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We consider a voting model, where a number of candidates need to be selected subject
to certain feasibility constraints. The model generalises committee elections (where
there is a single constraint on the number of candidates that need to be selected), various
elections with diversity constraints, the model of public decisions (where decisions needs
to be taken on a number of independent issues), and the model of collective scheduling.
A critical property of voting is that it should be fair—mot only to individuals but
also to groups of voters with similar opinions on the subject of the vote; in other
words, the outcome of an election should proportionally reflect the voters’ preferences.
We formulate axioms of proportionality in this general model. Our axioms do not
require predefining groups of voters; to the contrary, we ensure that the opinion of
every subset of voters whose preferences are cohesive-enough are taken into account to
the extent that is proportional to the size of the subset. Our axioms generalise the
strongest known satisfiable axioms for the more specific models. We explain how to
adapt two prominent committee election rules, Proportional Approval Voting (PAV)
and Phragmén Sequential Rule, as well as the concept of stable-priceability to our
general model. The two rules satisfy our proportionality axioms if and only if the
feasibility constraints are matroids.

1. Introduction

We consider a general voting scenario, where a subset of candidates needs to be selected based on
the voters’ preferences. The generality of this model comes from the fact that we do not consider
specific types of elections, but rather assume we are given feasibility constraints as a part of an
election. The constraints encode the type of the election by specifying which subsets of candidates
can be elected. For example, if the goal is to select a fixed numer of candidates, say k of them,
then the constraints would simply indicate that all k-element subsets of the candidates are feasible.
Naturally, the model allows to incorporate additional diversity constraints that specify lower and
upper bounds on the number of selected candidates from different demographic groups.

Yet, the general feasibility constraints give much more flexibility and allow us to capture
considerably more complex scenarios, which at first might seem not to be about selecting subsets of
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candidates. For example, consider the setting of public decisions where we need to make decisions
on a number of independent issues |12, 16, 18, 25, 29, 46]. For each alternative we can introduce a
candidate and the feasibility constraints would indicate that exactly one alternative needs to be
selected on each issue. Similarly, consider a model where the voters provide partial orders over
the candidates and the goal is to establish a ranking of the candidates [19, 48]. This can be also
expressed in our model by introducing auxiliary candidates: for each pair of candidates, ¢; and
¢j, an auxiliary candidate ¢; ; would indicate that ¢; is ranked before ¢; (either in the resulting
ranking or in the voters’ ballots). Our model also captures committee elections with negative
votes [6, 50| and judgement aggregation [20, 32]—we explain this in more detail in Section 2.
While the aforementioned types of elections might appear very different, certain common high-
level principles apply to all of them. In particular, in most scenarios it is of utmost importance
to ensure that the outcomes of elections are fair—mnot only to individuals but also to groups of
voters with similar views. Indeed, fair elections provide equal opportunities for underrepresented
groups to engage in the process of decision-making, and lead to more inclusive and accountable
decisions. Fairness has also a positive effect on participation and enhances the legitimacy of the
elected candidates.! Accordingly, group-fairness in elections is the central focus of this paper.?
There are at least three major ways in which one can implement group-fairness:

1. One can additionally collect detailed socio-demographic information about the voters and
use this information when computing winners of the election [38]. This approach has severe
drawbacks—it elicits sensitive information, and requires an in-depth a priori knowledge on
what part of personal data is important for guaranteeing fairness. This is not the approach
that we take in this paper. We will still guarantee, though, that each socio-demographic
group has a proportional influence on the outcome, assuming that that the members of such
groups vote similarly.

2. One can specify certain concrete diversity constraints [1, 8, 14], i.e., constraints that enforce
that the outcomes of elections have certain structure, such as gender equality. Our model
provides the possibility of adding such constraints. However, this is not sufficient, since the
diversity constraints are typically fixed, and do not depend on the voters’ preferences.

3. Finally, we can ensure proportional aggregation of the voters’ preferences. Here, the main
idea is that each subset of voters who support similar candidates should be entitled to
influence the decision to the extent proportional to the size of the subset. This approach has
been pursued in recent years in the literature on committee elections |23, 30|, and in this
paper we extend it to more general types of elections.

Our main contribution is conceptual. We define several axioms of proportionality in the general
model of elections with feasibility constraints. Our axioms differ in their strength, but they share
the same intuitive explanation: if a group of voters has cohesive-enough preferences, then they
should have the right to decide about a proportional part of the elected outcome. Our axioms
generalize the strongest known properties from the literature on committee elections, namely fully
justified representation (FJR) [41], extended justified representation (EJR) [3], and proportional
justified representation (PJR) [44]. One of the main results of this paper says that our axioms

!Fairness is also critically important in elections that do not involve humans. For example, proportional election
rules are used for selecting validators in the blockchain protocol [15] (proportionality is important to provide
resilience against coordinated attacks of malicious users) or for improving the quality of genetic algorithms [22].

2While there is a large literature on individual fairness in social choice, it mainly deals with the problem of fair
allocation of private goods [7, 49]. In the context of voting, group-fairness is a more compelling concept. Indeed,
the selected candidates are typically not assigned to particular individuals, but they rather represent (and are
selected based on votes of) whole groups of voters [5, 23, 43].



are always satisfiable—the base axioms are satisfiable for all types of constraints, and the most
demanding strengthening of these axioms are satisfiable for matroid constraints.

We further explain how to adapt two prominent committee election rules, Proportional Approval
Voting (PAV) and Phragmén Sequential Rule, to our general model. We provide a full charac-
terisation explaining that the two rules satisfy the aforementioned proportionality axioms if and
only if the feasibility constraints are matroids (Theorems 7 and 8). We also adapt the concept of
stable-priceability to the model with general constraints, and we prove that the solutions that are
stable-priceable satisfy our strong notions of proportionality. Altogether, our results provide basic
tools that allow to guarantee group-fairness in different types of elections and in the presence of
different types of constraints.

Related Work

We discuss most of the related work in the relevant parts of the paper. Here we mention yet another
particularly pertinent line of research, even though it does not directly relate to our axioms. One
of the strongest notion of group-fairness considered in the social-choice literature is the core [3].
Since for some types of elections the core might be empty, certain relaxations of the core are often
considered, for example its approximate variants [17, 21, 27, 34, 35]. Among this literature the
recent work of Mavrov et al. [34] is most closely related to our paper. This work alike considers
the model with diversity constraints, yet the considered axioms are very different (we discuss this
difference in detail in Section 3.2).

2. The Model

For each natural number ¢ € N we set [t] = {1,2,...,¢}, and we use the convention that [0] = 0.

An election is a quadruple E = (C, N, F, A), where C = {c1,...,cn} is a set of m candidates,
N = {1,2,...n} is a set of n voters, F C 2C¢ is a nonempty family of feasibility sets, and
A = (Ay,..., A,) is a collection of approval ballots; A; € C for each voter i € N. Intuitively,
a voter’s approval ballot is a subset of candidates that the voter supports. Analogously, for a
candidate ¢ € C' by N(c) we denote the set of voters that approve ¢, N(c¢) = {i € N: ¢ € A;}. For
each voter ¢ we define her utility from a subset W C C' as the number of candidates in W that the
voter approves, that is u;(W) = |4; N W/|. Intuitively, u;(W) quantifies the satisfaction that voter
1 enjoys if the subset W is selected. In Section 6.1 we additionally discuss more expressive types of
ballots, and the corresponding more complex utility functions.

We say that a subset of candidates W C C'is feasible if W € F. A selection rule is a function
R that given an election returns a nonempty set of feasible outcomes.®> Without loss of generality,
we assume that F is closed under inclusion, i.e., if W € F and W’ C W, then W’ € F. Indeed, if
W' ¢ F, it could be completed to a feasible set, and the voters would enjoy at least as high utility
from the completed set as from the original one. Accordingly, when defining feasibility constraints,
we often indicate only the maximal sets and implicitly assume that all the subsets are also feasible.

Feasibility Constraints

Our framework generalizes several important models considered in the literature, in particular:

Committee elections. Here, we assume the goal is to select a subset of candidates (called a
committee) of a given fixed size k. Thus, the feasibility constraints are of the following form:

F={WcCC:|W|=k}.

3We are typically interested in a single outcome, yet we allow for ties.



The model of committee elections has been extensively studied in the literature; we refer to
the book by Lackner and Skowron [30] and to the book chapter by Faliszewski et al. [23].

Public Decisions. Here, we assume that the set of candidates is divided into z disjoint pairs
C =U,ep Cr, |Cr| = 2 for each r € [z] and C, N C; = for all 7,5 € [2] with r # s. For
each pair we must select a single candidate, thus, the feasibility constraints are given as:

F={W cCC:|WnC,| =1 for each r € [2]}.

Intuitively, each pair corresponds to an issue on which a binary decision needs to be made; one
candidate in the pair corresponds to the “yes’-decision, and the other one to the “no’-decision.
This model has been studied by Freeman et al. [25], and Skowron and Gorecki [46]. One
particularly appealing application domain for this model is to support negotiations among
groups of entities in order to establish a common policy (e.g., negotiations among political
parties that want to form a governing coalition). A variant of this model, where for each
issue r more than two alternative options are available—|C,| > 2, has been also considered
in the literature [11, 18].

In this paper we additionally introduce an intermediate model that is more specific than the
general model with arbitrary feasibility constraints, yet still more expressive than the models of
committee elections and public decisions. This model is similar to the one of committee elections
with diversity constraints, as studied by Bredereck et al. [8], Celis et al. [14], and Aziz [1].

Committee elections with disjoint attributes. Here, we assume that the set of candidates is
divided into z disjoint groups C' = Ure[z] Cr, C,NCs =0 for r,s € [z], r # s. For each group
r € [z] we are given two numbers: a lower and an upper quota, denoted respectively as q,}
and q;r . The goal is to select k candidate so that the number of candidates selected from
each set C, is between ¢ and ¢, .

]::{WQC: W|=kand ¢- <|WNC,| <gq foreachre[z]}.

The feasibility constraints mentioned above are all special cases of a more general class of
constraints with a matroid structure [36]. We prove this in Appendix B.

Definition 1 (Matroid constraints). The feasibility constraints are matroid if the following
condition, called the exchange property, is satisfied:*

(EP) For each X,Y € F such that | X| < |Y|, there exists ¢ € Y \ X such that X U {c} € F.

Intuitively, in a matroid all the candidates carry the same weight in the constraints. If we can
remove some two candidates to make space for some other candidate ¢, then it is sufficient to
remove only one of these two candidates. This is formalised in the following lemma.

Lemma 1. For all elections with matroid constraints, all feasible sets W C C, c¢ W and W C W
(W' #0) such that W\ W' U {c} € F there exists ¢ € W' such that (W \ {c'}) U{c} € F.

Proof. Suppose that (EP) is satisfied and the statement is violated. Consider W, W’ and ¢
witnessing this violation. Assume that the witness is chosen so that [W’| is minimised (yet still
|[W’| > 1, as otherwise the only member of W’ would be clearly the required candidate). Now
let us define sets X, Y € F as follows: X = W\ W/ U {c}, Y = W. From the observation that
|W'| > 1 we have that |X| < |Y|. Then by (EP) we have that there exists a € Y\ X = W’ such
that X U {a} € F. Therefore, after removing a from W’ we would obtain a smaller witness of the
violation of the lemma statement, a contradiction. ]

“Formally, this means that the pair (C, F) forms a matroid.



While a large part of our results concerns matroids, our definitions also apply to computational
social choice models that do not have a matroid structure. Below we give a few examples of such
models that fit our general framework.

