let us now describe the model of random matrices we are interested in.
Recall that a non-negative function f: R™ — R is called log-concave if for all
z,y € R" and all 6 € (0,1), f((1 —0)z + 0y) > f(z)!=?f(y)?. In this paper, a
probability measure p on R™ is said to be log-concave if it has density f, which

K(T) = |ITIT = =




is log-concave. It is called isotropic if it has mean zero and its covariance matrix
is the identity, that is, for any y € R™,

[t rade =

A random vector X in R is called log-concave (resp. isotropic) if its distribution
is log-concave (resp. isotropic).

The log-concave Ensemble is defined to be the set of square n x n matrices
I', whose columns X, ..., X, are independent copies of a log-concave isotropic
random vector X in R"™.

2.2 Preliminary facts

In this section we collect some basic facts concerning general log-concave proba-
bility measures and random matrices, which will be used in the proof of Theorem
1.2.

It is well known that log-concave vectors are stable under projections which
means that any orthogonal projection of an isotropic log-concave vector is an
isotropic log-concave vector on the image of the projection. In particular, for
any isotropic log-concave vector X € R™ and any vector u of Euclidean norm 1,
(X,u) is a log-concave isotropic random variable on R. Moreover, there exists
an absolute constant C' such that any log-concave isotropic random variable on
R has density bounded by C.

It is also well known ([4]) that the convolution of log-concave functions is
a log-concave function, which in probabilistic language means that the sum of
log-concave vectors in R™ is a log-concave vector in R".

We also recall some recent results concerning the behavior of the Euclidean
norm of an isotropic log-concave random vector. The following two inequalities,
which yield a concentration in a shell, are two different results from [11] and
[12] that we put together for convenience.

Theorem 2.1 ([11],[12]) Let N,n > 1 be integers and let X;,..., Xy € R™ be
isotropic random vectors with log-concave densities. Then there exist absolute
positive constants co, Cy such that whenever N < exp(y/n) then one has

< mi | < <
CO\/E_?%IJ{NXA _I%%\),(|Xz| _CO\/E

with probability at least 1 — exp(—/n).

Actually the above theorems were originally stated not for maxima and minima
but just for a single log-concave vector. However the versions presented above
follow easily by a union bound.

Since the proof of Theorem 1.2 involves approximation of arbitrary vectors
in S™~! by vectors from e-nets, we need to control the operator norm of a matrix
I' from the log-concave Ensemble. To this end we will use the following result
from [2] (it is an immediate consequence of Corollary 3.8 there).



Theorem 2.2 There exist positive constants Cy and ¢y such that for anyn > 1
and K >1
P(||T|| > C1K+v/n) < exp (—clK\/ﬁ) )

2.3 Proof of Theorem 1.2

Throughout this section I' denotes a matrix from the log-concave Ensemble (in
fact Lemmas 2.3 and 2.5 hold for every random matrix).
With the notation of Theorem 1.2, we first prove the estimate

IP’( inf |Tz| < csnil/Q) < Ce + Cexp(—cy/n). (2)

zesSn—1

The proof of this inequality relies on splitting the sphere S™~! into several
regions (following [9, 13, 14], where an analogous construction was carried on in
the case of matrices with independent entries). We use the following notation.

Sparse = Sparse(§) = {x € S"': |supp(z)| < én},
Comp = Comp(3,p) = {x € S"~*: dist(z, Sparse(d)) < p},
Incomp = Incomp(, p) = S~ \Comp(§, p).

To control the behaviour of |Tz| for x € Incomp(d, p) we will use the follow-
ing lemma.

Lemma 2.3 ([14]) Let X1, X3,..., X, denote the column vectors of T and let
Hj, denote the span of all column wvectors, except the k-th. Then for every
0,0 € (0,1) and every € > 0 one has

1
P inf Izl <epn %) < — P(dist(Xy, Hy) < €
<161ncomp(5,p) | ‘ ’ — on ; k k) )

Proposition 2.4 For all p,0,e € (0,1) we have

P(  inf  |Ta| < pen~V/?) < C’% (3)

z€Incomp(d,p)
where C is an absolute constant.

Proof The column vectors of I' are the vectors X7, ..., X,,. With probability
1, they form a family of linearly independent vectors. For fixed k, let Hj be the
hyperplane spanned by {X;: i # k} and let X} be a vector of Euclidean norm
1 such that the space orthogonal to Hj is generated by X;. Then X} and Xj
are independent. Using Fubini’s theorem we obtain

P(dist(Xy, Hy) <€) = P(( Xy, Xi)| <) = Ex; Px, ([(X5, Xi)| <e).



