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Abstra
t. We 
onsider a possibility of the existen
e of interse
tion homology mor-

phism, whi
h would be asso
iated to a map of analyti
 varieties. We assume that

the map is an in
lusion of 
odimension one. Then the existen
e of a morphism fol-

lows from Saito's de
omposition theorem. For varieties with 
oni
al singularities we

show, that the existen
e of interse
tion homology morphism is exa
tly equivalent to

the validity of Hard Lefs
hetz Theorem for links. For varieties with arbitrary analyti


singularities we extra
t a remarkable property, whi
h we 
all Lo
al Hard Lefs
hetz.

0. Introdu
tion

Let Y be a 
omplex algebrai
 variety of pure dimension. Any algebrai
 subvariety

X of dimension i de�nes a 
lass in the homology group with 
losed supports:

[X℄ 2 H


ld

2i

(Y ;Z) :

It was 
onje
tured in [Bry℄, x5 Probl�emes ouverts, that any su
h 
lass lifts to inter-

se
tion homology of Y . There are examples that it is not the 
ase for integer 
oef-

�
ients. For rational 
oeÆ
ients the answer is positive. Barthel et al. ([BBFGK℄)

proved that for any morphism of algebrai
 varieties (not only an in
lusion) there

exists an asso
iated homomorphism of rational interse
tion homology, however this

morphism is not unique. Unfortunately the methods of the existing proofs are

extremely advan
ed. The key argument is to redu
e to a �nite 
hara
teristi
 and

then to apply the results of [BBD℄. Another proof is made by means of resolution of

singularities, see [We℄. It relies on the de
omposition theorem, whi
h again follows

from [BBD℄.

Any in
lusion of algebrai
 varieties may be fa
torized by in
lusions of 
odimen-

sion one. For general analyti
 varieties we 
annot make this redu
tion, but we will

assume that we are given a pair of analyti
 varieties with 
odim(X�Y ) = 1. We

will only 
onsider interse
tion homology with rational 
oeÆ
ients. This paper has

three purposes. First we want to show how to dedu
e the existen
e of interse
tion

homology morphisms from the Hard Lefs
hetz Theorem provided that singularities

are 
oni
al, see De�nition 1.1 and Theorem 1.2. Our method is related to the ear-

lier paper of Brasselet, Fieseler and Kaup [BFK℄. Later, we give a proof for general
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analyti
 singularities (
odim(X�Y ) = 1), whi
h is based on the de
omposition

theorem proved by M. Saito for proje
tive morphisms.

The se
ond purpose is the following : Proposition 2.2 asserts that an interse
tion

homology morphism extends to a stratum if and only if the map of interse
tion

homology of its links vanishes in the middle dimension. This is always the 
ase

for analyti
 varieties. The vanishing property are stated in Corollaries 5.1{2. For

isolated singularities we have:

Proposition 0.1. Let X � Y be a pair of analyti
 varieties with dimX = n and

dimY = n + 1. Suppose that x is an isolated singular point of X and Y . Let

`

X

� `

Y

be its links in X and Y . Then the maps indu
ed by the in
lusion of links

�

�

: H

n

(`

X

) �! H

n

(`

Y

) vanishes.

This assertion 
an also be derived from the mixed Hodge stru
ture on the links.

For nonisolated singularities, it holds when one repla
es homology by interse
tion

homology. Moreover, this property of links implies the Hard Lefs
hetz Theorem

as shown in Proposition 5.4. We are tempted to 
all this property "lo
al Hard

Lefs
hetz". In the algebrai
 
ase it follows dire
tly from Lemme 
lef of [BBFGK℄,

3.3.

Finally we want to show a new method of 
onstru
ting elements in interse
tion

homology. Any sequen
e of subvarieties

X = X

0

� X

1

� � � � � X

k

with 
odim(X

i

�X) = i su
h that no 
omponent of X

i

is 
ontained in the singu-

larities of X

i�1

determines a sequen
e of 
lasses in interse
tion homology. This

method may be applied to lift Chern 
lasses to interse
tion homology as it is done

in [BW℄.

