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Abstra
t

We show that for a 
omplete 
omplex algebrai
 variety the pure term of

the weight �ltration in homology 
oin
ides with the image of interse
tion

homology. Therefore pure homology is topologi
ally invariant. To obtain

slightly more general results we introdu
e image homology for non
omplete

varieties.
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1 Introdu
tion

The mixed Hodge theory was developed by P. Deligne to study extraordinary

properties of 
ohomology of 
omplex algebrai
 varieties. One of the ingredients

of mixed Hodge stru
ture is the weight �ltration. We will fo
us on the dual

�ltration in homology. We will �nd a relation between interse
tion homology

de�ned by M. Goresky{R. Ma
Pherson and the weight �ltration. The main

result of the paper says that if a variety is 
omplete, then the pure part of ho-

mologyW

k

H

k

(X) is the image of interse
tion homology. This shows topologi
al

invarian
e of pure homology. An attempt to give a topologi
al des
ription or

at least estimate the weight �ltration was undertaken by C. M
Crory ([10℄). If

X is a 
omplete smooth divisor with normal 
rossings then the weight �ltra-

tion 
oin
ides with the Zeeman �ltration given by "
odimension of 
y
les". In

general there is an in
lusion (the terms of the weight �ltration are bigger). It

is a result of M
Crory for hypersurfa
es and of F. Guillen ([8℄) in general. For


omplete, normal and equidimensional varieties all we 
an dedu
e from Zeeman

�ltration for the pure term of the weight �ltration is the following: the image

of the Poin
ar�e duality map is 
ontained in W

k

H

k

(X). This is exa
tly what

follows from the weight prin
iple. Our des
ription ofW

k

H

k

(X) is 
omplete and

still purely topologi
al. Other terms of the weight �ltration do not have su
h

des
ription. They are not topologi
ally invariant.

�
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In the 
ourse of the proof at some points we do not have to assume that the

variety is 
omplete. Therefore we organize the paper as follows. Let X be a


omplex algebrai
 variety. We will de�ne 
ertain subspa
es of homology

IM

k

(X) � H

k

(X)

for ea
h k 2 N, whi
h we will 
all image homology. We assume that homology

has 
oeÆ
ients in a �eld of 
hara
teristi
 zero. We will show that:

Theorem 1.1 The image homology satis�es the 
onditions:

(a) If X is smooth, then IM

k

(X) = H

k

(X),

(b) If f : X ! Y is an algebrai
 map then f

�

IM

k

(X) � IM

k

(Y ),

(
) If f : X ! Y is an algebrai
 map whi
h is proper and surje
tive then

f

�

IM

k

(X) = IM

k

(Y ).

By Hironaka resolution of singularities every algebrai
 variety is dominated by

a smooth one. Therefore the 
onditions of Theorem 1.1 determine IM

k

(X). Of


ourse it is not 
lear whether IM

k

(X) satisfying (a)-(
) exists. If X and Y are


omplete then the existen
e of su
h subspa
es is a 
onsequen
es of mixed Hodge

theory, [5℄ x8.2.

Theorem 1.2

(d) If X is 
omplete, then IM

k

(X) 
oin
ides with W

k

H

k

(X), the pure weight

subspa
e of homology.

We prove that IM

k

(X) is the image of interse
tion homology:

Theorem 1.3

(e) If X is equidimensional, then

IM

k

(X) = im(�

X

: IH

k

(X)! H

k

(X)) :

We will explain the obje
ts appearing in (d) and (e) below:

(d) W

k

H

k

(X) =W

�k

H

k

(X) is the k-th term of the weight �ltration in homol-

ogy ofX . It is the annihilator ofW

k�1

H

k

(X), the subspa
e of 
ohomology

of the weight � k � 1, de�ned in [5℄. If X is 
omplete then W

k

H

k

(X) is

the lowest possibly nonzero term. Then it is pure. In general the weight

�ltration is not a topologi
ally invariant, see [12℄.