Ranking candidates. Assume the goal is to find a ranking of the candidates [19, 48] instead of
simply picking a subset. The ranking should reflect the preferences of the voters expressed
over the individual candidates. This setting can be represented in our general model as
follows. For each pair of candidates, ¢; and co, we introduce an auxiliary candidate c 2.
Intuitively, selecting ¢ 2 would correspond to putting c¢; before ¢ in the returned ranking.
The feasibility constraints would ensure that the selected auxiliary candidates correspond
to a transitive, asymmetric, and complete relation on original candidates.® The model also
applies to collective scheduling [37]—the candidates would correspond to jobs to be scheduled,
and the constraints allow to incorporate additional dependencies between the jobs.

Committee elections with negative votes. Consider a model where the voters are allowed to
express negative feelings towards candidates [6, 50|. This scenario can be modelled by
introducing auxiliary candidates and adding appropriate constraints. For each candidate ¢
we can add a virtual candidate ¢ which corresponds to not-selecting c¢. A voter approves ¢ if
she voted against ¢ in the original election. The feasibility constraints would ensure that we
never select ¢ and ¢ together.

Judgment Aggregation. Here the goal is to find a valuation of propositional variables that satisfies
a given set of propositional formulas [20, 32]. The valuation should take into account the
opinions of the voters with respect to which of the variables should be set true, and which of
them should be set false. We can represent this setting by adding, for each propositional
variable , two candidates, ¢, T and ¢, r, corresponding to setting the variable to true and to
false, respectively. The propositional formulas can be incorporated as feasibility constraints.

In Appendix B we give examples showing that the aforementioned constraints are not matroids.
Our model is also closely related to voting in combinatorial domains [31].

3. Definition of Proportionality

In this section, we formulate our main definition that capture the idea of group fairness. We
start by defining the base axiom of proportionality, called Base Extended Justified Representation
(BEJR). This axiom already implies strongest notions of proportionality in the more specific models.
Specifically, it implies Extended Justified Representation in the model of committee elections [3],
proportionality for cohesive groups in the model of public decisions [46] and strong EJR Chandak
et al. [16] in the context of sequential decision making [29]. It is always satisfiable, and has an
intuitive interpretation.

Next, we compare our axiom to the recent definition of Restrained EJR by Mavrov et al. [34].
We show that in many natural settings—for example, in the case of demographic constraints—our
axiom provides considerably stronger guarantees. There are, however cases, where Restrained EJR
is not implied by our Base EJR. This discussion provides additional insights and leads to our main
definition of EJR. The main definition of EJR is very similar to its base counterpart, thus all our

5Tt remains to specify the voters’ preferences over the auxiliary candidates. The most natural way is to construct
an approval-based preference profile, and to assume that a voter approves ci 2 if she prefers candidate ¢; over ¢z
in the original preference profile. This approach would be compatible with preference profiles consisting of weak
partial orders.



intuitive explanations of the base EJR cary over. We believe it is most instructive to understand
the base axiom first rather than to go directly to our main definition of EJR.

The main definition always exists for matroid constraints and can be satisfied by natural
extensions of the known election rules. For non-matroid constraints the definition might be too
strict—for example, it cannot be always satisfied together with Pareto optimality. This is in
contrast to the case of base EJR, which never contradicts Pareto optimality.

3.1. The Base Notion of Proporitonality

Let us start by introducing the base variant of our main axiom. Next, we will provide its intuitive
explanation and will show a few structural properties of the proposed definition.

Definition 2 (Base Extended Justified Representation (BEJR)). Given an election £ =
(C,N,F,A) we say that a group of voters S C N deserves ¢ candidates if for each feasible
set T' € F either there exists X C [);cg A; with [X| > £ such that T'U X € F, or the following
inequality holds:

sl
n = |T|+¢

(1)

We say that a feasible outcome W € F of an election E = (C, N, F, A) satisfies base extended
jJustified representation (BEJR) if for each ¢ € N and each group of voters S C N that deserves ¢
candidates there exists a voter ¢ € S that approves at least ¢ candidates in W, i.e., u;(W) > £. .

Note that for |S| # n and T # 0 condition (1) can be equivalently written as:

S|t
n—1s] ~ I

(2)

The latter formulation might look a bit more intuitive, but we will mainly use the former one,
since it does not require considering the case of division by zero separately.

Let us intuitively explain Definition 2. Consider a group of voters S C N and let us have a
closer look at the condition saying that this group deserves ¢ candidates. Why giving ¢ candidates
to S can be possibly wrong? The main reason is it may prohibit us from selecting candidates that
are supported by other voters, namely the voters from N \ S. Consider a set T' that is supported
by those from N\ S. If TU X € F then giving ¢ candidates to S does not prohibit selecting T'; we
can safely give ¢ candidates to S while satisfying the claim of the remaining voters. If TU X ¢ F
then we are in (1); for the sake of this explanation consider the (almost equivalent) formulation
given in (2). This formulation reads as follow: proportionally to its size the claim of the group
S to £ candidates is stronger than the claim of the remaining voters to set T'. Thus, such set T’
cannot be used as an evidence discouraging us from giving ¢ candidates to S.

Yet another equivalent formulation of the condition in Definition 2 is the following. A nonempty
group of voters S C N deserves ¢ candidates if for each feasible set T' € F with

n—|S|
TN < - 3

there exists X C [,cg A; with |X| > £ such that TU X € F. This condition intuitively reads
as follows: S deserves ¢ candidates if they can complete each reasonable suggestion of the other
voters, T, with £ commonly approved candidates.

Remark 1. We note that in Definition 2 we might w.l.o.g. assume that X € F. Indeed, if
T U X € F, then in particular X € F since F is closed under inclusion. J



Remark 2. If a group of voters S deserves ¢ candidates then in particular, there must exist a
feasible set X C [;cg A; with |X| > ¢. This follows from the observation that for an empty set
T = () condition (1) is never satisfied. 4

Let us now illustrate our definition through a couple of examples. This will also provide intuition
on why our definition generalises the analogous definitions in the more specific models.

Example 1. Consider the model of committee elections with approval utilities. Assume the goal
is to select a subset of k = 10 candidates, and consider a group S consisting of 30% of voters
who jointly approve three candidates, c¢1, co, and c3. Indeed, consider a set T' C C', and observe
that X = {c1, co, c3} always satisfies the conditions from Definition 2. If |T| < 7 then TU X € F.
Otherwise,

3 3 3 |S|

< < — = —.
IT|+3 ~8+3 10 n
Thus, BEJR implies that there exists a voter from S that approves at least three out of ten selected
candidates. J

Example 2. Consider the model of public decisions, and a group S of 30% of voters who have
the same opinion with respect to some p issues. We will prove that this group deserves [0.3 - p|
candidates (here, decisions). Consider a set T' € F. If |T| < p— (0.3 p|, then we can find [0.3 - p]
decisions that S agrees on, and we can add them to 7" so that the set is feasible. Otherwise, we get:

0.3 p] 0.3 p] _ [0.3-p] < 03-p _03< @

TI+103p] “p—103p]+030]  » b n
Thus, in both cases the conditions in Definition 2 are satisfied.

This example also shows why we cannot treat the constraints separately, and why it is not
enough to consider proportionality independently within each constraint. Indeed, if we did so,
then in the model of public decisions would need to guarantee the proportionality with respect to
each single decision only. In effect, a group of less than 50% of voters would not be guaranteed to
have any influence on the outcome, even if they agreed with respect to all the issues. J

The same reasoning can be used to formally prove that Definition 2 generalises the classic
definition of EJR from the literature on committee elections [3], and that it corresponds to the
definition of proportionality for cohesive groups in the model of public decisions (Definition 7
in [46]). Finally, our definition implies the axiom of strong EJR by Chandak et al. [16] in the
context of sequential decision making [29] (a weaker variant of strong EJR is strong PJR; this
axiom has been also considered by Bulteau et al. [12], but they used the name “some periods
intersection PJR”). Let us consider yet another example.

Example 3. Consider the model of committee elections with disjoint attributes. Assume that
z =2 and so C' = (] UCs. Assume that our goal is to select exactly 10 candidates from C7 and
exactly 20 candidates from Cs. Thus, qf = qlT =10, q2L = q; = 20, and k = 30. Assume further
that there are enough candidates in each set, e.g., |C1| = |Ca| = 100.

Let S consists of 41% of all the voters, who jointly approve some 11 candidates from C5. These
voters deserve 8 candidates. Indeed, let X be a set of 8 candidates jointly approved by S. If
|T| < 13 then T U X € F; otherwise:

8 8 8 |9
<

< = < .
T|+8 ~ 1348 21 n




Now assume that S additionally approves 4 candidates from Cy. Then S deserves 10 candidates.
Indeed, consider two cases. If |T'NC}| < 6 then we can add to X four candidates from C; without
violating the constraints. In order to prevent adding 6 candidates from Cs, it must hold that
|T'U Cs| > 15. But then:

10 10 |8]
A S o < —.
IT|+10 525 ~ n

On the other hand, if |T'N C}| > 6 then we observe that it also must hold that |T°'N Cy| > 11 (as
otherwise we could add to X ten candidates from C5), and so |T'| > 18. Thus, also in this case the
condition (1) from Definition 2 holds. 4

The main feature which makes our definitions powerful is that they are always satisfiable,
independently of the specific types of constraints or voters’ preferences.

Theorem 2. For each election there exists an outcome satisfying Base EJR.

The proof of Theorem 2 follows from a more general result, namely from Theorem 11 in Section 6.

Finally, note that BEJR also implies that the average utility of the voters from the group S is
considerably high. This is already known in the context of committee elections [44, 45], and below
we generalise this result to matroid constraints.

Proposition 3. Consider an election with matroid feasibility constraints, and let W be an outcome
satisfying BEJR. Then, for each group of voters S deserving ¢ candidates, the average number of
candidates from W that the voters from S approve is at least:

’S’Z\A NW| > (4)

€S
This estimation is tight up to the constant of one.

Proof. Consider a group of voters S C N that deserves ¢ candidates.

Consider a group S’ C S with |S'| > |S| —i - % for some natural number i € [¢]. We will first
show that S” deserves ¢ — i candidates. Fix a feasible subset of candidates T' € F. Let us remove i
arbitrary candidates from T, and denote the so-obtained subset as T”; if |T'| < i, then we simply
set 77 = (). Let us consider two cases. First, assume that there exists X C (), A; of size ¢ such
that X UT" € F. Let p = |T" N X|. Clearly:

ieS

I XUT|—|T| 24+ |T'|—p—|T|2l—p+|T|—i—|T|=€—p—i.

Then, by the exchange property (EP) applied to X UT” and T, we get that we can add £ —p — i
candidates from X to T and the so obtained set would be feasible. Consequently, there exist a set
X' C X of size £ — i such that X’ UT € F and so the condition from Definition 2 is satisfied for S’.

Second, assume that for each X C (1),.g A; of size £ we have X UT" ¢ F. Then, since S deserves
¢ candidates, we get that:

@ 14
T+ ¢

This, in particular means that 77 # () and so |T'| = |T'| — i. Consequently:

\S’| ISl (,_i ‘ (—i  l—i i
n n l T'+¢ ¢ |T'|+€ |T|+6—1i




This again shows that the condition from Definition 2 is satisfied for S’.