Let us 
omment the argument for 
oni
al singularities. Our proof of the ex-

isten
e of interse
tion homology morphisms is dual to the one in [BBFGK℄. We

expose the geometry whi
h is hidden behind the operation on sheaves. We also

state a result about uniqueness. The proof is by indu
tion with respe
t to strata.

The indu
tive step has two parts. The �rst: Propositions 2.1 and 2.2 follows from

standard operation on sheaves. It remains true for any real strati�ed spa
e with

even dimensional strata. The geometry is explained in Remark 2.5. The mysteri-

ous part is Proposition 3.1 whi
h makes sense only for 
oni
al singularities. Our

approa
h is a step towards a full geometri
 proof, but su
h a proof 
annot exists

unless there is a geometri
 proof of the Hard Lefs
hetz.

I would like to thank Professor Gottfried Barthel for his patien
e, valuable 
om-

ments and various improvements of this paper.

1. Morphism of Interse
tion Homology

Let (Y;X) be a pair of 
omplex analyti
 varieties with 
odim(X�Y ) = 1. Let

IC

�

Y

be the interse
tion homology sheaf with rational 
oeÆ
ients (whi
h is an obje
t

of the derived 
ategory of sheaves on Y ). We follow the 
onvention a

ording to

whi
h IC

�

Y

restri
ted to the nonsingular part of Y is 
on
entrated in the dimension

zero. The 
oeÆ
ients are rationals. Then interse
tion homology groups with 
losed

supports (for the middle perversity m, whi
h is always ta
itly understood unless

otherwise stated) are hyper
ohomology groups [GM1℄:

IH


ld

i

(Y ) = HI

2 dimY�i

(Y ; IC

�

Y

) :
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Let IC

�

X

be the interse
tion homology sheaf of X 
onsidered as a sheaf on Y

supported by X. Then

IH


ld

i

(X) = HI

2 dimX�i

(Y ; IC

�

X

) :

Analogously let DI

�

Y

= C


ld

2 dimY�
�

(Y ) and DI

�

X

= C


ld

2 dimX�
�

(X) be the sheaves of

Borel-Moore 
hains. The homology map is indu
ed by a sheaf morphism:

in
l

#

: DI

�

X

[�2℄ �! DI

�

Y

;

where

(DI

�

X

[�2℄)

i

= (DI

�

X

)

i�2

= C


ld

2 dimX�i+2

(X) = C


ld

2 dimY�i

(X) :

We are looking for a morphism

�

X;Y

: IC

�

X

[�2℄ �! IC

�

Y

;

whi
h is 
ompatible with homology, i.e. makes the following diagram 
ommutative:

IC

�

X

[�2℄

�

X;Y

����! IC

�

Y

?

?

y

?

?

y

DI

�

X

[�2℄

in
l

#

����! DI

�

Y

:

The verti
al arrows in the diagram are the 
anoni
al morphisms from interse
tion

homology to homology. Assume that no 
omponent of X is 
ontained in the sin-

gularities of Y . Let I

p

C

�

Y

be the interse
tion homology sheaf for the logarithmi


perversity p:

p(2
) = m(2
) + 1 = 
 for 
 > 0 :

Suppose that S is a Whitney strati�
ation of the pair (Y;X). Let Y

reg

be the

nonsingular part of Y . Constru
t another strati�
ation S

0

of Y for whi
h Y

reg

is

the biggest stratum and Y n Y

reg

is strati�ed by S. If a geometri
 
hain in X is

allowable with respe
t to m and to the strati�
ation S \X, then it is allowable in Y

with respe
t to p and S

0

. Thus the in
lusion of geometri
 
hains C


ld

�

(X) � C


ld

�

(Y )

gives us a morphism of sheaves

In
l

#

: IC

�

X

[�2℄ �! I

p

C

�

Y

:

We will say that a morphism �

X;Y

is geometri
 if the following triangle 
ommutes:

IC

�

X

[�2℄

�

X;Y

���! IC

�

Y

In
l

#

&

?

?

y

I

p

C

�

Y

:

The verti
al arrow is the one indu
ed by the inequality m < p. If �

X;Y

is geometri
,

then it is 
ompatible with homology. On Y

reg

we have a geometri
 morphism

�

reg

: IC

�

X\Y

reg

[�2℄ �! IC

�

Y

reg

whi
h is the 
omposition of the natural morphisms:

IC

�

X\Y

reg

[�2℄ �! DI

�

X\Y

reg

[�2℄

in
l

#

���! DI

�

Y

reg

�

=

IC

�

Y

reg

:
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This is the unique morphism whi
h is 
ompatible with homology by 
onstru
tion.