(e) IH

k

(X) is the interse
tion (
o)homology group (with respe
t to the middle

perversity) de�ned in [6, 7℄ and developed in [2℄. It is a 
ohomology theory

adapted to ta
kle singular varieties. It is equipped with 
anoni
al maps:

H

2 dim(X)�k




(X)

�

�

X

��! IH

2 dim(X)�k




(X) = IH

k

(X)

�

X

��! H

k

(X)
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fa
torizing Poin
ar�e duality map [X ℄ \ �. (The subs
ript 
 stands for


ompa
t supports.) Interse
tion (
o)homology is a topologi
al invariant

of X . A

ording to [2℄ or [11℄ one 
an 
onstru
t a weight �ltration in

IH

k

(X). If X is 
omplete, then IH

k

(X) is pure of weight k.

We dedu
e a striking property of image homology.

Theorem 1.4 (Topologi
al Invarian
e)

(f) The image homology is a topologi
al invariant of X. This means, that if

f : X ! Y is a homeomorphism whi
h does not have to be an algebrai


map then f

�

IM

k

(X) = IM

k

(Y ).

Theorem 1.4 follows from (e). As a 
orollary we obtain an unusual property of

the pure term of the weight �ltration:

Corollary 1.5 If X is a 
omplete algebrai
 variety, then W

k

H

k

(X) is topo-

logi
ally invariant.

A topologi
al des
ription of W

k

H

k

(X) is the following

Corollary 1.6 If X is a 
omplete and equidimensional algebrai
 variety, then

W

k

H

k

(X) = im(�

X

: IH

k

(X)! H

k

(X)) :

We also de�ne parallel or dual variants of IM

k

(X):

{ IM

BM

k

(X) � H

BM

k

(X), a subspa
e of Borel-Moore homology satisfying the

properties (a)-(f) (with (b) for proper maps),

{ KER

k

(X) � H

k

(X), kernel 
ohomology, a subspa
e of 
ohomology satisfying

dual properties,

{ KER

k




(X) � H

k




(X), a subspa
e of 
ohomology with 
ompa
t supports satis-

fying dual properties (with (b') for proper maps).

The dual properties are the following:

Theorem 1.7 The kernel 
ohomology KER

k

(X) � H

k

(X) satis�es the 
ondi-

tions:

(a') If X is smooth, then KER

k

(X) = 0,

(b') If f : X ! Y is an algebrai
 map then f

�

KER

k

(Y ) � KER

k

(X),

(
') If f : X ! Y is an algebrai
 map whi
h is proper and surje
tive then

(f

�

)

�1

KER

k

(X) = KER

k

(Y ),

(d') If X is 
omplete, then KER

k

(X) =W

k�1

H

k

(X), the subspa
e of 
ohomol-

ogy of the weight � k � 1,
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(e') If X is equidimensional, then

KER

k

(X) = ker(�

�

X

: H

k

(X)! IH

k

(X)) ;

(f') The kernel 
ohomology is a topologi
al invariant of X.

Instead of KER groups one 
an 
onsider the image of 
ohomology in interse
tion


ohomology. We will fo
us on the 
ase whenX is equidimensional. The property

(d') 
an be restated:

Theorem 1.8

(d") If X is 
omplete and equidimensional then the image im(�

�

X

: H

k

(X) !

IH

k

(X)) is isomorphi
 to the pure quotient H

k

(X)=W

k�1

H

k

(X).

Combining (a') and (
') we obtain

Corollary 1.9 If X is smooth, Y is equidimensional and the map f : X ! Y

is proper and surje
tive, then the image f

�

(H

�

(Y )) is isomorphi
 to the image

�

�

X

.

Corollary 1.9 (and an analogous one for homology) allows us to think about

interse
tion 
ohomology as a substitute for the 
ohomology of a minimal reso-

lution.

The main tool of the proofs is the De
omposition Theorem of [2℄ or [11℄. We

will rely only on one 
orollary:

Corollary 1.10 (from the De
omposition Theorem) Let f : X ! Y

be a proper surje
tive map of algebrai
 varieties. Then IC

Y

is a retra
t of

Rf

�

IC

X

, i.e. there exist maps i : IC

Y

! Rf

�

IC

X

(in
lusion) and r : Rf

�

IC

X

!

IC

Y

(retra
tion) su
h that r Æ i = Id

IC

Y

.