Thus, by EJR we know that there must exist a voter v; who approves at least ¢ candidates
in the outcome W. We can apply EJR to S\ {v1} and infer that there exists a voter ve with a
given number of approved candidates in W, and so on. Altogether, we get that at least one voter

approves ¢ candidates at least V%‘J voters approve £ — 1 candidates, and so on. Thus:

—1

S 1 S|

}:p1mww : e+§:{|w >T§" }:b'n

165’ j=1

-1
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(-1 _t-1
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This estimation is tight even for committee elections. For example, it is known that the method
of equal shares satisfies the axiom of extended justified representation [39] and that the average
number of candidates approved by the voters from S might be equal to “‘Tl [30]. O

3.2. Base EJR versus Restrained EJR

Recently, Mavrov et al. [34] have considered the model of committee elections with constraints.
While they mainly focused on the notion of the core, they also proposed yet another variant of
EJR that applies to the model with constraints. Our work has been done independently[33], yet it
is important to compare the two definitions. First let us recall the definition by Mavrov et al. [34].
We slightly simplified the original definition—this was possible, because we assume the feasibility
constraints are closed under inclusion.%

Definition 3 (Restrained EJR for Approval Utilities [34, Definition 3.1]). Let k& be the maximum
size of feasible outcomes, k = maxycr |[W|. Let k' = L%kj be the endowment of S C N. We say
that S C N with endowment £’ is a blocking coalition for some W € F if it satisfies the following:
For all feasible outcomes W C W with |[W| < k — &/, there exists W’ with |W’| < k" such that:
1. T=WUW' e F, and
2. |ﬂiES A; N T| = max;cg ’U,Z(W) + 1.
An outcome W € F satisfies restrained EJR if there is no blocking coalition of voters S C N.

We first complement the work of Mavrov et al. [34] by showing two important results concerning
the satisfiability of the axiom. The proofs of the two theorems are given in Section 7.

Theorem 4. For each election there exists an outcome satisfying Restrained EJR.
Theorem 5. There exists no selection rule that satisfies Restrained EJR and Pareto Optimality.

For matroid constraints Restrained EJR can be satisfied together with Pareto Optimality—this
follows from Theorem 7 in Section 4. This suggests that Restrained EJR might be better suited
to the special case of matroid constraints. The axiom of Base EJR, on the other hand, does not
exclude Pareto optimality even in the most general variant of the model.

In fact there are even more substantial differences between Base and Restrained EJR, which we
illustrate through the following examples.

5The assumption that the feasibility constraints are closed under inclusion is very mild. In fact, it would be only
restraining if we assumed that some candidates can generate negative utilities. This, however, is not the case for
dichotomous utilities nor for general monotone utility functions that we consider in Section 6.1.



Example 4 (Restrained EJR fails intuitive proportionality for demographic constraints). Consider
the model of committee elections with disjoint attributes. Assume our goal is to select 100
candidates, 50 of which are men and 50 are women. Thus, z = 2, C' = C; U Cy (for example,
Oy consists of men and Cy of women), k = 100, ¢gi = ¢/ = g3 = ¢ = 50. Assume there is
a group S consisting of 50% of voters who vote for some 50 candidates from C4, say for the
candidates my,...,ms9. The remaining 50% of voters vote for some other 50 candidates from C1
(ms1, ..., m1g0). Then the committee consisting of myq, ..., msy and some arbitrary 50 candidates
from O satisfies Restrained EJR. Indeed, the group S is not a blockmg coalition because for
W = {m1, ..., ms0} no candidates approved by S can be added to W. At the same time, Base EJR
implies that at least half of the candidates approved by S must be selected. J

We believe that Example 4 illustrates a serious limitation of Restrained EJR, since elections
with such simple demographic constraints are perhaps the most natural applications of the general
model with constraints. At the same time, there are cases where Restrained EJR provides stronger
guarantees than Base EJR, as illustrated bellow.

Example 5. Once again, consider a model of committee elections with two disjoint attributes.
Thus, z = 2, and C' = C'y U Cy. We need to select 20 candidates in total, at most 14 from each set,
thus k& = 20, qf = (]2L =0, and qir = (]2T = 14. The group S of 50% of voters approves 10 candidates
from C1—Ilet us call them ag, ..., a19. The remaining voters approve some other 3 candidates from
C1 (call them aj1, a2, a13) and some 10 candidates from Co (say, b1, ..., bip). Consider the
committee W = {aq, ..., a7,a11, ..., a13, b1, ..., bip}. This committee satisfies Based EJR but fails
Restrained EJR; indeed S is a blocking coalition. A committee that satisfies Restrained EJR must
contain all 10 candidates approved by S.

Let us have a closer look at Example 5. We can see that the voters from S and N \ S disagree
on which candidates from C] should be selected; there is no disagreement with respect to the
candidates from Cj, since the voters from S do not like any candidate there. This is why, according
to Base EJR, the group S is guaranteed half of the candidates from the set they care about, that is
7 candidates. Restrained EJR on the other hand guarantees that S gets half of the whole outcome,
that is 10 candidates. While both interpretations are reasonable, we believe that in this case the
stronger guarantee provided by Restrained EJR is more compelling. This motivates us to slightly
strengthen the definition of Base EJR.

3.3. The Main Definition of Proportionality

We are now ready to introduce our main definition that strengthens Base and Restrained EJR.

Definition 4 (Extended Justified Representation (EJR)). Given an election E = (C, N, F, A),
and an outcome W € F we say that a group of voters S C N deserves ¢ candidates in W if for each
set T'C W either there exists X C (),.q 4; with |X| > ¢ such that T U X € F, or the following
inequality holds:

i€S

E ¢
|T|+ ¢

(5)

We say that a feasible outcome W € F satisfies extended justified representation (EJR) if for each
group of voters S C N deserving ¢ candidates in W there is a voter i € S such that u;(W) > ¢. .

Intuitively, in the definition of EJR compared to Base EJR we consider only sets T that are
subsets of W. The justification of this change is the following: the sets T" that can prohibit us from
giving ¢ candidates to S (according to Base EJR) can consist of candidates that have very little
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support among the voters, and thus would not be selected anyway. This motivates focusing on sets
T that are being considered for selection, namely the sets contained in the outcome at hand, W.

Another difference is that in Base EJR, the entitlement of a group of voters S C N depends
solely on the preferences of the voters from S. On the contrary, according to EJR the group might
be guaranteed different number of candidates depending on what is the winning outcome, hence
depending on the preferences of the remaining voters. We see it as a small advantage of Base
EJR, as it allows each group of voters understand what influence on the outcome they will have
irrespectively of the preferences of others.

Definition 4 can be equivalently written in a way that more closely resembles Restrained EJR.

Definition 5 (Extended Justified Representation (EJR); equivalent definition). Given an election
E = (C,N,F,A), we say that a group of voters S C N deviates in an outcome W € F if for
¢ = max;es u;(W) + 1 and for each set T'C W either there exists X C (..q A; with |X| > ¢ such
that T'U X € F, or the following inequality holds:

€S

S| ¢

g} ) 6

n |T| + ¢ (6)
We say that a feasible outcome W € F of an election £ = (C, N, F, A) satisfies extended justified
representation (EJR) if no group of voters S C N deviates in W. J

Below we prove that EJR is indeed stronger than both Base EJR and Restrained EJR.

Proposition 6. Let E = (C, N, F, A) be an election and let W € F. If W satisfies EJR then W
satisfies both Base EJR and Restrained EJR.

Proof. Consider an outcome W that satisfies EJR. First, we show that W satisfies Base EJR.
Towards a contradiction suppose there is a group of voters S C N that deserves ¢ candidates,
but for all voters i € S we have u;(W) < £. Let ¢/ = max;csu;(W) + 1. Since S deserves ¢
candidates we know that for each T € F either there exists X C (,c g A; with [X| > £ > ¢’ such
that TUX € F, or

K ¢ v
— > > .
n T +¢7 T+

This in particular holds for every T C W. Thus, S deviates in W, a contradiction.
Second, we show that W satisfies Restrained EJR. For the sake of contradiction, assume the
opposite. Let k be the maximum size of committee in F, and consider a blocking coalition S. Let

K = V%'kJ and let ¢ = max;cg u;(W) 4 1. From the condition on the blocking coalition applied

to W = () we infer that ¢ < k’. We will prove that then S deviates in W. Consider a set T' C W.
If |T| > k — k', then we have:

0 1% % K|S

< < =— <=
(+|T] SK+|T)| " K+k—kK &k " n

Thus, Condition (5) is satisfied. If [T'| < k — &’ then as S is a blocking coalition, by setting W=T
we infer that there exists W’ such that WU W’ € F and |(,cq Ai N (W UW')| > £. Thus, there
exists X C [;cgA; with | X| > £ such that T'U X € F. Consequently, S deviates in W. O

It is an open problem whether there always exists an outcome satisfying EJR. However, we
know that this axiom is always satisfiable for matroid constraints. For non-matroid constraints the
axiom might contradict Pareto optimality (see Theorem 5), which suggests that considering the
weaker variant of Base EJR is more appropriate in this case.

Finally, we note that an analogous result to Proposition 3 also holds for EJR, that is EJR implies
high average utility for the groups of voters with cohesive preferences.
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4. Proportional Approval Voting

In this section we consider a natural extension of Proportional Approval Voting (PAV) to our
model with general constraints. We characterise the structure of feasibility constraints for which
PAV satisfies our notions of proportionality. Thus, our characterisation precisely identifies the
elections for which it is appropriate to use Proportional Approval Voting.

Definition 6 (Proportional Approval Voting (PAV)). Given an election F = (C, N, F, A), we
define the PAV score of an outcome W C C as:

k

scorepay (W) = Z H(|W N A, where H(k) = Z 1/;.
i€EN Jj=1

Proportional Approval Voting (PAV) selects a feasible outcome with the maximal PAV score. .

PAV has excellent properties pertaining to proportionality in the model of committee elections [3,
4, 10, 30, 39] and public decision [46]. We will now prove that PAV exhibits good properties also
when applied to the model with more general constraints—precisely, that PAV satisfies EJR if
and only if the feasibility constraints have a matroid structure. One potential drawback of PAV is
that it is NP-hard to compute, even for committee elections |2, 47|. However, a polynomial-time
local-search algorithm for PAV preserves its strong proportionality guarantees [4, 28|. It will follow
from our proofs that this is also the case for the more general case of matroid constraints.

Theorem 7. PAV satisfies EJR for all elections with matroid constraints. For each non-matroid
feasibility constraints there is an election where PAV fails Base EJR.

Proof. First, we prove that if the election has matroid constraints, then PAV satisfies EJR.
Suppose that the statement does not hold for some election E. Let W be an outcome returned

by PAV for E. Let S C N be a group of voters that deviates in W, and let ¢ = max;ecg u;(W) + 1.

Let us denote by Ag the set (.4 A;. Further, let

W' ={ceW :3a. € Ag s.t. (W \ {c})U{a.} € F}.

Intuitively, for each candidate ¢ € W’ we can swap ¢ with a., and after such a swap the outcome
will still be feasible. Of course, for each candidate ¢ € W \ W’ we can also swap ¢ with herself
(such a swap does not change the outcome).