We are looking for an extension of �

reg

to all Y . We will 
onstru
t it for a 
ase

where the singularities have a spe
ial form.

De�nition 1.1. Let X � Y � M be a pair of analyti
 subvarieties of a smooth

analyti
 manifold. We say that it has 
oni
al singularities if there exists a Whitney

strati�
ation of (Y;X) and for (ea
h 
onne
ted 
omponent of) ea
h stratum S,

there exists a normal sli
e N

S

in M with 
oordinates su
h that N

S

\X and N

S

\Y

are both given by homogeneous equations.

Examples of su
h spa
es are S
hubert varieties in Grassmannians. From the

Hard Lefs
hetz of [BBD℄ we will dedu
e the following:

Theorem 1.2. Let X � Y be a pair of analyti
 varieties with 
oni
al singulari-

ties and 
odim(X�Y ) = 1. Suppose that no 
omponent of X is 
ontained in the

singularities of Y . Then there exists an unique extension �

X;Y

of �

reg

and this

morphism is geometri
.

The 
ase of general analyti
 singularities follows from M. Saito's theory of mixed

Hodge modules. We give both proofs in x3. The uni
ity is in fa
t proved between

the lines of [BBFGK℄, although it was not expli
itly stated.

Remark 1.3. If a 
omponent of X is 
ontained in the singularities of Y , then to


onstru
t a morphism of interse
tion homology, we would have to go through the

normalization pro
ess of [BBFGK℄, p.166. At this point we would loose uniqueness.

2. Extending an Interse
tion Homology Morphism

The proof will be indu
tive. For the indu
tive step we �x some notation. We

assume that the pair (Y;X) is strati�ed by a Whitney strati�
ation. Let dimX =

n, dimY = n + 1. Let S be a minimal (
onne
ted) stratum of X n Y

reg

. Put

k = 
odim(S�X). Let X

0

= X n S and Y

0

= Y n S and let i : Y

0

,! Y be the

in
lusion. Then

IC

�

Y

= �

�k

Ri

�

IC

�

Y

0

;

I

p

C

�

Y

= �

�k+1

Ri

�

I

p

C

�

Y

0

;

and

IC

�

X

= �

�k�1

Ri

�

IC

�

X

0

:

Denote by I

k

C

�

Y

another interse
tion homology sheaf on Y whi
h is asso
iated to

the perversity

k(2i) =

�

m(2i) = i� 1 for i � k

m(2i) + 1 = i for i > k:

Through the sheaf

I

k

C

�

Y

= �

�k+1

Ri

�

IC

�

Y

0

;

fa
tors the 
anoni
al morphism IC

�

Y

�! I

p

C

�

Y

. Suppose we are given a morphism

�

X

0

;Y

0

: IC

�

X

0

[�2℄ �! IC

�

Y

0

:
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Applying the fun
tor �

�k+1

Ri

�

to �

X

0

;Y

0

we obtain a morphism � : IC

�

X

[�2℄ �!

I

k

C

�

Y

as follows:

�

�k+1

Ri

�

�

X

0

;Y

0

: �

�k+1

Ri

�

(IC

�

X

0

[�2℄) �! �

�k+1

Ri

�

IC

�

Y

0

k k

(�

�k�1

Ri

�

IC

�

X

0

)[�2℄ I

k

C

�

Y

k %

�

IC

�

X

[�2℄

Proposition 2.1. The restri
tion of sheaves to Y

0

indu
es an isomorphism

Hom(IC

�

X

[�2℄; I

k

C

�

Y

)

�

=

Hom(IC

�

X

0

[�2℄; IC

�

Y

0

) :

In parti
ular, every extension of �

X

0

;Y

0

equals �.

This proposition follows from [BBFGK℄, Lemme 3.1. For the sake of 
omplete-

ness we will give a proof in our 
ase.