Here IC

X

is the interse
tion 
omplex. It is an obje
t of the derived 
ategory

D(X) of sheaves of ve
tor spa
es over X and X is assumed to have pure dimen-

sion n. The hyper
ohomology of IC

X

is the interse
tion (
o)homology:

H

k

(X ; IC

X

) = IH

k

(X) = IH

BM

2n�k

(X) ;

H

k




(X ; IC

X

) = IH

k




(X) = IH

2n�k

(X) :

Due to methods of [2℄ we are for
ed to use 
omplex 
oeÆ
ients (orQ

`

), but on
e

we prove the Theorems 1.1-1.4 for C they will automati
ally follow for arbitrary

�eld of 
hara
teristi
 zero. We will also apply a result of [1℄ 
on
erning (non


anoni
al) fun
toriality of interse
tion (
o)homology. As it is shown in [13℄ the

result of [1℄ is a formal 
onsequen
e of 1.10. On the other hand Corollary 1.10


an be dedu
ed from [1℄. We present this reasoning in the Appendix. This is

the only non topologi
al ingredient we use. The methods presented here are

applied to study residues on singular hypersurfa
es in [15℄.
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2 De�nition through (e)

The starting point of our de�nition is the property (e). We 
annot say that

IM

k

(X) is just the image of IH

k

(X) sin
e interse
tion homology is de�ned

only for equidimensional varieties. Therefore we de
ompose X into irredu
ible


omponents X =

S

i2I

X

i

.

Definition 2.1 Let �

i

: IH

k

(X

i

) ! H

k

(X) be the 
omposition of the natural

transformation �

X

i

with the map indu
ed by the in
lusion of the 
omponent. The

image homology of X is de�ned by

IM

k

(X) =

X

i2I

im(�

i

) � H

k

(X) :

If X is equidimensional we do not have to de
ompose X into 
omponents sin
e

IH

k

(X) = IH

k

(

b

X) =

M

i2I

IH

k

(X

i

) ;

where

b

X is the normalization of X , whi
h is also the normalization of

F

i2I

X

i

.

This proves the property (e).

We 
an give a dire
t des
ription of image homology in terms of 
y
les. Our

des
ription is based on the elementary de�nition of interse
tion homology intro-

du
ed in [6℄. We �x a strati�
ation fS

�

g

�2J

i

of ea
h X

i

. We assume that the

strati�
ation is lo
ally topologi
ally trivial. A homology 
lass of H

k

(X) belongs

to IM

k

(X) if it is represented by a 
y
le � whi
h

{ 
an be de
omposed into a sum of 
y
les � =

P

i2I

�

i

, with j�

i

j � X

i

.

{ the 
omponent �

i

is allowable in X

i

, i.e.

dim

R

(j�

i

j \ S

�

) � k � 
� 1

if S

�

is a singular stratum of X

i

with 
omplex 
odimension 
 = dim(S

�

)�

dim(X

i

) .

3 Proof of (f)

By [7℄ or [9℄ interse
tion homology is a topologi
al invariant. It is enough to show

that the de
omposition into irredu
ible 
omponents is topologi
ally invariant.

Indeed, let X

reg

be the set of points of X at whi
h X is a topologi
al manifold

(the dimension may vary from a point to a point). The set X

reg

de
omposes into

a set of 
omponents X

i;reg

. The irredu
ible 
omponents of X are the 
losures

of X

i;reg

. 2
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4 Proof of (a)

If X is smooth, then �

X

: IH

k

(X)! H

k

(X) is an isomorphism. 2

Remark 4.1 It is enough to assume that X is a rational homology manifold to

have IM

k

(X) = H

k

(X). Also some information about lo
al homology allows

to dedu
e an isomorphism in 
ertain degrees. For example if X has isolated

singularities, then IM

k

(X) = H

k

(X) for k > max

i

(dim(X

i

)).

5 Proof of (b)

At this point for the �rst time we have to use highly nontrivial results 
on
erning

interse
tion homology. Let f : X ! Y be an algebrai
 map. Let us re
all the

main theorem of [1℄.