Let us denote by A(c, ') the change in the PAV score obtained by swapping some ¢ € W with
some ¢ € C'. We know that for each such pair of candidates we have A(c,¢’) < 0 (as otherwise W
would not be an outcome maximizing PAV score). Let us estimate the following expression, which
describe the sum of the score change if we swap each time a different element of W:

Z Ale,ac) + Z Alc,c).

ceW’ cgW’

Swapping a pair of candidates can be viewed as a two step process, where first we remove one
candidate from W and then we add one. Let us first estimate the sum of decreases of the PAV
score due to removing candidates. As we removed each candidate exactly once, for each voter
having x > 0 representatives in W, we can subtract x times the score of 1/z. Let us denote by
So C S the subset of voters from S who have no representatives in W. Hence, the total decrease
may be equal to n — [Sp| at most.
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Now after additions of new candidates to the committee, the PAV score increases in total by at
least:

Z WAL WaAL Y e W\ Ay
[WNA|+1  |[WNA |WﬂAy+1

W7\ Al
>§ 4 -
<\WﬂA|+1 [l
:Z|W’\A¢|+|W0Ai|+1

— [So|
Py |WﬂAZ|—|—1
[W/|+ |(W\W')N Al +1
> _
€S
W[+ [(WA\W')NnAg|+1
> _
€S
W'\ Ag| + |[WnNAg|+1
2’5" \ S| L S‘ _’SO|~

Intuitively, for each voter i € .S, if the removed candidate was from W N A;, we add the (|IW N A;|)th
candidate supported by her, otherwise we add the (|]/W N A;| 4+ 1)th candidate supported by her.
Finally, we have that:

W'\ Ag|+ W N Ag|+1
L

ISl L 7)
no |W’\A5’+|WﬂA5’+l'

Consider now set T" obtained in the following way:

|S]- — S0l = (n—[S0) <0

(1) first, we set T'= W',

(2) second, we remove from T all the candidates from W' N Ag and some arbitrary additional
¢ —1—|W N Ag| candidates.

We will prove that S cannot propose a subset X C Ag of size £ such that T U X € F. Indeed,
otherwise from the (EP) applied to sets W’ and T'U X we would have that there exists a candidate
c € X \ W such that W/ U {c¢} € F. We distinguish two cases. Either W = W', but then W U {c}
is a set of greater score than W, a contradiction. Or W \ W’ # (), but then from Lemma 1 applied
to W, W\ W' and ¢, we get that there exists a candidate ¢ € W\ W' such that W\ {'}U{c} € F.
But from the definition of set W’ there need to hold that ¢’ € W’, a contradiction.

Since we have proved that group S cannot propose any committee X C Ag of size £ such that
T UX € F, it needs to hold:

5] ¢
T|+ ¢

From the construction of set T, we know that:

IT| = [W'|— W NAg|— (£ —1—|WnN Ag|)
= W'\ Ag| + [W N Ag| — £+ 1.
Therefore:
o f (8)
n = W\ As|+ [WNAg|+1
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Joining (8) and (7) we obtain a contradiction, which completes the first part of the proof.

Now we prove that if the feasibility constraints are not a matroid, then PAV violates Base EJR.
Suppose that for given constraints, there exist sets X, Y € F such that | X| < |Y| and X U{c} ¢ F
for all ¢ € Y\ X. Denoted such a pair X,Y as witness. First, observe that for a witness the
following is true: X # 0, X ¢ Y, and |Y \ X| > 2. All the statements follow from the fact that F
is closed under inclusion. Now, among all such witnesses, consider a one that first minimize |X|
and second minimize Y \ X|. Denote by £ = |X| > 1.

Consider now the following construction. Let n be a multiple of 3- (¢ + 1). We have a group
Sy of ¢/e+1 - n + 1 voters approving exactly X and a group So of the remaining n/¢+1 — 1 voters
approving exactly Y\ X.

Let us first show that S; deserves ¢ candidates. Indeed, for T' = () this group can propose the
feasible set X of size ¢ they jointly approve. On the other hand, if |T'| > 1, then we have:

EN ¢

LS > .
n (+1 n (417 L+]|T]

Since S7 deserves ¢ candidates, Base EJR may be satisfied only if all the candidates from X are
elected. Then, directly from our assumptions, no candidate from Y \ X can be elected.

Now consider set X with one candidate ¢ € X removed. Then there exists ¢; € Y\ X such
that (X \ {¢'}) U {c1} € F, since otherwise (X \ {¢'},Y) would be a smaller witness. Similarly, we
conclude that there exists also c2 € Y\ X, ¢ # ¢; such that (X \{d'})U{c1, 2} € F, since otherwise
(X\{})U{e1}, Y \{c1}) would be a smaller witness (indeed, we have | (X \{c'})U{c1}| < [Y\{c1}|
as | X| < |Y|+1).

Note that all the candidates outside of X UY contribute 0 PAV points to the final score, hence
if Base EJR is satisfied, the PAV score of the winning outcome cannot be higher than the score of
outcome X . However, the score of outcome (X \ {¢'}) U {c1,ca} is higher—compared to X, group
S1 loses one fth candidate (namely ¢’), but group Sy gains two representatives instead. Hence:

scorepy(X \ {¢}) U {er,e2)) — scorepay(X) > (L+ 1) [So] — o8
3 n 3 n 1
201 2 i1
lon 3y
2 /+1 2

The last inequality comes from the assumption that n > 3 - (£ + 1). Hence, X is not elected by
PAV and Base EJR is violated. This completes the second part of the proof. O

Let us now interpret Theorem 7. Intuitively, it says that PAV gives strong proportionality
guarantees if all the candidates cary the same weight in the feasibility constraints. An example
type of elections where PAV fails EJR is participatory budgeting [13|, where different candidates
might have different costs, and so some candidates can exploit the feasibility constraints to a higher
extent than the others. We will discuss in more detail such types of constraints in Section 6.2.

5. Priceable Outcomes

In this section we take a different approach to designing proportional selection rules. It is based
on the idea of priceability [39, 40|, which can be intuitively described as follows: the voters are
initially endowed with some fixed amount of virtual money; this money can be spent only on
buying the candidates. The voters prefer to buy such candidates for which they are asked to pay
least; typically these are candidates who have higher support, as for such candidates more voters
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are willing to participate in a purchase. The outcome consists of the purchased candidates. This
approach has already proved useful in the design of selection rules for committee elections and
participatory budgeting 39, 40, 41]. We start by describing a rule that implements this idea in a
sequential manner.

5.1. Phragmén’s Sequential Method

In this section we define a natural extension of the Phragmén’s Sequential Method [9, 26, 42]
(a method known from the setting of committee elections) to the model with general constraints.

Definition 7 (Phragmén’s Sequential Method). We start with an empty outcome W = (). The
price for each candidate c is 1 dollar; this cost needs to be covered by the supporters of c¢ if ¢ is
selected. Voters earn money continuously at a constant speed (say, 1 dollar per second). At each
time moment, when a group of supporters of some candidate ¢ has 1 dollar in total, ¢ is purchased:
we set W <— W U {c} and reset the budgets of the voters from N(c) to 0. After that, we remove
from the election all the candidates ¢ such that W U {¢'} ¢ F and continue the procedure until all
the candidates are either purchased or removed.

While the definition assumes that time and money are continuous, the exact moments of
purchasing next candidates can be computed in polynomial time. It is known that in the context
of committee elections the Phragmén’s sequential method fails EJR [9], but nevertheless it has
very good properties pertaining to proportionality [30]. In particular, it satisfies the axiom of
Proportional Justified Representation (PJR) [44], a weaker variant of EJR. We will show that the
method preserves its good properties as long as the constraints have a matroid structure.

We start by generalising the axiom of Proportional Justified Representation to the case of general
constraints. It differs from EJR (Definition 4) in a way how the value of ¢ is defined.

Definition 8 (Proportional Justified Representation (PJR)). Given an election E = (C, N, F, A),
we say that a group of voters S C N weakly deviates in an outcome W € F if for £ = |(|J;cg Ai) N
W]+ 1 and for each set ' C W either there exists X C (. g A; with | X| > £ such that TUX € F,
or the following inequality holds:

5] ¢

> .
n = |T|+¢

(9)

We say that a feasible outcome W € F of an election E = (C, N, F, A) satisfies proportional
Justified representation (PJR) if no group of voters S C N weakly deviates in . J

The axiom of Base PJR is defined analogously.

Definition 9 (Base Proportional Justified Representation (BPJR)). We say that a feasible outcome
W € F of an election E = (C, N, F, A) satisfies base proportional justified representation (BPJR)
if for each ¢ € N and each group of voters S C N that deserves ¢ candidates (according to
Definition 2) there are at least ¢ candidates from [ J;c g A; in W.

We will now prove that Phragmén’s Sequential Method satisfies PJR if and only if the feasibility
constraints have a matroid structure.

Theorem 8. Phragmén’s Sequential Method satisfies PJR for elections with matroid constraints.
For each non-matroid feasibility constraints there is an election where the method fails Base PJR.

Proof. We start by proving the first part of the theorem statement. Towards a contradiction assume
there is a group S weakly deviating in an outcome returned by Phragmén’s Sequential Method,
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Wene. Let £ = |(U,;cg Ai) N Wpie| + 1. Consider the first moment, ¢, when all the candidates from
Nics Ai are either elected or removed. Note that ¢ < ¢/|s|. Indeed, if ¢ > ¢/|s|, then at time ¢/|5|
the group S would collect in total £ dollars, and would buy at least ¢ candidates from | J;c g A; (the
possibility of buying such candidates comes from the fact that there would always be a candidate
from (), 4 A; available for purchase).

Let W C Wpy, denote an outcome purchased at time ¢. The voters from N \ S could spend at
most (n — |S]) - ¢/|s| = n¥/|s| — £ dollars on candidates from set T'= W \ |, Ai. In particular, as
the price for all the candidates is 1, it means that:

n-t_
S|

i€S

IT| < ‘.

Now we need to consider two cases. First, suppose that there is no set X C (1),cg A; of size ¢
such that T"U X € F. Then, as S is weakly deviating, the following inequality holds:
5] ¢ ¢ 5]
—_— > 2 = —,
n ~|T|+¢~ nt)|si—L+L n

a contradiction. Hence, there exists set X C ﬂie g A; of size £ such that TU X € F.

Since we assumed that |[W N {J;cq Ai| < ¢, we infer that W has strictly smaller size than 7'U X.
Now we can apply the exchange property (EP) to sets W and T'U X to obtain that there exists
a candidate ¢ € X \ W such that W U {c} € F. But then we have that ¢ € [);cg 4; and ¢ was
neither elected (since ¢ ¢ W) nor removed (since W U {c} € F). We obtain a contradiction.

Now we prove that if the feasibility constraints are not matroid constraints, then Phragmén’s
Sequential Method violates Base PJR. Suppose that for given constraints, there exist nonempty
sets X,Y € F such that |X| < |Y]| and X U{c} ¢ F for all c € Y \ X. Then it holds that X ¢ Y
and so |Y \ X| > 2. Denote by ¢ = |Y|.

Consider the following construction. All the voters approve candidates from X. Additionally,
we have a group S of ¢/¢+1-n + 1 voters, each of whom additionally approves Y.

Let us first show that S deserves ¢ candidates. Indeed, for T' = () this group can propose the
feasible set Y of size ¢ they jointly approve. Otherwise, if |T| > 1:

S| 1 l l

—=—4=> > .
n £+1+n 0+17 (+|T]

Note that Phragmén’s Sequential Method first elects all the unanimous candidates, namely X.
However, after that no candidates from Y \ X can be elected. Hence, S would get only at most
| X| < ¢ representatives, which completes the proof. O

While Phragmén’s Sequential Method does not satisfy (Base) EJR, it still guarantees that the
voters from a group deserving ¢ candidates have high utility on average—in fact as high as it
would be implied by Base EJR (cf. Proposition 3). This result also holds for the general class of
matroid constraints. We prove it by combining the ideas from Theorem 8 and from the work of
Skowron [45]. This result, together with the fact that the Phragmén’s method can be computed in
polynomial time, makes the rule particularly appealing and practical.

Theorem 8 generalises the recent result by Chandak et al. [16], proved in the context of sequential
decision making.