Proof. We have

Hom(IC

�

X

0

[�2℄; IC

�

Y

0

)

�

=

Hom(Ri

�

IC

�

X

[�2℄; IC

�

Y

0

)

�

=

�

=

Hom(IC

�

X

[�2℄; Ri

�

IC

�

Y

0

) :

Consider the distinguished triangle:

I

k

C

�

Y

���������! Ri

�

IC

�

Y

0

:

[+1℄

- .

�

�k+2

Ri

�

IC

�

Y

0

Applying the fun
tor Hom(IC

�

X

[�2℄; � ), we obtain a long exa
t sequen
e:

�! Hom(IC

�

X

[�2℄; �

�k+2

Ri

�

IC

�

Y

0

[�1℄) �! Hom(IC

�

X

[�2℄; I

k

C

�

Y

) �!

�! Hom(IC

�

X

[�2℄; Ri

�

IC

�

Y

0

) �! Hom(IC

�

X

[�2℄; �

�k+2

Ri

�

IC

�

Y

0

) �!

The 
ohomology of the sheaf IC

�

X

[�2℄ is 
on
entrated in dimensions 2; 3; : : : ; k+1.

Thus the �rst and the fourth Hom{groups vanish, so in the middle we have an

isomorphism. �

Now we want to lift the morphism � to IC

�

Y

. To this end, we introdu
e more

notation. Let N

S

be a normal sli
e of S in M at some point x 2 S. Then there

exists a neighbourhood U of x su
h that U \X ' B � 
`

X

and U \ Y ' B � 
`

Y

,

where B is a ball of the dimension 2(n � k) and 
`

X

(resp. 
`

Y

) is the 
one over

the link `

X

(resp. `

Y

) of S in X (resp. Y ). The morphism �

X

0

;Y

0

indu
es a map

for the k-th interse
tion homology of the links:

(�

`

X

;`

Y

)

k

: IH

k

(`

X

) �! IH

k

(`

Y

) :

Proposition 2.2. The morphism �

X

0

;Y

0

extends to a morphism �

X;Y

if and only if

the map (�

`

X

;`

Y

)

k

vanishes. If �

X;Y

exists, then it is unique. If �

X

0

;Y

0

is geometri
,

then �

X;Y

is geometri
.

Proof. We re
all from [Bo℄, x1 that for a 
ompa
t pseudomanifold L, we have

(2.3) IH


ld

i

(
L)

�

=

�

IH


ld

i

(
L n f�g)

�

=

IH

i�1

(L) for i >

1

2

dim

R


L

0 for i �

1

2

dim

R


L
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Assume that the extension �

X;Y

exists. Then the map

(�

`

X

;`

Y

)

k

: IH

k

(`X) �! IH

k

(`

Y

)

may be 
ompleted to the 
ommutative diagram whi
h is indu
ed by �

X;Y

and the

restri
tion from 
`

Y

to 
`

Y

n fxg:

(2.4)

IH


ld

k+1

(
`

X

)

�

=

�! IH


ld

k+1

(
`

X

n fxg)

�

=

IH

k

(`

X

)

?

?

y

?

?

y

?

?

y

(�

`

X

;`

Y

)

k

0 = IH


ld

k+1

(
`

Y

) �! IH


ld

k+1

(
`

Y

n fxg)

�

=

IH

k

(`

Y

) :

The upper horizontal arrow is isomorphism and IH


ld

k+1

(
`

Y

) = 0 by 2.3. Thus the

map (�

`

X

;`

Y

)

k

vanishes.

To prove the 
onverse, 
onsider another distinguished triangle:

IC

�

Y

�! I

k

C

�

Y

;

[+1℄

- .

H

�

where H

�

= H

k+1

Ri

�

IC

�

Y

0

[�k � 1℄ is the obstru
tion sheaf [GM1℄, x5.5. As in the

proof of 2.1 above, the triangle indu
es a long exa
t sequen
e:

�! Hom(IC

�

X

[�2℄;H

�

[�1℄) �! Hom(IC

�

X

[�2℄; IC

�

Y

) �!

�! Hom(IC

�

X

[�2℄; I

k

C

�

Y

) �! Hom(IC

�

X

[�2℄;H

�

) �!