From the basic facts recalled in Section 2.2, for each fixed value of X}, (X}, Xi)
is a one-dimensional isotropic log-concave random variable, therefore its density
¢ is bounded by a universal constant C'. This implies

€
P ([(X7 X < &) = / gt)dt < 2C-.
—€
Thus P(dist(Xy, Hi) < €) < 2Ce. By Lemma 2.3,

P inf Lz| < epn~1/?) P(dist(Xy, Hy) < £) < 202
(mGInclt?mp(S,p)| Z‘| b Z . F k) ) 0

and the proof of (3) is completed. a

The case of compressible vectors requires different tools. The following
lemma is standard and restricts our study to the case of sparse vectors.

Lemma 2.5 Let p,6 € (0,1) and M > 1. If

Iz| < d |r|<M
seco Pl <oy and T < My/n

then
Tyl < 2pV/n.

yESparse(5

Proof Assume that there exists x € Comp(d, p/M), such that |Tz| < pv/n
and ||T|| < M+/n. Then by the definition of “compressible vectors”, there exists
y € Sparse(d), such that |z — y| < p/M. Thus

[Tyl < [a] + [0y — ©)] < pv/n + [Tllp/M < 2pv/n.

O

To handle the case of sparse vectors, we will need the following version of
Theorem 5.1 from [3] in the log-concave setting (applied with N = n, m = on,

0=16/4, K =1).

Theorem 2.6 Let n be a positive integer and let 6 € (0,1). Let Xq,...,X, €
R"™ be independent random vectors with log-concave densities. Then

n n 2
) _ 121X 12| < z
S| = 3 P < Cnvlos (5>
i=1 =1
holds with probability larger than
2
1 —exp <—\/6nlog <5>> —-P (m<aX|Xi > C’o\/ﬁ) ,
i<n

where C' is a positive universal constant and Cy is the constant from Theo-
rem 2.1.

sup
x€Sparse(d)




Proposition 2.7 There exists a universal positive constant ¢ such that for any
6 € (0,4,
P(  inf |I'z|<cyn) < 3exp (—\/ 5n> .

z€Sparse(d)

Proof Applying Theorems 2.6 and 2.1 we obtain that

n

inf  |Tz|? > inf Z|xi|2|Xi|2— sup

xeSparse(d) x€Sparse(d) P z€Sparse(s)

2 n

=3 faPIX P

i=1

n
‘ g 2 X;
i=1

> (c§ — C\/glog(Q/(S))n
with probability at least

1—exp (—\/%log@/&)) —P (m<ax | X;| > CO\/E) -P (Hgn |X;] < co\/ﬁ>

>1—3exp (—\/%)

This implies the result with appropriately chosen constant c. O

Proposition 2.7 and Lemma 2.5 immediately yield the following statement,
describing the case of compressible vectors.

Proposition 2.8 There exists an absolute constant co € (0,1) such that for
any M > 1 and é € (0, c2]

P( inf |2 € eV & D) < M) < Sexp(—von).

m
z€Comp(d,ca/M)

Proof of inequality (2). We apply Proposition 2.8 with 6 = ¢3 and M = (1,
where C1 is the constant from Theorem 2.2, to obtain

P < inf )|Fac| <cvn |0 < C’l\/ﬁ) < 3exp(—y/can).

zeComp(cz,c2/Ch

Thus, by Theorem 2.2 with K = 1, we get for some positive universal constants
C and c,

P < inf Tz| < 02\/71> < 3exp (—+/can) + exp (—01\/71) < Ce V™,

z€Comp(ca,ca/C1)
On the other hand, Proposition 2.4 with 6 = ¢y and p = ¢o/C gives for any
e€(0,1),

C
P( inf ITz| < euCy ten1/?) < =2¢.
z€Incomp(ca,c2/Ch) C2

Since S"~! = Incomp(cy,ca/C1) U Comp(ca, ca/Ch) and en™/2 < nl/2 the
above inequalities imply (2). m|