Theorem 9. Let W be the outcome returned by Phragmén’s Sequential Method for an election
with matroid constraints. For each group of voters S that deserves £ candidates in W we have:

1

?—1
— AnNW| =2 ———. 1
S Anw> 5 (10

i€S
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Proof. Consider a group of voters § C N deserving ¢ candidates. Towards a contradiction assume
that Inequality (10) does not hold. We first define the time ¢ as follows:

L A—-1

t= ot —,
S| n

where A is the smallest non-negative value such that at ¢ the voters from S have at most A unspent
dollars (if such A does not exist, then we simply set A = 0). There are two possibilities:

1. Either at t there was a purchase v such that before the purchase the voters from .S had at
least A unspent dollars, and after the purchase they had at most A unspent dollars, or

2. at t the voters from S had at least A unspent dollars.

The analysis in both cases is the same, thus without loss of generality let us assume that we are
in the first case. We will first prove that at ¢, before the purchase v there was a candidate from
Nics Ai that was neither elected nor removed.

At t the voters collected in total tn dollars, and they have spent at most tn — A. Hence, they
have bought the set W of at most ¢tn — A candidates. From W we remove in total £ — 1 candidates,
and let us call the remaining set T'; if W contained fewer than ¢ — 1 candidate, then we simply set
T = (). We can remove these ¢ — 1 candidates in such a way that T'N(),cg A; = 0 (this follows
from the fact that the Inequality (10) is not satisfied, and so there are fewer than ¢ — 1 candidates
in WnN miGS Al)

If there exists X C ;. A; such that X UT € F, then by the exchange property (EP) applied
to X UT and W we infer that there must exist a candidate ¢ € (),c g A; such that W U {c} € F
(which is exactly what we wanted to prove). Otherwise, since S deserves ¢ candidates we get that:

5] ¢

> .
n = |T|+¢

In particular, this means that T # () and so T' = |W| — £ + 1. Consequently, we get that:

sl
n = |W|+1

From that we get that

l 1

This leads to a contradiction.

Thus, at time ¢ there is a candidate from (1, g A; available for purchase. We can now use
exactly the same reasoning as the one provided in the work of Skowron [45]. There, using an
argument involving potential functions, it was implicitly proved that at each time moment, as long
as some candidate from (7),c g A; can be purchased, the voters from S pay on average at most 2/|s|
per approved candidate. Thus, the average payment per approved candidate until time ¢ was no
greater than 2/|s.

At time ¢ the voters from S spent at least ¢|S| — A dollars in total. Let us assess this value:

S|

n

t]S]—A:<|é|+A1> S| — A =0+ (A-1)—A>0-1.
n

The last inequality follows from the fact that A < 1 (otherwise, they money held by S would be

used earlier to buy a candidate (. g As).
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Consequently, the voters from S approve on average at least the following number of candidates:

1oe=1 01
S| % 2

This completes the proof. ]

So far our results applied to matroid constraints only. Interestingly, if the constraints are
non-matroid, then Phragmén’s Sequential Method still can be successfully applied—in the most
general case it provides approximate proportionality guarantees (cf. Theorem 13).

5.2. Stable Priceable Qutcomes

In the previous section, we have described the sequential process of buying candidates. Another
approach would be to define the outcomes as an equilibrium in a certain market. This idea has
been proposed by Peters et al. [40], who introduced the concept of stable priceability, inspired by
the classic concept of Lindahl’s equilibrium [24]. In this section we adapt the concept to the setting
with general constraints. It requires introducing a few additional elements that relate candidate
prices and feasibility constraints.

Let us recall the definition of stable priceability [40]. Let m. denote the price of a candidate ¢
and Ty = Y oy Te. Given a voter ¢ € N the payment function p;: C' — R specifies how much
the voter pays for the particular candidates. We require that p;(c) > 0 for each ¢ € C' and that
> ccc Pi(c) = 1; intuitively, this means each voter has the total budget of one unit. We say that an
outcome W is stable-priceable if there exists a collection of candidate prices {m.}.cc and payment
functions {p; }ien such that the following conditions hold:

(SP1) The voters pay only for the selected candidates, i.e., p;(c) =0 for each i € N and ¢ ¢ W.
(SP2) The total payment for each selected candidate ¢ € W must equal its price, Y ;. n pi(c) = .

(SP3) For each not-selected candidate ¢ ¢ W we have:

Z max(ri,glea%pi(c')) <7, where 7,=1-— Z pi(c).
i€N(c) cew

This condition can be intuitively explained as follows. Each voter is primarily interested
in buying as many approved candidates as possible. Secondarily, the voter is interested in
spending as little money as possible. Thus, each voter is willing to pay for ¢ either her all
remaining money r; or to stop paying for some already selected candidate ¢’ and to pay the
same or a lower amount for ¢ instead. If the supporters of candidate ¢ can pay its price this
way, then the payment functions are not stable.

(SP4) The outcome W maximizes the total price:

W € argmax Z Te.
W'eF ceWw!

The last condition is new to this paper, and it corresponds to the concept of producer-stability
from the economic literature on markets with public goods [24]. In the original definition of Peters
et al. [40] the prices for all the candidates were required to be equal and hence, instead of the last
condition, only exhaustiveness was required. In Section 6.2 we show that some of our results also
hold if we replace condition (SP4) with the condition of exhaustiveness.
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(SP4*) The outcome W is exhaustive, i.e., for each ¢ ¢ W we have W U {c} ¢ F.

Stable-priceable outcomes might not exist, but if they do, they have very good fairness-related
properties.

Theorem 10. For elections with matroid constraints all stable-priceable outcomes satisfy EJR.
For elections with general constraints each stable-priceable outcome such that all candidates ¢ have
a common price T, = m satisfies EJR.

Proof. Let W be a stable-priceable outcome. Towards a contradiction assume that there is a group
of voters S that deviates in W. Let £ = max;egu;(W) + 1. We will first prove that there exists a
not-selected candidate a € ();cg A; \ W, the price of which satisfies the following inequality:
Tq < @
a e .
Let us start with the case of matroid constraints. We first consider the set W’ of candidates from

W that can be feasibly-exchanged with the candidates from (,c 4 A; \ W, that is:

W' = {C € W : there exists ¢’ € ﬂ A; \ W such that W\ {c}U{c'} € .7:} .
1€S

Since the feasibility constraints have a matroid structure, from Lemma 1 we know that for each

d € jes Ai \ W it holds that W/ U {¢'} ¢ F. Next, from W’ we remove all the candidates in

Nicg Ai- Clearly, we removed at most ¢ — 1 candidates; if we removed strictly less than (¢ — 1)

candidates, then we additionally remove some arbitrary candidates so that we removed in total

(£ — 1) candidates. Let us denote the resulting set as 7. Note that for each X C (1);,.g A; with

| X | = ¢ it holds that TU X ¢ F. This follows directly from the exchange property (EP) applied
to X UT and W’'. Since S deviates in W, we get that:

K 0 0
> = :
n T[40 [W[+1

After reformulating, we get that:

V4
Wi >n-— —1.
(W >n 5]

Let a be the cheapest candidate in (),cg A; \ W. Condition (SP4) in the definition of stable-
priceability implies that for each candidate ¢ € W’ we have 7. > m,. Consequently:

12
MTe>Tg-(n-——1].
2 < S| )

ceW’

Since Y oy Te <N — ) ;e g (this follows from condition (SP2)) we get that:
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By combining the two above inequalities we get that:

- l
n>men - .
|51
This is equivalent to:

Ty < —.

14

Now, consider the case where the feasibility constraints are arbitrary, but all the prices are
the same, that is for all candidates ¢ we have 7. = w. Now, we proceed as follows. From W we
remove all the candidates from (),cg A; and some arbitrary additional candidates so that in total
we removed ¢ — 1 candidates. Let us denote the resulting set by 7.

Condition (SP4*) in the definition of stable-priceability implies that for any set X C (7),cq 4i
with | X| =¢, TUX ¢ F. Since S deviates in W we get that:

ISl ¢ ¢
n T+  |W|+1

After reformulating, we get that:

[W|>n- 1.

L
5]
Since 7W <n — Y, g r; (this follows from condition (SP2)) we get that:

n—Zri>7m-|g‘—7r.

i€S
The remaining part of the proof follows exactly the same way as in the case of matroid constraints.
Thus, in either case, we get that there is a candidate a € (), A; \ W such that:

i€S
= <l
a g .
Since each voter from ¢ € S approves strictly fewer candidates than ¢ in W we infer that:

1
max(r;, ché%ipi(c)) > -

L
Thus, from condition (SP3) in the definition of stable-priceability we get for each a ¢ W that:

1
Z . |S| < Tq-
This gives a contradiction and completes the proof. ]

The condition for stable-priceability can be easily written as an Integer Linear Program with
the number of integer variables bounded by the number of candidates. Further, the ILP can be
naturally relaxed so that it finds outcomes that are “closest to” stable-priceable. This makes the
approach applicable to elections of moderate size.

6. Extensions of the Model

In this section we consider two extensions of our model. We first discuss the case where the
preferences of the voters are expressed as general monotone set functions. Second, we discuss
certain limitation of our concepts in the case when the candidates cary different weights in the
feasibility constraints; we explain how to adapt our concepts to this case.
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6.1. General Monotone Utility Functions

In this section, we formulate a stronger version of Definition 2 that still is satisfiable. This definition
applies much beyond approval ballots. Here, we assume that for each voter i we have a utility
function u;: 2¢ — R that for each subset of candidates returns a real value. Intuitively, u;(1W)
quantifies the level of satisfaction of voter ¢ provided W is selected. We only assume that u; is
monotone, that is for all X CY C C it holds that u;(Y") > u;(X).

Now, we can formulate the axiom of fully justified representation, which generalizes the respective
axiom from the literature on committee elections [41].

Definition 10 (Base Fully Justified Representation (BFJR)). Given an election E = (C, N, F, A)
we say that a group of voters S C N is («, 3)-cohesive, «, 5 > 0, if for each feasible set T' € F
either there exists X C C with |X| = a and with u;(X) > j for each i € S such that TU X € F,
or the following condition is satisfied:

5] a

> .
n = T+«

We say that a feasible outcome W € F of an election E = (C, N, F, A) satisfies base fully justified
representation (BEFJR) if for each «, 8 € R and each («, 3)-cohesive group of voters S C N there
exists a voter i € S such that u;(W) > . A selection rule R satisfies BFJR if for each election £
it returns outcomes satisfying BFJR. 3

Definition 10 is strictly stronger than Definition 2: indeed we obtain the definition of BEJR
if we additionally require that o = 5. Intuitively, in the definition of BFJR a group of voters S
deserves the utility of g if for each T" they can find a set X of (not too large) size o on which they
agree that it has the value of at least 8. In the definition of BEJR, the voters from S must have a
stronger agreement; they all must unanimously support every candidate from X. This definition is
still satisfiable.

Theorem 11. For each election with monotone utilities there exists an outcome satisfying base
fully justified representation.

Proof. Given an election F = (C, N, F, A) we first define the procedure of partitioning voters. In
each round r we search for the largest value 8, > 0 for which there exists an (., 5, )-cohesive
group, a, = 0; if there are ties, we first prefer a cohesive group with a smaller value of a,.. We
pick one such a group, call it S,, and remove the voters from S, from further consideration. We
repeat the procedure until all the voters are removed (note that every non-empty group of voters is
(0,0)-cohesive, and so the procedure will stop). Thus, we partitioned the set of voters into disjoint
sets 51,52, ..., Sp—1,5p.

We will show now that for each group of voters S,, r € [p], we can select a set of candidates W,
with || < a, such that (1) each set W, gives the voters from S, the utility of at least 3, (that is
ui(W,) = B, for each i € S;), and (2) the set W3 UW, U...UW, is feasible.

We first fix the number of voters n. We will show the above statement by the induction on
the number of active voters; the voter is active if it assigns a positive utility to some subset of
candidates. Clearly, if all the voters are inactive then the inductive hypothesis holds, which is
witnessed by an empty subset of candidates. Now, assume that the hypothesis holds if the number
of active voters is strictly lower than n’. We will show that it holds also for n'.