� 7! res

The morphism � fa
tors through IC

�

Y

if and only if the resulting residue morphism

res : IC

�

X

[�2℄ �! H

�

vanishes. Note that in this 
ase the lift IC

�

X

[�2℄ �! IC

�

Y

of � is unique (
om-

pare [BBFGK℄, p.167) : This is be
ause the �rst term in the sequen
e vanishes as

IC

�

X

[�2℄ is 
on
entrated in dimensions 2; 3; : : : ; k+1 and the target sheaf only lives

in dimension k + 2. Moreover, by Proposition 2.1, any extension of �

X

0

;Y

0


omes

from �.

Now we apply the fun
tor �

�k+1

to the residue morphism and obtain the 
om-

mutative square

IC

�

X

[�2℄

res

������! H

�

?

?

y

?

?

y

�

=

H

k+1

(IC

�

X

[�2℄)[�k � 1℄

�

=

�

�k+1

(IC

�

X

[�2℄)

�

�k+1

res

������! �

�k+1

H

�

:

We see that the residue morphism fa
tors through H

k+1

(IC

�

X

[�2℄)[�k � 1℄. The

sour
e and the target of �

�k+1

res are sheaves whi
h are 
on
entrated in the

dimension k+1. They are supported on S and are lo
ally 
onstant on S. It suÆ
es

to examine �

�k+1

res at one points of S. The stalks on S of the sheaves 
onsidered

here are:

H

k�1

(IC

�

X

)

x

= IH


ld

2 dimX�k+1

(U)

�

=

IH


ld

k+1

(
`

X

)

�

=

IH

k

(`

X

)
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and

H

k+1

(Ri

�

IC

�

Y

0

)

x

= IH


ld

2dimY�k�1

(U n S)

�

=

IH


ld

k+1

(
`

Y

n fxg)

�

=

IH

k

(`

Y

) :

The morphism of the stalks is

(�

`

X

;`

Y

)

k

: IH

k

(`

X

) �! IH

k

(`

Y

) :

When it vanishes, then the residue morphism vanishes as well.

If �

X

0

;Y

0

is geometri
 then �

X;Y

is geometri
. This is be
ause the sheaf I

k

C

�

Y

maps to I

p

C

�

Y

and the 
omposition with � is the morphism In
l

#

as desired. �

Remark 2.5. To see some geometry hidden behind the sheaves 
onsider the following

situation: n = k, S = fxg, Y n fxg is smooth. We are given a 
y
le � whi
h is

allowable in X. Our goal is to make it allowable in Y . We have three 
ases:

1) If dim � � n, then � is not allowed to interse
t fxg in X, so it is allowable in Y .

2) If dim � � n+ 2, then � is allowed to interse
t fxg both in X and Y .

3) A problem o

urs if dim � = n+ 1, sin
e then � is allowed to interse
t fxg in X

but not in Y . In a neighbourhood of x the 
y
le � is the 
one over a 
y
le � � `

X

.

Suppose that (�

`

X

;`

Y

)

k

: IH

k

(`

X

) �! IH

k

(`

Y

) vanishes, i.e. � is a boundary in

`

Y

, say � = ��. Then the 
y
le (� n 
�) [

�

� does not interse
t fxg and it is

homologous with � in Y . This is the allowable 
y
le that we are looking for.

A similar 
onsideration for isolated singularities one 
an �nd in [Y℄.

3. The Main Theorem

Let X � Y � P

N

be a pair of proje
tive varieties. Denote by X � C

N+1

(resp. Y � C

N+1

) the aÆne 
ones over the X (resp. Y) and by `

X

(resp. `

Y

) the

links at 0 2 C

N+1

. We have a 
ir
le a
tion on `

X

and `

Y

. Let p : `

X

�! `

X

=S

1

= X

and q : `

Y

�! `

Y

=S

1

= Y be the quotients. We have isomorphisms:

Rq

�

IC

�

X

�

=

IC

�

`

X

and Rq

�

IC

�

Y

�

=

IC

�

`

Y

:

Proposition 3.1. Let X � Y � P

N

be a pair of proje
tive varieties with dimX =

k � 1 and dimY = k. Suppose that there is given a morphism of interse
tion

homology �

X;Y

: IC

�

X

[�2℄ �! IC

�

Y

. Then the indu
ed map of interse
tion homology

(�

`

X

;`

Y

)

k

: IH

k

(`

X

) �! IH

k

(`

Y

) vanishes.

