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Abstra
t. Let f : X �! Y be a map of algebrai
 varieties. Barthel, Brasselet,

Fieseler, Gabber and Kaup have shown that there exists a homomorphism of in-

terse
tion homology groups f

�

: IH

�

(Y ) �! IH

�

(X) 
ompatible with the indu
ed

homomorphism on 
ohomology; [BBFGK℄. The 
ru
ial point in the argument is re-

du
tion to the �nite 
hara
teristi
. We give an alternative and short proof of the

existen
e of a homomorphism f

�

. Our 
onstru
tion is an easy appli
ation of the

De
omposition Theorem.
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Let X be an algebrai
 variety, IH

�

(X) = H

�

(X; IC

X

) its rational interse
tion

homology group with respe
t to the middle perversity and IC

X

the interse
tion

homology sheaf whi
h is an obje
t of derived 
ategory of sheaves over X; [GM1℄.

We have the homomorphism !

X

: H

�

(X;Q) ��! IH

�

(X) indu
ed by the 
anoni
al

morphism of the sheaves !

X

: Q

X

��! IC

X

.

Let f : X �! Y be a map of algebrai
 varieties. It indu
es a homomorphism of

the 
ohomology groups. The natural question arises: Does there exist an indu
ed

homomorphism for interse
tion homology 
ompatible with f

�

?

IH

�

(Y )

?

��! IH

�

(X)

x

?

!

Y

x

?

!

X

H

�

(Y ;Q)

f

�

��! H

�

(X;Q) :

The answer is positive. From topologi
al reasons the map in question exists for

normally nonsingular maps [GM1, x5.4.3℄ and for pla
id maps [GM3, x4℄. The

authors of [BBFGK℄ proved the following:

Theorem 1. Let f : X �! Y be an algebrai
 map of algebrai
 varieties. Then

there exists a morphism �

f

: IC

Y

�! Rf

�

IC

X

su
h, that the following diagram

with the 
anoni
al morphisms 
ommutes:

IC

Y

�

f

��! Rf

�

IC

X

x

?

!

Y

x

?

Rf

�

(!

X

)

Q

Y

�

f

��! Rf

�

Q

X

:

In fa
t, [BBFGK℄ proves the existen
e of a morphism �

f

: f

�

IC

Y

! IC

X

, whi
h

is adjoint to �

f

.

The sheaf language 
an be translated to the following: an indu
ed homomor-

phism of interse
tion homology exists in a fun
torial way with respe
t to the open

subsets of Y . This means that there exists a 
ompatible family of indu
ed homo-

morphisms

f

�

�;U

: IH

�

(f

�1

U) ��! IH

�

(U) ;

whi
h is also 
ompatible with the family

f

�

jU

: H

�

(f

�1

U ;Q) ��! H

�

(U ;Q) :

As shown in [BBFGK℄ the morphism �

f

(and �

f

) is not unique. It is not possible to


hoose the morphisms �

f

(nor �

f

) in a fun
torial way with respe
t to all algebrai


maps (p.160). The simplest 
ounterexample is the in
lusion f(0; 0)g ,! f(x

1

; x

2

) :

x

1

x

2

= 0g, whi
h 
an be fa
tored through the in
lusions f(0; 0)g ,! f(x

1

; x

2

) :

x

i

= 0g for i = 1 or 2.

We will give a short proof of the main theorem from [BBFGK℄. We will derive

it from the De
omposition Theorem. The referen
e to the De
omposition Theorem

is [BBD, 6.2.8℄ (see also [GM2℄) and in a slightly di�erent 
ontext [Sa℄.

We will use only the following 
orollary from the De
omposition Theorem:
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Corollary from the De
omposition Theorem. Let � : X �! Y be a proper

surje
tive map of algebrai
 varieties. Then IC

Y

is a dire
t summand in R�

�

IC

X

.

The idea of the proof of our Theorem is simple, the essen
e is the argument

similar to [BBFGK, Remarque pp.172{174℄. We take a resolution �

Y

:

e

Y �! Y

and enlarge the spa
e X to obtain a map

~

f :

e

X �!

e

Y . There exists the indu
ed

morphism of interse
tion homology �

~

f

for

~

f . By the De
omposition Theorem the

interse
tion homology of X (and Y ) is a dire
t summand of interse
tion homology

of

e

X (resp.

e

Y ). We 
ompose �

~

f

with the proje
tion and in
lusion in the dire
t

sums to obtain the desired morphism �

f

.

Remark. If we insisted then

e

X might be even smooth of the same dimension as X

with the map �

X

:

e

X �! X generi
ally �nite; 
ompare [BBFGK, p.173℄.

Proof of Theorem 1. We may assume that X and Y are irredu
ible. Let �

Y

:

e

Y �!