Theorem 5.1 There is a map � making the following diagram 
ommute:

IH

k

(X)

�

X

��! H

k

(X)

�

?

y

?

y

f

�

IH

k

(Y )

�

Y

��! H

k

(Y ) :

The 
hoi
e of � is not 
anoni
al, but its existen
e is enough to dedu
e (b). 2

In some 
ases we 
an prove more:

Proposition 5.2 If X is 
omplete, then f

�

stri
tly preserves image homology:

im(f

�

) \ IM

k

(Y ) = f

�

(IM

k

(X)) :

We will dedu
e 5.2 from mixed Hodge theory of [5℄ provided we know (
) and

(d).

Proof. Let � :

e

Y ! Y be a resolution of singularities. By (
) IM

k

(Y ) is the

image of �

�

. Therefore IM

k

(Y ) � W

k

H

k

(Y ). The map f

�

stri
tly preserves

weights

im(f

�

) \W

k

H

k

(Y ) = f

�

(W

k

H

k

(X)) :

By (d) we have W

k

H

k

(X) = IM

k

(X). We obtain the in
lusion

im(f

�

) \ IM

k

(Y ) � f

�

(IM

k

(X)) :

The 
onverse in
lusion follows from (b). 2

6



6 Proof of (
)

We assume that f : X ! Y is proper and surje
tive. It is enough to prove (
)

for irredu
ible X and Y . We will show that the map �

Y

: IH

k

(Y ) ! H

k

(Y )

fa
tors through IH

k

(X). Our argument is dual to the one of [13℄. We will


onstru
t a map � whi
h will �t to the 
ommutative diagram

IH

k

(X)

�

X

��! H

k

(X)

�

x

?

?

y

f

�

IH

k

(Y )

�

Y

��! H

k

(Y ) :

It will 
ome from a map � at the level of derived 
ategory of sheaves:

Rf

�

IC

X

[2n℄

Rf

�

(�

X

)

����! Rf

�

ID

X

�

x

?

?

y

f

�

IC

Y

[2m℄

�

Y

��! ID

Y

:

Here n = dim(X), m = dim(Y ) and ID

X

(resp. ID

Y

) denotes the dualizing sheaf.

It is equal to C

X

[2n℄ (resp. C

Y

[2m℄) at smooth points. By the Corollary from

the De
omposition Theorem 1.10 there is a retra
tion r : Rf

�

IC

X

! IC

Y

. Let

� : IC

Y

[2m℄ = DIC

Y

Dr

��! DRf

�

IC

X

= Rf

�

DIC

X

= Rf

�

IC

X

[2n℄

be the Verdier dual of the retra
tion. We obtain two maps: �

Y

and the 
om-

position f

�

ÆRf

�

(�

X

) Æ � : IC

Y

[2m℄ ! ID

Y

. We 
an res
ale � and assume that

these two maps 
oin
ide on an open set. We will show that they 
oin
ide on

the whole X . The 
on
lusion will follow.

Proposition 6.1 Suppose Y is irredu
ible. Then every two maps in the de-

rived 
ategory �

1

; �

2

: IC

Y

! ID

Y

whi
h 
oin
ide on an open set are equal.

Proof. It is more 
onvenient to prove the dual statement: Every two maps

D�

1

; D�

2

: C

Y

! IC

Y

whi
h 
oin
ide on an open set are equal. Indeed

Hom

D(Y )

(C

Y

; IC

Y

) = R

0

Hom(C

Y

; IC

Y

) = H

0

(Y ; IC

Y

) = IH

0

(Y ) ' C

and the same for U . The restri
tion map IH

0

(Y )! IH

0

(U) is an isomorphism.

2

Remark 6.2 Another possible proof is to show that � in 5.1 may be 
hosen to

be surje
tive.

Remark 6.3 Sin
e the fa
torization of �

Y

was 
onstru
ted on the sheaf level we

obtain the statement for arbitrary supports of the homology:

f

�

IM

f

�1

(�)

k

(X) = IM

�

k

(Y ) � H

�

k

(Y ) ;

7



where � is a family of supports in Y . In parti
ular

f

�

IM

BM

k

(X) = IM

BM

k

(Y ) � H

BM

k

(Y ) ;

provided that the map f is proper.

Remark 6.4 Every algebrai
 subvariety A � Y of dimension k de�nes a 
lass

in IM

BM

2k

(Y ). It is easy to show a 
lass in IM

BM

2k

(X) whi
h is mapped to [A℄.