Proof. We have a morphism of Gysin sequen
es of the �brations p and q indu
ed

by �

X;Y

:

IH

k+1

(X)

�

,! IH

k�1

(X)

p

�

�!! IH

k

(`

X

)

p

�

�!

0

IH

k

(X)

�

�!

�

=

IH

k�2

(X)

?

?

y

?

?

y

?

?

y

(�

`

X

;`

Y

)

k

?

?

y

?

?

y

IH

k+1

(Y)

�

�!

�

=

IH

k�1

(Y)

q

�

�!

0

IH

k

(`

Y

)

q

�

,! IH

k

(Y)

�

�!! IH

k�2

(Y) :

The map � is given by interse
ting with the Chern 
lass of the tautologi
al bundle,

i.e., with the hyperplane se
tion. The Hard Lefs
hetz theorem, whi
h is valid for

interse
tion homology by [BBD℄, asserts that � is an isomorphism in both 
ases
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indi
ated by

�

=

. Thus p

�

and q

�

vanish, so p

�

is surje
tive and q

�

is inje
tive.

Analyzing the diagram, we 
on
lude that the map (�

`

X

;`

Y

)

k

vanishes. �

Remark 3.2. Modifying our method of proof we 
an generalize Proposition 3.1 for

quasihomogeneous singularities.

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. The proof is an indu
tion on dimX. For dimX = 0, the

theorem is obvious.

Suppose that dimX = n. We want to 
onstru
t a morphism �

X;Y

whi
h is

an extension of �

reg

. We do it stratum by stratum going down with respe
t to

the partial ordering among the strata. To extend it over S, we 
hoose a sli
e

N

S

given by the de�nition of 
oni
al singularities. By the indu
tive assumption

there exists a morphism of interse
tion homology �

0

X;Y

: IC

�

X

[�2℄ �! IC

�

Y

, where

X = `

X

=S

1

and Y = `

Y

=S

1

. By the uniqueness, the morphism Rq

�

�

0

X;Y


oin
ides

with �

`

X

;`

Y

= �

X

0

;Y

0

j`

Y

. (Here q : `

Y

�! Y is again the quotient map.) By

Proposition 3.1, the map (�

`

X

`

Y

)

k

vanishes. Thus by Proposition 2.2, an extension

exists and is unique. Sin
e �

reg

was geometri
, the obtained extension is geometri


as well. �

In the end of this se
tion we show how to dedu
e the existen
e of a morphism

�

X;Y

for a pair of analyti
 singularities. Our argument is based on the theory of

mixed Hodge modules due to M. Saito. The proof is modi�ed version of [We℄.

Theorem 3.3. Assume that (Y;X) is a pair of analyti
 varieties with 
odimen-

sion 
odim(X�Y ) = 1 and suppose that no 
omponent of X is 
ontained in the

singularities of Y . Then there exists an unique extension �

X;Y

of �

reg

.

Proof. The question about the existen
e of �

X;Y

has a lo
al nature. If it exists

lo
ally, then the morphism of links vanishes. Then, by Proposition 2.2, a global

morphism exists, it is unique and lo
ally it 
oin
ides with the original lo
al ones.

Thus we 
an always pat
h morphisms. We will 
onstru
t �

X;Y

lo
ally. Analyzing

the te
hniques of resolution of singularities, we note that for ea
h x 2 X one 
an

�nd a neighbourhood U in Y and a resolution � :

~

U �! U , whi
h is a proje
tive

morphism, i.e. it fa
tors through an in
lusion and the proje
tion

~

U ,! U � P

N

�!! U :

The de
omposition theorem is valid for � by [S2℄, 0.3 or 0.6. Hen
e IC

�

U

is a dire
t

summand in R�

�

DI

�

~

U

. Analogously IC

�

U\X

is a dire
t summand in R�

�

IC

�

�

�1

(U\X)

.