Consider any set S, € {S1,...,5,} and consider a modified election E’ in which we replace each
voter from S, with an inactive voter. Note that except for S, the partitioning algorithm would

"Note that if @« = 0 then T U@ € F and in that case we do not need to consider the or condition where we could
potentially divide by 0 when T = (.
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return the same groups 51,52, ...,5—1,541,...,5p as for E. From our inductive assumption,
there exists sets W/ = Wi UWaU...UW,_; UW,41 U...UW), such that all voters from S; get at
least the utility of ; from W; for i € [p] \ {r}.

For T'= W’ since S, is (a, ;)-cohesive, we know that there exists X € F with |X| = «,. that
gives S, the utility of 8, such that X UT € F or

|5y | O
n T|+ o,

If X UT € F then we set W, = X; we additionally give empty sets to inactive voters, and we are
done. Otherwise, we have that:

(Sl 5 o .
n T +ar  a1+...+ o

We repeat this reasoning for each r € [p], and get that unless we are done:

S+ (S Lat..taoy
n ap+...+aqp

1

=1,

a contradiction. Hence, there exists a sequence Wi U ... U W, that satisfies our condition.

Now, consider an election E = (C, N, F, A), and let Wy, W5, ..., W), be constructed as above.
We take W = W1 UWo U ...UW,. It remains to prove that W satisfies BEJR. For the sake of
contradiction, assume that there exists an («, )-cohesive group S such that for each voter i € S
we have u; (W) < 8. Consider the first step in the process of partitioning the voters, when some
voter i € S was deleted. It was deleted as a part of some (a;, 3;)-cohesive group S,. Since during
the partitioning we always pick the group with the highest 3, first, we know that g, > . From
the construction of W we know that u;(W) > u;(W,) > B, > . This proves a contradiction, and
completes the proof. O

Now let us investigate the relation between BFJR and stable priceability. In the committee
setting, stable priceability implies the core [40] which is a stronger axiom than BFJR. However,
Proposition 12 shows that it is no longer the case in our general model, even if we assume matroid
constraints.

Proposition 12. Stable Priceability with different prices does not imply BFJR for approval
committee elections with disjoint attributes even if we assume matroid constraints.

Proof. Consider an instance of approval committee elections with disjoint attributes, £ =
(C,N,F, A) such that C = Cy L Cy (candidates are split into two separate groups) and |Cy| > 41,
|C2] = 50. Feasible sets contain at most 40 candidates from the first group and at most 40 from
the second group. There are three disjoint groups of voters: group Vj of 37/5 approving all the
candidates from C, group Vs of n/3 of voters approving all the candidates from C9, and group S
of /15 (assume 7/15 is an even integer) voters approving some 5 candidates A = {a1,...,a5} from
(. Besides, half of the voters from S approve some 5 candidates B = {by,...,bs} from Cy and
the other half of the voters approve different 5 candidates £ = {ey,...,e5} from Cs.

Consider now an outcome W containing 4 candidates from A \ {as}, 36 other candidates from
C \ {as}, and 40 candidates from Cy \ B\ E. We will first show that this outcome is stable
priceable. Let the price for the candidates from Cy be w1 = 7/60 and the price for the candidates
from Cy be mg = n/120. It is clear that with such prices, outcome W (and every other outcome
with 40 candidates from C and 40 candidates from Cy) satisfies (SP4).

Voters from S spend all their money on candidates from A \ {as} (indeed: 4 - 7/60 = n/15 = |5,
the remaining voters spend their money on their approved candidates from W in any way so
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that each elected candidate is paid her price (it is possible, since 36 - /60 = 3n/5 = |V;| and
40 - n/120 = n/3 = |V4]). Now we can see that W is stable: indeed, voters from neither V; nor V5
have no possibility to improve their satisfaction from the committee. Voters from S do not have
enough money to buy the fifth candidate from A. Besides, even after resigning from paying for
A\ {as}, they do not have enough money to improve their satisfaction by buying candidates from
BUE.
We will now show that in any committee satisfying BFJR, some member of group S should get
at least b representatives.
Consider any committee T' € F. If T contains less than 36 candidates from C; then clearly group
S can propose a committee X = A satisfying X UT € F. If T contains some 35 + x candidates
from C for x € [5] but less than 41 — 2z candidates from C5 then voters from S can propose a
committee X containing 5 — x candidates from A, x candidates from B and x candidates from F
satisfying X UT € F. Consider now a committee T' containing some 35 + = candidates from C}
(for x € [5]) and at least 41 — 2z candidates from Cy (hence |T'| > 76 — z > 71). Now consider
X = A. We have that:
| X| - 5 n
EE T TR T

which shows that S indeed should get 5 representatives in any committee satisfying BFJR which
completes the proof. ]

= |S|’

6.2. Weighted Candidates

It is worth noting that our definitions and the analysis so far implicitly assumed that all the candi-
dates are treated equally, irrespectively of their impact on the feasibility constraints. Specifically,
in Inequality (1) in Definition 2 we were only concerned with the number of candidates in the set
T'; however, some of these candidates can restrict the feasible solutions much more than the others.
The classic model where this is the case is the one of participatory budgeting (PB) [41]—there,
the candidates have weights, and there is a single constraint specifying that the total weight of the
selected candidates is lower than or equal to the given budget value. In such cases it might be
justified to include the weights of the candidates in the definitions of the axioms, as it is done in
the work of Peters et al. [41].

In this section we are considering the following addition to the original model. For each
candidate ¢ € C' assume we are given a weight to(c) € Ry ; for a subset of candidates W C C we
let w(W) =3 .y w(c). Intuitively, the weights of the candidates should in some way correspond
to the feasibility constraints, however this is not formally required. In this case, we write the
definition of Base Extended Justified Representation as follows.

Definition 11 (Weighted Base Extended Justified Representation (r0-BEJR)). Given an election
E = (C,N,F, A) we say that a group of voters S C N is («, 3)-strongly cohesive, a« > 0, 8 > 0, if
for each feasible set T" € F either there exists X C (,cg A; with w(X) < o and | X| > 3 such that
T UX € F, or the following condition is satisfied:

ISy o
n = wl)+a

We say that a feasible outcome W € F of an election E = (C, N, F, A) satisfies weighted base
extended justified representation (w-BEJR) if for each o > 0,8 > 0 and each («, 8)-strongly
cohesive group of voters S C N there exists a voter ¢ € S such that |[W N A;| > 5.

If we additionally restrain T to be a subset of W, then we say that S is («, §)-strongly cohesive
in W. Analogously, we extend the definition of EJR to the case of weighted candidates. The
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easiest formulation is obtained by modifying Definition 11 so that we consider strongly cohesive
groups in W. Below we also provide an alternative equivalent formulation.

Definition 12 (Weighted Extended Justified Representation (w-EJR)). Given an election £ =
(C,N,F, A) and a real o > 0, we say that a group of voters S C N «-deviates in some W € F if
for £ = max;egu;(W)+1 and for each set ' C W either there exists X C [),.q A; with (X)) < «
and | X| > ¢ such that T U X € F, or the following inequality holds:

€S

@ «

” >7m(T)+a' (11)

We say that a feasible outcome W € F of an election E = (C, N, F, A) satisfies weighted extended
Justified representation (vo-EJR) if no group of voters S C N a-deviates in W for any a > 0.

We analogously extend the definitions of fully justified representation (FJR) and proportional
justified representation (PJR) to the case of weighted candidates. We will also say that a group of
voters S strongly deserves [3 candidates (in W) if this group is («, 5)-strongly cohesive (in W) for
some a > 0.

It is known that in the model with weights Proportional Approval Voting (PAV) fails EJR and
PJR, even in approximation [41]. The approach based on priceability, on the other hand, provides
more positive results. For Phragmén’s Sequential Method it suffices to assume that the costs of
the candidates that need to be paid by the voters equal to their weights. We will show that while,
such defined rule fails all our axioms (PJR, and consequently EJR, and FJR), it provides certain
approximate guarantees. The method provides particularly strong guarantees to small cohesive
groups. For instance, a cohesive group of the size of 10% of the population, is guaranteed roughly
0.9 of PJR. It is worth noting that the approximation result works also for non-matroid constraints.
The following theorem gives the guarantee already for the to-BEJR.

Theorem 13. For weighted candidates Phragmén’s Sequential Method selects an outcome W such
that for each a group of voters S C N strongly deserving B candidates in W we have:

oyl

n

Proof. Consider an («, 8)-strongly cohesive group of voters S C N. Towards a contradiction,

n—|S|
n

assume that Phragmén’s Sequential Method selects fewer than [6 . J candidates from  J;c g A;.

Note that during the execution of the Phragmén’s method, when a candidate ¢ € (;,cq A; is
not removed nor selected, then the voters from S will pay no more than tv(c) in total for any
candidate (as otherwise they would prefer to buy ¢). Let ¢ be the first moment when at least one
candidate has been removed from each subset A C ;.4 A; with |[A] > 8 and w(A4) < a. Note
that t < n=I5|/n - @/|5|. Indeed, if t > n—IS|/n - @/|5|, then at time n—IS|/n - @/|5| the group S would
collect in total o - n=IS|/n dollars. Further, at this time moment there would be a set A C ;g A;
with |A| > 5 and 0 (A) < « such that all candidates from A would be either bought, or available

for being bought. Thus, the voters from S would buy at least Lﬁ . n_Tle candidates.
Let W denote an outcome purchased at time t. Since the voters could spend at most nt dollars
on candidates from W, we get that:
a n—|9]

<n-— .
w(W)<n 5] -
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Since S is (o, 3)-strongly cohesive, and as the existence of X such that X C (.4 A; with
| X| > B, w(X) < a,and WU X € F is not possible at time moment ¢, the following inequality

holds:
@> a > @ —@
n_ wW)+a .o . nSlL, n

IS| - »

?

a contradiction. This completes the proof. O
Proposition 14. For weighted candidates Phragmén’s Sequential Method may fail vo-BPJR.

Proof. Consider the following election. The candidates are divided into 100 disjoint groups,
C1,Co,...,C1p0. In each group C; there are four candidates: a; with the cost equal to 2 + ¢ for
e > 0 and b;, ¢;, d; with the costs equal to 1, each. The feasibility constraints are the following;:
for each group C; the total cost of the candidates selected from C; cannot exceed 3. Thus, from
each group C; we can select either a; or b;, ¢;, and d;. Let A, B,C, D be a set of all a;,b;,¢;,d;
candidates, respectively.

Consider a group S consisting of (50 — €)% voters. The voters from S all approve BUC U D.
Additionally, all the voters (including those from S) approve A. It is straightforward to check that
Phragmén’s Sequential Method will select A only; in total 100 candidates. However, we will show
that the group S is (120, 120)-strongly cohesive.

Indeed, if T' contains possible candidates (either a; or all of b;, ¢;, d;) for at most 60 ¢ € [100], then
the group S can easily point 120 candidates that together with 7' make a feasible set. Otherwise,
w(7T) > 122, and so for sufficiently small € it holds that:

@> 120 120
n ~ w(T)+120 122+ 120°

Thus, the group S should approve in total at least 120 candidates. Hence, base PJR is failed. [
For stable-priceability (Section 5.2) a few more adaptations need to be made:

1. The assumption that the prices of the candidates are all equal would now correspond to the
assumption that the prices are proportional to the candidates’ costs.

Te _ T (12)

2. Further, condition (SP4) might be too restrictive (especially if the prices of the candidates
are fixed). Indeed, such condition could itself imply a unique outcome, independently of
the voters’ preferences. Thus, we propose to replace it with the condition of exhaustiveness
(SP4*).