Y be a resolution of Y. Denote by

e

X the �ber produ
t (pull-ba
k) X �

Y

e

Y . Note

that it is a variety, whi
h may be singular and not equidimensional. We have a


ommutative diagram of algebrai
 maps (�

X

and �

Y

proper):

e

X

~

f

��!

e

Y

�

X

?

y

?

y

�

Y

X

f

��! Y

and the asso
iated diagram of sheaves over Y :

R�

Y �

IC

e

Y

= R�

Y �

Q

e

Y

R�

Y �

(�

~

f

)

�����! Rf

�

R�

X�

Q

e

X

Rf

�

R�

X�

(!

e

X

)

��������! Rf

�

R�

X�

IC

e

X

?

x

?

x

?

�

�

Y

x

?

Rf

�

(�

�

X

)

?

y

?

IC

Y

!

Y

 ����� Q

Y

�

f

��! Rf

�

Q

X

Rf

�

(!

X

)

��������! Rf

�

IC

X

:

To prove the existen
e of a morphism �

f

: IC

Y

�! Rf

�

IC

X

, we will show that the

arrows with question marks exist in a way that the diagram remains 
ommutative.

The existen
e of su
h morphisms follows from the De
omposition Theorem for �

Y

and �

X

, see Corollary. The sheaf IC

Y

is a dire
t summand in R�

Y �

IC

e

Y

:

i : IC

Y

,! R�

Y �

IC

e

Y

:

We also have a proje
tion:

p : R�

X�

IC

e

X

�!�! IC

X

;

whi
h indu
es

Rf

�

(p) : Rf

�

R�

X�

IC

e

X

�!�! Rf

�

IC

X

:

It remains to prove the 
ommutativity of the diagram. We 
ompare the morphisms

over Y :

Q

Y

!

Y

��! IC

Y

i

��! R�

Y �

IC

e

Y

= R�

Y �

Q

e

Y

and the natural one

Q

Y

�

�

Y

��! R�

Y �

Q

e

Y

:
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Respe
tively over X we 
ompare the morphisms:

Q

X

�

�

X

��! R�

X�

Q

e

X

R�

X�

(!

e

X

)

�������! R�

X�

IC

e

X

p

��! IC

X

and the 
anoni
al one

Q

X

!

X

��! IC

X

:

Let U (resp. V ) be the regular part of Y (resp. X). After multipli
ation by a


onstant if ne
essary, these morphisms are equal on U (resp. on V ). We will show

that an equality of morphisms over an open set implies the equality over the whole

spa
e. We have the restri
tion morphism

Hom(Q

Y

; R�

Y �

Q

e

Y

)

�

U

��! Hom((Q

Y

)

jU

; (R�

Y �

Q

e

Y

)

jU

)

k k

H

0

(

e

Y ) H

0

(�

�1

Y

(U)) :

The kernel of �

U

is H

0

(

e

Y ; �

�1

Y

(U)), whi
h is trivial. We have the same for the

morphisms over X:

Hom(Q

X

; IC

X

)

�

V

��! Hom((Q

X

)

jV

; (IC

X

)

jV

)

k k

IH

0

(X) IH

0

(V ) :

The kernel is IH

0

(X;V ) = 0. �

Remark. The restri
tion morphisms �

U

and �

V

are in fa
t isomorphisms. The


okernel of �

U

is 
ontained in H

1

(

e

Y ; �

�1

Y

(U)) = H


l

2(dim

e

Y )�1

(

e

Y n �

�1

Y

(U)) whi
h is

trivial for dimensional reason. The se
ond follows from [Bo, V.9.2 p.144℄ as noti
ed

in [BBFGK, p.178℄.

Referen
es

[Bo℄ A. Borel (ed.), Interse
tion 
ohomology, Progress in Mathemati
s Vol. 50, Birkh�auser,

1984.

[BBD℄ A. Beilinson, J. Bernstein, P. Deligne, Fais
eaux Pervers, Ast�erisque 100.

[BBFGK℄ G. Barthel, J.-P. Brasselet, K.-H. Fieseler, O. Gabber, L. Kaup, Rel�evement de 
y
les

alg�ebriques et homomorphismes asso
i�es en homologie d'interse
tion, Ann. Math 141

(1995), 147-179.

[GM1℄ M. Goresky, R. Ma
Pherson, Interse
tion homology II, Invent. Math. 72 (1983), 77-130.

[GM2℄ M. Goresky, R. Ma
Pherson, On the topology of 
omplex algebrai
 maps, Geometry La

Rabida, Le
ture Notes in Mathemati
s, vol. 961, Springer Verlag, N. Y., pp. 119-129.

[GM3℄ M. Goresky, R. Ma
Pherson, Lefs
hetz �xed point theorem for interse
tion homology,

Comm. Math. Helv. 60 (1985), 366-391.

[Sa℄ M. Saito, De
omposition theorem for proper K�ahler morphisms, Tôhoku Math. J. 42,
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