To conclude the proof of Theorem 1.2 it remains to show

P( inf [Tz <en™Y2) < Chne. (4)

zesSn—1
Proof of inequality (4). Recall the notation from the proof of Lemma 2.3
and Proposition 2.4, namely that H}, is the linear span of all the column vectors
of I' except for X;, and X} is a unit normal vector to Hy. It is elementary that

inf [T > minn~2dist(Xg, Hy) = minn~2)(X}, X
,Jof | xl_glélgn ist (X, Hy) minn (X%, X))
(one simply uses the fact that any unit vector has at least one coordinate with
absolute value not smaller than n~1/2). Thus

P( inf |Tz| <en™'/?) < P(min [(X}, X)) <€)
resSn—1 k<n

< nmax P(|(Xg, Xi)| <€) < One,

since (as was already mentioned in the proof of Proposition 2.4) (X}, Xj) have
densities bounded by a universal constant. O

Finally we provide an estimate for the tail decay of the condition number of
I.

Corollary 2.9 There are absolute positive constants ¢ and C such that
if 1 <t <exp(ey/n) then

if exp(ey/n) <t < nexp(cy/n) then

log? 1

P(s(T) > nf) < Cexp (~evn) < 0 251,

if t > exp(cy/n) then
2
P(x(T') > nt) < C @ <C bth.

Proof. We are going to apply Theorems 1.2 and 2.2. Let ¢, ¢, C, and C; be
constants from these theorems. Set ¢z = min{l,¢,¢;} and C3 = max{1,C,C4}.
Note that for any K > 1

P (k(I) > nt) <P ( inf  [Po| < c3sn—1/2> +P (1] = CsK+/n)
reES™ T

where ¢ = C3K/(cst).



Now for t < nexp(czy/n) we choose K = 1, so by Theorems 1.2 and 2.2

P (k(T) > nt) < C3 (e + 2exp(—c3v/n)) < (cjf % + 2exp(—c3v/n),

which shows the first two cases.

For t > exp(c3+/n) we choose K = cl;)g\/%, so by Theorems 1.2 and 2.2

P (k(T) > nt) < Cs (en + exp(—c3Ky/n)) = Cs % (Zj\/ﬁlogt + 1) ,

which completes the proof. O

3 Isotropic constant of a sum of i.i.d. random
vectors in R"

Let p be an isotropic log-concave probability measure on R™ with log-concave
density f. We define the isotropic constant of the measure p by

L, = f(0)'/. (5)

For a log-concave isotropic random vector by Lx we denote the isotropic con-
stant of its distribution. Furthermore, if p is an isotropic probability measure
uniformly distributed on a convex body K then L, is the so-called isotropic
constant of K. The question whether L, is bounded by a universal constant is
one of the most important open problems of convex geometry.

The first version of Theorem 1.2 (as announced in [1]) involved the isotropic
constant of column vectors of the matrix I'. The argument was different than
the one presented in this paper. Its proof required the control of the isotropic
constant of the convolution of isotropic log-concave measures. Since a theorem
providing such control is of independent interest, we present it now together
with the proof.

Theorem 3.1 Let X;,...,X, be i.i.d. random vectors in R™ distributed ac-
cording to a symmetric isotropic log-concave probability p, let x € S"~1 and

Z=11X1+...+2,X,. Then Ly < CL,, where C is a universal constant.

Note that in [1] we have deduced from this Theorem another type of a small
ball probability estimate than the one presented in Proposition 2.8 in the case
of compressible vectors. Namely, we have proved the following proposition.

Proposition 3.2 Let I' be an n X n random matriz with independent columns
X1,..., X, distributed according to a symmetric isotropic log-concave probability
w. For every M > 1 and §,p € (0,1), satisfying

C)%s

pe (-
M°L,



we have

P ) IPz| < pv/n & |0 < My/n) < e

inf
z€Comp(d,p/(2M

where ¢ and C' are positive absolute constants.

The proof of Theorem 3.1 is based on Lemma 3.3 below, which is a slightly
modified version of a result of Gluskin and Milman [7], giving an ¢s lower bound
for the norm defined on R™ by

m m 1/2
2
||(/\17~-~>/\n)||: </ / E /\ﬂl‘z KI |f1($1)d1‘1) s
" " =1 i=1

where f1,..., f, are probability densities on R", and on a result of Junge ([8]),
which relates the isotropy constant of convolved log-concave probability mea-
sures with the norm || - |.