To 
onstru
t it we 
hoose an open and dense subset U � A and a subvariety

B � f

�1

U su
h that f

jB

: B ! U is �nite, say of degree d. Let C be the 
losure

of B in X . Then the 
lass

1

d

[C℄ 2 IM

BM

2k

(X) is the desired lift of [A℄.

Remark 6.5 The property (
) does not hold for the maps whi
h are not alge-

brai
. Example: Let N be the rational node, i.e. P

1

with two points identi�ed.

It is homeomorphi
 with the famous pin
hed torus, i.e. S

1

� S

1

with S

1

� pt

shrunk. The quotient map S

1

� S

1

! N is surje
tive on H

1

(N) ' C, but

IM

1

(N) = H

1

(P

1

) = 0.

Let us note that the property (
) does not hold in the analyti
 
ategory,

even in the smooth 
ase.

Example 6.6 Let X = (C

2

n f0g)=Z, where k 2 Z a
ts on C

2

via the multipli-


ation by 2

k

. The tautologi
al bundle fa
tors through f : X ! P

2

= Y . The

map f is a 
omplex analyti
 lo
ally trivial �bration with �bers C

�

=Z whi
h is

an ellipti
 
urve (a 
ompa
t torus). Topologi
ally f : X ' S

3

�S

1

! S

2

' Y is

the proje
tion on the �rst fa
tor 
omposed with the Hopf �bration. The indu
ed

map is not surje
tive on H

2

(Y ).

7 Proof of (d)

We re
all that the weight �ltration in the homology of a 
omplete variety is

su
h, that W

k+1

H

k

(X) = 0 and W

k

H

k

(X) is pure of weight k. Our proof is

based on the following des
ription of W

k

H

k

(X) (see [10℄ p.218): Assume that

X is 
ontained in a smooth variety M . Let � :

f

M ! M be a resolution of

(M;X) in the sense that �

�1

X is a smooth divisor with normal 
rossings. Let

X be the disjoint union of the 
omponents of �

�1

X . Then we have an equality

W

k

H

k

(X) = �

�

(W

k

H

k

(�

�1

X)) = �

�

(H

k

(X)) ;

where � : X ! X is the obvious map. On the other hand by (a) and (
)

�

�

(H

k

(X)) = IM

k

(X) :

2
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Remark 7.1 By the dual of [5℄, 8.2.5 we 
an repla
e � : X ! X by any surje
-

tive map from a 
omplete and smooth variety.

Remark 7.2 In general, if X is possibly not 
omplete then

IM

k

(X) �W

k

H

k

(X) :

The equality does not have to hold. Example: Let X = C

�

� N , where N is

the rational node (see 6.5). Then W

2

H

2

(X) = H

2

(X) ' C

2

, but IM

2

(X) '

H

2

(C

�

�P

1

) ' C.

8 Borel-Moore homology

Proof of the properties (a), (d), (e) and (f) are the same. Con
erning (b) and

(
), as we have remarked in 6.3, we 
an use any kind of supports, sin
e the

maps are 
onstru
ted on the level of sheaves.

9 Dual KER groups

Interse
tion 
ohomology is a module over H

�

(X). Sin
e the natural transfor-

mation �

X

preserves the module stru
ture we have:

Proposition 9.1 The kernel ker(�

X

) = KER

�

(X) is an ideal in the 
ohomol-

ogy ring H

�

(X). Moreover KER

0

(X) = 0.

Due to nondegenera
y of the pairing in interse
tion (
o)homology we 
an de-

s
ribe kernel 
ohomology as annihilators

KER

k

(X) = Ann(IM

k

(X)) ; KER

k




(X) = Ann(IM

BM

k

(X)) :

Properties of (a')-(f') 
an be obtained by duality. A short way to prove (
')

is to show that � in the dual of the diagram 5.1 may be 
hosen to be inje
-

tive. The in
lusion of 1.10 is a good 
hoi
e. We will 
omment on (d'): We

re
all that the weight �ltration in the 
ohomology of a 
omplete variety is su
h,

that W

k

H

k

(X) = H

k

(X) and the quotient W

k

H

k

(X)=W

k�1

H

k

(X) is pure.