Theorem 15. Let W be a stable-priceable outcome for weighted candidates, assuming prices are
proportional to the candidates’ costs and the exhaustiveness of W. Then, for each a group of voters
S C N deserving 8 candidates there exists a voter i € S with:

n

WA > V-”_S’J‘

Proof. Let W be a stable-priceable outcome. Consider an (a, 3)-strongly cohesive group of voters
S C N, and towards a contradiction, assume that each voter from S approves fewer than {B . n—T|S|J

candidates from W. If § =0 or S = N then the statement is trivially true, so we can assume that
B>=1land SCN.
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Since W is exhaustive, and since S is («a, 8)-strongly cohesive for some a > 0, 8 > 0, we get
that:

5| o
=

After reformulating, we get that:

n—|5|
(W : .
(W) 5
For each ¢ € C by (12) we have:
o(e) _ w(I)
e W

Thus, we get that:

w(e)  a n—|S|>g n—|9S]
T ~omw o S| T |S]
Further, since there exists X C (,cg A; with [ X| > 3, w(X) < a, we get that:
a n—|5| a n—|9]
> 0 > C—_ = c—_ .
az) wie)>) m n 8] XS
ceX ceX
This is equivalent to:
nlS|
< . 13
SRS 13)

Let z = |X N W] and let 7, denote the total price of the candidates from X N W paid by the
voters from S. Let {; denote the amount of money that voter ¢ € S has excluding the amount of
money that the voter paid for the candidates from X NW. We have:

> G=I8| -7

€S

By our assumption each voter from S approves strictly fewer than j3- n_T|S| candidates. In particular,

each such a voter approves at most [ - n—T|S| — z — 1 candidates from W\ X. This means that
for each ¢ € S, there exists a candidate ¢ € W\ X for which p;() > /3#5‘ or r; = /8%

popn .
-z =z
n n

Thus, from condition (SP3) in the definition of stable-priceability we get that for each c € X \ W

|S| — .
.8l

n

c =

(14)

As there is ¢ € X N W such that 7y > ™=, using (SP3), we get that for each ¢ € X \ W it holds
that:

77
e = ?Z (15)
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Now, let us consider two cases. First, assume that % = nTﬂISS‘YI In this case, we use (15) and get

that:

T
Zﬂc: Z Te + Ty 2 (6_2)'i+ﬁz
ceX ceX\W i
_ pry—zm,+ 2w, P n|S|
B P oz T -9
This gives a contradiction with (13). Now assume the opposite case, that is: % < n’ﬂ% Here we
use (14), and get:
S|—m
ome= Y metm > (5*2)%+7rz
ceX ceX\W 8- n F
_ BIS| —|Slz — Brs + 2wy + B, — B, - B — o,
B B "—T|S| _
S
_BISI=1Slz = pr. - 8IS~ ISle - L
B n—|S| n—|S|
B> =z B =z
_ ., _ S
:|S|-B 2= s :|S|'Bn—B|S|—zn+z|S|—z\Sl' n
5.”*T|S|_Z n—|S| pn — B|S| — zn
__n|S|
=S|
This again gives a contradiction with (13), and completes the proof. O

7. Restrained EJR and Pareto Optimality

In this section we provide the proofs of theorems that concern satisfiability of Restrained EJR.
We highlighted and discussed these results in Section 3.2, and below we provide all the technical
details.

Theorem 4. For each election there exists an outcome satisfying Restrained EJR.

Proof. Consider an election E = (C, N, F, A). Let k be the maximum size of feasible outcomes,
k = maxycr |W/|, and let n denote the original number of voters—in the course of the proof we
will be removing some voters yet the value of n will not change.

Let us construct a feasible outcome through the following greedy procedure. We look for the
largest integer value ¢ > 0 such that there exists a group of not-yet removed voters S with
|S| > £-n/k who approves a feasible set T' C (,cq Ai, |T'| = £. We select the candidates from T,
remove the voters from S, and construct a new family of feasible sets:

F={WCC:WUT e F}.

We repeat the procedure recursively, for the election B/ = (C, N \ S, F, A). We finish, when we
removed all the voters. Note that since after each update we have that () € F, all the voters will
be removed at some point.

Let us call the final outcome W. We will show that W satisfies Restrained EJR. Towards
a contradiction assume that this is not the case, and let S be a blocking coalition. Let y =
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max;es u; (W) + 1 and let &' = Ll—i'kJ In particular, we have that:

S K
K < uk hence S| > un
n k

By applying the definition of Restrained EJR for W = 0 we infer that y < k. Consider the first
round r when some voter from S was removed. Note that until round r we selected at most the
following number of candidates:
k'n

(=18 < (=) o= k=,

Now we define W as a subset of k — k' candidates from W containing all candidates selected
before round r. Since S is a blocking coalition we get that there exists W’ with |[W’| < k' such
that: T =W UW’ € F, and ‘ﬂies AN T‘ > y. But this means that 7" must be also feasible in
round r. Moreover, S > ’“/T" >y - . Thus, in round 7 the value of £ is at least equal to y. Thus,
the removed voter must had approved at least y candidates in the set selected in round r, which
contradicts the fact that y = max;eg u;(W) + 1. This completes the proof. O

Definition 13 (Pareto Optimality). We say that a feasible outcome W is Pareto dominated by
a feasible outcome W' if for each voter i € N it holds that u;(W’) > u;(W) and for at least one
voter i € N the inequality is strict, i.e, u;(W’) > w;(W). An outcome W is Pareto optimal if it is
not Pareto dominated by any feasible outcome.

Let u be a wutility vector that specifies for each voter i € N the number of candidates u(i) the
voter approves in the selected outcome. We say that W C C induces the utility vector u if for each
i € N we have |A; N W| = u(i). Given a utility vector u we define the total utility among S C N
as Utot(S) = Y _jcgu(i) and the average utility as uay, = ut%(N) We may shortcut ugoy = ot (V).

Before giving a formal proof, we provide a short sketch. We take all possible utility vectors that
have average utility p—we call such utility vectors normal. We associate with each such a utility
vector u a pairwise disjoint feasible committee W,,. In the next step, for each W,,, we design many
feasible committees that together witness that W,, violates EJR. Each such violation of EJR is
certified by a set of voters § C N. Next, we need to prove that the outcomes towards which S
deviated also either fail EJR or are Pareto dominated. There are two possible cases depending
on the size of S. Either [S] is small, in which case we prove that such an outcome is Pareto
dominated by a solution induced by some normal utility vector. Otherwise, the total utility of
a corresponding committee might be higher compared to the total utility of a normal vector. In
that case, we perform another transformation that creates a new utility vector that dominates
the former one by a slight increase in the utility of a single voter only. However, this allows us to
design a new feasible committee using new candidates, but where we limit the total utility of the
voters from N\ S. We repeat both transformations again on a new carefully chosen set S C N'\ S,
even more decreasing the total utility of the voters from N \ (S US’). This is very helpful, as we
can eventually show that there must be many voters with relatively small utility in N\ (S U S’).
Finally, we perform a few more transformations on those voters, which decrease the total utility of
the committee below the threshold set by the total utility of a normal utility vector. Hence, we
conclude the proof as, in each case, we were able to find sequences of EJR violations and Pareto
dominations (these sequences can be viewed as a tree, where utility vectors correspond to nodes,
and the transformations to the edges), where the last committee in each sequence (a leaf in a tree)
is again Pareto dominated by a committee associated with a normal vector.

Theorem 5. There exists no selection rule that satisfies Restrained EJR and Pareto Optimality.
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Proof. Let us fix p =100 (p can be any sufficiently large number). We fix the number of voters n,
and the size of the committee k:
2
p°, op
" 2 T3

First, we describe a collection of utility vectors N, denoted as normal. The collection N,
consists of all possible utility vectors such that u(i) < k for all ¢ and such that u,, = p. In other
words, the total utility is utor = np = kp. For each u € N, we are going to create one feasible
committee W, that induces u such that for each u,v € Np, W, and W, are disjoint.

Construction of W,. Given a utility vector v and > an order on N, we construct W, € F as
follows. We often say that voters are consecutive if they are consecutive with respect to order .
We introduce a set W,, C C of k new candidates that were not part of any feasible committee
constructed until this point. We assign the candidates to the voters via round-robin—we put an
arbitrary cyclic order on W, (the first candidate in W, follows after the last one). We process the
voters according to the order >. At each step, we add one candidate to the approval set of voter ¢
at hand and move to the next candidate according to the cyclic order. When the voter ¢ already
approves u(7) candidates, we move to the next voter according to >.
This construction ensures an important property that will be used later on:

Property A: For a group S of consecutive voters (wrt. >) such that u(S) = z, each candidate
is approved by at most [#/k] and at least |#/k] voters from S.

Also, note that each candidate is approved roughly the same number of times. In particular, for
a normal utility vector this means that each candidate is approved by exactly p voters.

Using the consturction, we create Wy, for each u € N, where > is defined as an order on (i)
(where ties are broken arbitrarily). In other words, we process the voters starting from those with
the highest expected utility until the ones with the lowest value of (7).

For each utility vector u € N, (and associated W, € F), we construct a set of feasible committees
that ensure that for W, there is a group of voters that deviates in W,, and therefore EJR is violated.
Assume that there exists a group of z > 0 voters S such that each of them has the utility lower
than z. For any utility vector v and S C N, we describe an z-transformation as follows. We add
x brand new candidates that we set to be jointly approved by S. This set of x candidates, call it
X, together with any subset of kK — x candidates from W, are added to F. Thus, W, does not
satisfy EJR, since the group S deviates. Indeed, for any T' C W,, of |T'| < k — x there is a feasible
committee W, = T U X, which gives each voter i € S strictly higher utility than (7).

Having u, >, W, a consecutive set S C N, and T' C W,, (where |T| = k — ), as defined above,
we describe another transformation applied on W,'. We call it a PD-transformation. Let ur be
the utility vector that WuT induces. We create a new utility vector u™ by increasing the utility
of a least satisfied voter v ¢ S by one. Then we create a feasible committee W,+ on brand new
candidates using the construction, where =’ is an order in which we first put the voters from S,
followed by the voters i € N \ S ordered according to u™ (i) (where ties are broken arbitrarily).
This transformation clearly ensures that W, is Pareto dominated by W, .