Let X3,..., X, be independent isotropic log-concave symmetric random vec-
tors in R™. Let € S"~! and set

Z:I1X1++Ian

Then it is well known ([4]) that Z is also an isotropic log-concave symmetric
random vector in R™.
Recall that K is called a star body whenever tK C K for all 0 < ¢t < 1,

and in such a case || - | denotes its Minkowski functional, i.e. ||z|x = inf{t >
0:zetK}.
Lemma 3.3 Let fi1,..., fm be densities of probability measures on R™ and let

K C R" be a star body containing the origin in its interior. Then for all
Al, ..., A we have

" =1

where v? = [ [z fi(x) > 3" dt > || fi]|5"

2m n m
i(2i)de; > —— |K[72" Y ME? 6
Kil;[lf(x)wanI | ;r (6)

Proof. Let us recall that the symmetric decreasing rearrangement of a function
f:R™ = R, is a function f*: R™ — R, which is equidistributed with f (i.e. for
all t € Ry, [{z: f*(x) >t} = |({z: f(z) > t}]) and for z,y € R", if |z| < |y|
then f*(z) > f*(y).

If f is just the characteristic function of a set then f* is the characteristic
function of the ball of the same volume centered at the origin. In general one
has the following “layer cake representation”

- [ T yerns rsn] @) ™)

10



Let now D be the Euclidean ball of the same volume as K, centered at the
origin. We will first prove that for all ¢t € R, one has

/ﬂ /R Yeom,: 15 m sl [ filz)dey . dom
) =1

Z/ /R 1{(17;);';1:|\zglxizi\|ggt}Hfi*(fm)dxl--~d1’m- (8)
" " i=1

Tt is a corollary from the Brascamb-Lieb-Luttinger inequality ([5]), which asserts
that for any functions go, ..., gn: R” — R4 and any (m + 1) x k matrix (a;;),

we have
m k
[ Lo (o | don o <
n "i:O =1
k

k k
g/ / ng Zaijxj dxy...dxy.
IR =0 j=1
k

Inequality (8) will follow if we substitute go = 1,7, and g; = f; for i > 1 (notice
that g5 =1 ;) with the appropriate choice of the matrix (a;;).
Since

]|% = /0 2t(1 = Lqjz) e <ey)dt,

we conclude from (8) and from the symmetry of the f that

/n/n i)\m jff[lfl(xl)dxl

Z/ / iAixi

" e

:ZAZQ/ / ||le2DHf1*(1'z)dJUZ
i=1 " Rn i=1

Since [D|Y™ = |K|"™, we have

n /n
B3\
lello = (') lal.
Now we can use (7), to get

2 px |Bg| 2 2 px
el s yir = () [ o gy oyt
R™ Rn
B 2/n poo .
—(FED) [ [ P s0) @dsa
0 RTI,

11

2m
* idi
Di1:[1f1<x>x




The function (1g,. j’i(y)zt})* is the indicator of the ball, centered at the origin
and having the volume equal to [{y: f;(y) > ¢}|. Therefore, integrating in polar
coordinates,

142/n
* y: fly) >t
/ 21 (L piwzey)” (@)de = (W) / j|3dx
R 2 By

n [y fly) >
n+2 | By [2/n '

Thus
2 px n —2/n,.2
; der > ——— ;
[ el g @yde = g2,

where r? = [° {z: fi(z) > #}*T#/™ dt. This concludes the proof of (6).
It remains to show that r2 > || f;]|l==/". We know that

00 I fill oo
/ s () zmdt:/ e fily) > )] dt = 1.
0 0

Hence by Hélder inequality,

1 filloo n/(n+2)
1+2/n n
L= (/ {y: fily) = 0} dt) 1fil2L 2,
0

Since ’I",L-2 — fooo |{J} fl(l') Z t}‘l-‘y—?/n dt — f()”ﬂ“oo |{.’L' fz(x) Z t}‘1+2/n dt, we get
the desired inequality. a

Proof of Theorem 3.1. Let f be the density of p and let g be the density

of Z. By Lemma 2 in [8] there exists a star-shaped body K C R™, with 0 in its
interior such that

1/2
g(O)/" K|/ (/ ||w||%(g<x>dx) <0,

for a certain universal constant C. On the other hand, by Lemma 3.3 we have

1/2
(/. lelikota)dn) " = @121)"* = (BlosXa+ .+ 2% )

c 1/2 c
> - 2 =
= |K[V/nf(0)1/n (;xz) |K[1/n f(0)1/n

Putting these two inequalities together concludes the proof. m]
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