Combining (d') and (e') we have:

Theorem 9.2 If X is 
omplete and equidimensional, then

W

k�1

H

k

(X) = ker(�

�

X

: H

k

(X)! IH

k

(X))

This gives a positive answer to a question stated in [4℄.

9



10 Di�erential

By the property (b) the image homology is fun
torial. (We re
all that it is not

possible to 
hose maps of interse
tion homology to make it fun
tor, see [13℄.)

Moreover the map ��

i

:

L

i2I

IH

k

(X

i

)! H

k

(X) 
omes from a map of sheaves

��

i

:

L

i2I

IC

X

i

! ID

X

. Therefore �(IM

k

(X)) � IM

k�1

(A \ B) in the Mayer-

Vietoris sequen
e asso
iated to the open 
overing X = A [ B. Of 
ourse the

sequen
e of IM groups does not have to be exa
t. Example: Let X the sum of

two 
opies of P

1

glued along two pairs points. Denote by a and b be the points

of the identi�
ation. The Mayer-Vietoris sequen
e for A = X nfbg, B = X nfag

is not exa
t at IM

0

(A \B).

On the other hand one 
an 
onsider the 
ase when A and B are 
losed

subvarieties. Then the di�erential for interse
tion homology vanishes.

11 Appendix

The most frequently applied 
orollary from the De
omposition Theorem is 1.10.

Its proof does not demand all the ma
hinery of [2℄. The Corollary 1.10 
an be

dedu
ed from fun
toriality of interse
tion 
ohomology, whi
h in turn relies only

on a 
ertain vanishing statement 
alled Lo
al Hard Lefs
hetz in [14℄. We want to

show how to 
onstru
t in
lusion and retra
tion in 1.10 using the indu
ed maps


onstru
ted in [1℄.

We assume that X and Y are irredu
ible, dim(X) = n and dim(Y ) = m.

The map f : X ! Y is proper and surje
tive.

In
lusion: IC

Y

i

��! Rf

�

IC

X

is a map realizing f

�

: IH

�

(Y ) ! IH

�

(X).

Su
h a map exists by [1℄

Retra
tion: Rf

�

IC

X

r

��! IC

Y

. Let Z be a subvariety of X su
h, that f

jZ

is

surje
tive and dim(Z) = dim(Y ). Su
h a 
onstru
tion has already been applied

in Remark 6.4 and [1℄ p. 173. We 
onsider the sheaf IC

Z

as a sheaf on X

supported by Z. As in x6 we 
onstru
t a map � : IC

Y

! Rf

�

IC

Z

. We obtain a

map of Verdier dual sheaves

Rf

�

IC

Z

[2m℄ = Rf

�

DIC

Z

= DRf

�

IC

Z

D�

��! DIC

Y

= IC

Y

[2m℄ :

Again, there exists a map � : IC

X

! IC

Z

whi
h agrees with the restri
tion of

the 
onstant sheaf C

X

! C

Z

. We 
ompose Rf

�

� with D�[�2n℄ and obtain a

map r

0

: Rf

�

IC

X

! IC

Y

. Generi
ally the 
omposition r

0

Æ i is the multipli
ation

by the degree of f

jZ

. We de�ne r = deg(f

jZ

)

�1

r

0

. Now, r Æ i : IC

Y

! IC

Y

is

generi
ally identity. By [3℄, V.9.2 p.144 ea
h morphism of interse
tion 
omplexes

is determined by its restri
tion to an open set, therefore r Æ i = Id

IC

Y

. 2

Remark 11.1 The existen
e of the indu
ed maps 
onstru
ted in [1℄ follows from

lo
al vanishing (Lo
al Hard Lefs
hetz [14℄). Therefore these maps exist with

10



rational 
oeÆ
ients. Our in
lusion and retra
tion are 
onstru
ted for rationals

as well.

Remark 11.2 The assumption that we stay in the algebrai
 
ategory is essential.

In the Example 6.6 there is a natural map C

Y

= IC

Y

! Rf

�

IC

X

= Rf

�

C

X

,

but it is not split inje
tive. The 
onstru
tion of a retra
tion breaks down sin
e

one 
annot �nd a subvariety Z � X with the desired properties.
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