Now, we split the proof into two cases. In the first case, u € N, is such that there is a group S
of z voters, for x < p, such that each voter from S approves less than x candidates. We perform
z-transformation of u, and we obtain several new feasible sets W,! for all T C W, where |T| = k—z.
However, each such W' (and a utility vector u’ it induces) is Pareto dominated by some normal
utility vector:

ug;t:np— xr-p + T T < np.

~~~ . .
removing x candidates adding z candidates
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Now, consider the other case, that is, when there is no such group S. We claim that there must
be a group of (p + 1) consecutive voters such that each of them approves p — 1 or p candidates.
Indeed, if this were not the case, then the total utility would be at least:

Uot > 1+2+- -+ (p—1) + (p—1)-(p—1) +(n—2p+2) - (p+1)
no group deviating for # < p  at most p voters with the utility of p — 1
:p(p2_1)—i—p2—2p+1+np+n—2p2—2p+2p+2
Ip(pz_l)+np+n—p2—2p+3
:np—l—n—p22—52p+3>np,

a contradiction.

We let S be a set of p+1 consecutive voters such that each of them approves p—1 or p candidates.
We do a (p + 1)-transformation of S, and for each resulting committee we do a PD-transformation.
Therefore, we obtain utility vector v’ that has the following structure:

1. The total utility equals:

Uy = NP — (p+1)p + e+ + 1 =mw+p+2
N——— .
removing p + 1 candidates adding p + 1 candidates PD-transformation
(16)
2. From Property A it follows that the total utility within the group S is at least:
1o (S) = Sl(p—1 |15 Sl(p+1
a9z Slo-1  —wr) | B2y S+ 1)
N—— SN——
utility before transformation —“==————— —  candidates added through the transformation
Property A
_ (p+1p
=2|Slp—(p+1) {M
2 2
>2(p+p-20p+1) =2p+1)(p—1)=2p" - 2. (17)
3. The total utility among S is at most:
Ugor (9) < |SIp + |SI(p+1)
utility before transformation candidates added through the transformation
=2p* + 3p + 1. (18)

This means that the voters from N \ S have the total utility at most:
Hop =M+ P+ 2—2p" +2=np—2p° +p+4.

To finish the proof, we need to make sure that each such resulting utility vector will be Pareto
dominated by a normal utility vector after few transformations.

Consider such a utility vector denoted as u/. If there exists a group S’ of size z, 2 < 2 < p— 2,
where each voter approves fewer than x candidates, then we do an z-transformation on S’. The
total utility after such a transformation is at most:

uéot:np+p+2—xp+a:2<np.
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For the last inequality, note that the expression —xp + 22 takes its minimum at z = p/2, and so it
suffices to check the value in the extreme points, z = 2 and x = p — 2. Thus, in this case, each
utility vector being the result of such an z-transformation is Pareto dominated by some normal
vector.

Hence, we can assume there is no such a group. Then we claim there must exist a group S’ of p
consecutive voters such that each voter from S’ approves p — 2 or p — 1 candidates and SN S’ = (.
Indeed, if this were not the case, then the total utility among N \ S would be at least:

U (N\S) 20+2+3+--4+(p—-2)+(p-2)p—-2)+(n—(p+1)—(p—2)—(p—2))p

no group deviating for x IN\S|
—-2)(p—1
= (p)2(p)—1+pz—4p+4+(n—3p+3)p
-2 —1
_ =21 )2(p )+np—2p2—p+3>np—2p2+p+4=Z€ot-

The last inequality holds for each sufficiently large p, so we get a contradiction.

Thus, we may assume that such S’ exists and we perform a p-transformation on it and then a
PD-transformation on each outcome (there > order is defined as follows: we first put the voters
from S, next we put the voters from S’, followed by the voters i € N \ (S U S’) ordered by u/(i)).
After such transformations, there will be 2p + 1 voters (those from S and S’) that will have at
least the following total utility. Note that as S is consecutive in u’, we can use Property A on S.
Let u” be the resulting utility vector.

SNp—1
wsus) > Sle-z) - [P0 sy
utility before transformation “N——~~———"candidates added
Property A on S’

2p2 +3p+1
—p —
Property AtnS+ (18)
>p?—2p—2p+p*+2p° —2—4p
=4p? —8p —2.

+  2p2 -2
N——
utility of S (17)

It is easy to check that after such a transformation, the total number of approvals will increase
by at most one:

" np+p+2 2
Ut S Mp+p+2 — p|——F—| + P + 1
N — k ~~ ~
utility of «/ (16) —_———— adding p candidates PD-transformation
removing p candidates

Consequently, the total number of approvals among the voters from N \ (S US’) is at most:
Zpe=np+p+3—4p>+8p+2=mnp—4p* +9p+5.

Now, we repeat the reasoning once again on the resulting utility vectors. If there exists a
group S* of size x, 2 < x < p — 2, where each voter approves fewer than x candidates, then we
do an z-transformation and obtain utility vectors that are Pareto dominated by normal vectors.
Otherwise, we will show that there exist at least two disjoint groups Si,S52 C N \ (S US’) of size
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p — 1 and p, respectively, that have fewer than p — 1 representatives. Indeed, if this were not the
case, then the total utility among N \ (S U S’) would need to be at least:

0+243+---+(p-2)+pp—-2)+(n—(p+1) -—p—-(p—2)-p)(p—1)

no group deviating for = IN\(SUS")|
:(]0_2)2(p_1)l+p22p+2+(n4p+1)(p1)
:@_2)2(]3_1)+np—3p2—p+1—n+4p—1
:@_2)2@_1)+np—3p2+3p—];2—52p

>np—4p* +9p+5 =2,

The last inequality holds for sufficiently large values of p (one can compare only the coefficients for
p?). We get a contradiction, and so we have the two aforementioned groups S; and Sz. We perform
(p — 1)-transformation on S; and, on the results, a PD-transformation (with > set arbitrarily).
Either the total utility after such transformations is already lower than np (and so it is Pareto
dominated by a normal vector) or each candidate appears in at least p approval sets. Moreover,
observe that the total utility of Se only decreased (except possibly for one voter v). Hence, we
perform the last (p — 1)-transformation on Sz \ {v}. Therefore, the total utility of a utility vector
u* induced by a committee created after all such transformations is at most:

Uioy STP+Pp+3— 2(p—1)p + 2(p—1D(p—1) + 1
— — .
ugr, (19) >decrease for both (p — 1)-transf. < increase for both (p — 1)-transf. PD-transformation

=np+p+4—202+20+ 20 —4p+2=np—p+6 < np.

Thus, at the end, all the utility vectors are Pareto dominated by some normal vectors. This
completes the proof. ]

8. Conclusion

We have considered a general model of social choice, where the structure of output is given through
feasibility constraints. The feasibility constraints allow to encode different types of elections (e.g.,
single-winner and multi-winner elections, participatory budgeting, judgment aggregation, etc.).
We have proposed a new technique of extending classic notions of proportionality to the general
model of social choice with feasibility constraints. This way we have defined the axioms of justified
representation in the model with constraints. Our technique also allows to extend other notions of
fairness such as the core (see Appendix A).

Our strongest notion of proportionality, fully justified representation, is always satisfiable, even
for general monotone utility functions. We further show that natural adaptations of two committee
election rules, Proportional Approval Voting and Phragmén’s Sequential Method, satisfy strong
notions of proportionality if and only if the feasibility constrains are matroids. Phragmén’s
Sequential Method additionally provides good approximation of some of our notions of fairness for
non-matroid constraints. This makes the rule suitable for elections of different type and structure.
We have also generalised the concept of stable-priceabiliy to the case of elections with constraints.

There are several pressing open questions. First, our work mainly focuses on approval ballots
and corresponding dichotomous utility functions; many applications, however, require dealing
with more generic utility functions. Specifically, we are interested in the following two questions:
(1) Can we meaningfully define Phragmén’s Sequential Method for additive utility functions, so
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that the rule preserves its most compelling properties? (2) Can we define Method of Equal Shares
for elections with constraints? The answer to the second question seems challenging. The main
difficulty lies in the fact that we do not know how to set the prices of the candidates. If they are
set too high, then some groups of voters might not be able to afford to buy enough supported
candidates. If we set them too low, then the groups might be left with money which cannot be
used for buying candidates without breaking feasibility constrains.

It is further important to check how the considered rules perform on real and synthetic data.

The setting with weighted candidates also remains mostly unexplored. This setting is particularly
important, since it models the increasingly popular process of participatory budgeting. Can we
define an analogue of matroid constraints for weighted candidates? This seems plausible given
that the exchange property seems to be naturally adaptable to weights. Can we design rules that
satisfy the strong proportionality axioms for such constraints?
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A. Core in the General Model with Constraints

Our approach also allows to extend other concepts of fairness to the model with constraints. Here
we explain how to extend the concept of core. We propose both variants of core to study. First,
we define base variant of the core.

Definition 14 (Base Core). Given an election £ = (C, N, F, A) we say that a group of voters
S C N is (a, B)-cohesive, « € N, B: S — R* | if for each feasible set T" € F either there exists
X C Csuch that |[X|=a, TUX € F, and u;(X) > p(¢) for each i € S, or

sl _a
n = |T|+a

We say that a feasible outcome W € F of an election E = (C, N, F, A) is in the base core if for
each o € N, 8: S — R, and each (a, 3)-cohesive group of voters S C N there exists a voter i € S
such that u;(W) > 5(7). 4

Analogously we define the concept of core.

Definition 15 (Core). Given an election E = (C, N, F, A) and a feasible outcome W we say that
a group of voters S C N is («, B3)-cohesive in W, a € N, 8: S — R™, if for each subset T C W
either there exists X C C such that | X| =a, TUX € F, and u;(X) > f(i) for each i € S, or

sl _a
n ~ |T|+a

We say that a feasible outcome W € F of an election E = (C, N, F, A) is in the core if for each
a €N, 3: S — R", and each group of voters S C N that is («, 3)-cohesive in W there exists a
voter i € S such that u;(W) > 5(7). 4

Our definition of the core clearly implies the definition of FJR and corresponds to the definition
of the core for committee election rules.

B. Computational Social Choice Models and Matroids

In this section we prove that the examples of matroid feasibility constraints provided in Section 2
satisfy (EP), and the examples of non-matroid feasibility constraints violate it.

Committee elections. Consider two feasible sets X, Y such that | X| < |Y]. It is clear that Y| < k
and for each ¢ € Y\ X we have that | X U{c}| < k, hence by the definition of 7, X U{c} € F,
which shows that F satisfies condition (EP).

Public decisions. Consider two feasible sets X,Y such that |X| < |Y|. Then for at least one
binary issue C, (r € [2]), we have that X N C, =0 and Y N C; # 0 (hence, Y NCy| =1).
Then after adding the candidate from Y N C, to X, X is still feasible, which shows that F
satisfies condition (EP).

Committee elections with disjoint attributes. Consider two feasible sets X,Y such that | X| <
|Y|. If for some attribute r we have that | XNC,.| < g;- and (Y'\ X)NC, # 0, then after adding
any candidate from the latter set to X, X is still feasible. Suppose now that it is not the case,
ie., (x) (Y\X)NC, = 0 for each r such that | X NC,| < ¢-. Naturally, from the construction
of F, we have also that |X N C,| = |Y N C,| for each r such that | X N C,| = ¢, . Therefore,
since | X| < |Y, there need to exist attribute 7 such that ¢ < |[X NC,.| < |[Y NC,| < ¢,
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Consider now any candidate ¢ € (Y \ X) N C,. The set X U {c} does not violate any upper
quotas and is still possible to be completed to a k-sized set so that all lower quotas are
satisfied (because Y is possible to be completed in such a way, X U{c} has at most the same
size as Y, and from (x) the number of seats required to satisfy all the lower quotas is no
greater in X U {c} than in Y'), hence it is feasible and (EP) is satisfied.

Ranking candidates. Suppose that we need to elect a ranking among 3 candidates ¢y, ca, c3.
Consider set X = {c12,c23} and set Y = {¢32,¢21,¢31}. Then it is clear that no candidate
from Y can be added to X so that X still represents a valid ranking, hence (EP) is violated.

Committee elections with negative votes. Consider set X containing some k real candidates
c1,¢2,...,¢p and a (k + 1)-sized set Y = {¢1,¢2,¢3,..., ¢k, i1} Now Y\ X = {¢1, cpy1}-
None of them can be added to X without breaking feasibility constraints—adding ¢; would
mean that c; is both elected and unelected, and adding ci; would mean that more than &
candidates are elected. Hence, (EP) is violated.

Judgement aggregation. Consider two variables x and y. As described in Section 2, we introduce
four candidates c; 7, ¢z F, ¢y, ¢y, Now suppose that we require that the following formula
holds: # = —y. Consider set X = {c; 7} and set Y = {c¢; p, ¢y 7}. Then it is clear that
no candidate from Y can be added to X so that X is still feasible, hence (EP) is violated.
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