Then the 
omposition

IC

�

U\X

[�2℄ ,! R�

�

IC

�

�

�1

(U\X)

[�2℄

R�

�

in
l

#

������! R�

�

DI

�

~

U

�!! IC

�

U

is an extension of �

reg

after suitable res
aling. �

Remark 3.4. As before if we allowX to lie in the singularities of Y , then �

X;Y

exists,

but it depends on the 
hoi
e made on X

reg

. In fa
t we 
an pro
eede as follows.

Suppose X equals the 
losure of a singular stratum Y

�

� Y . Let L

�

= H

0

(IC

�

Y

)

jY

�

be the 
ohomology sheaf. It is lo
ally 
onstant, i.e. it is a 
oeÆ
ient system on Y

�

.

Then we obtain a morphism IC

�

X

(L

�

�

)[�2℄ �! IC

�

Y

, whi
h is an unique extension

of the dual of the restri
tion morphism on Y

reg

[ Y

�

:

IC

�

Y

reg

[Y

�

�! IC

�

Y

�

(L

�

)

�

=

L

�

:
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4. Example { Proje
tive Cones

Let X � Y � P

N

be a pair of 
omplex proje
tive varieties, dimX = n � 1,

dimY = n. Let KX � P

N+1

and KY � P

N+1

be the proje
tive 
ones over X and

Y. Topologi
ally they are the Thom spa
es of the tautologi
al bundle restri
ted to

X and Y. They are also 
alled algebrai
 suspensions. Suppose we are given a map

(�

X;Y

)

�

: IH

�

(X) �! IH

�

(Y) :

A question arises : What is the map

(�

KX;KY

)

�

: IH

�

(KX) �! IH

�

(KY) ;

whi
h 
omes from the 
ontinuation of �

X;Y

? We give an answer in the following

table. The interse
tion homology of a proje
tive 
one is 
omputed in [FK℄, 3.5. Let

x

i

= IH

i

(X) and y

i

= IH

i

(Y).

dim IH

�

(KX) map IH

�

(KY)

0 � x

0

(�

X;Y

)

0

y

0

�

1 � x

1

(�

X;Y

)

1

y

1

�

: : : � �

n� 1 � x

n�1

(�

X;Y

)

n�1

y

n�1

�

n � im(� : x

n

�

=

�! x

n�2

) (�

X;Y

)

n

y

n

�

n+ 1 K x

n�1

�

�1

(�

X;Y

)

n�1

im(� : y

n+1

�

=

�! y

n�1

) �

n+ 2 K x

n

(�

X;Y

)

n

y

n

K

: : : K K

2n K x

2n�2

(�

X;Y

)

2n�2

y

2n�2

K

2n+ 1 0 y

2n�1

K

2n+ 2 0 y

2n

K

The star � in the table indi
ates, that the 
lasses of the 
orresponding interse
tion

homology group are represented by the 
y
les 
ontained in the base of the 
one

otherwise they are represented by the 
ones over the 
y
les. In the dimension n the

map (�

X;Y

)

n

de�nes a map (�

X;Y

)

n

: im(� : x

n

�

=

�! x

n�2

) �! y

n

. In the dimension

n+ 1 we apply (�

X;Y

)

n�1

to a 
y
le from x

n�1

and then apply the inverse of � to

obtain an allowable representative in y

n+1

.

5. Vanishing in Homology of Link Mappings

Goresky and Ma
Pherson [GM2℄ list homologi
al properties of algebrai
 varieties

whi
h follow from the de
omposition theorem of [BBD℄. We will add to this list

another one. Proposition 2.2 says that a remarkable property of links is responsible

for the 
ontinuation of �

X

0

;Y

0

on S. By Theorem 3.3 and Remark 3.4 su
h a


ontinuation exists for arbitrary analyti
 varieties.

Corollary 5.1. Let (Y;X) be a pair of analyti
 varieties with 
odim(X�Y ) = 1.

Let `

X

and `

Y

be the links of a stratum of 
odimension k in X and let �

XnS;Y nS

:

IC

�

XnS

[�2℄ �! IC

�

Y nS

be any morphism of interse
tion homology. Then the indu
ed

map (�

`

X

;`

Y

)

k

: IH

k

(`

X

) �! IH

k

(`

Y

) vanishes.

In the algebrai
 
ase the argument of [BBFGK℄, p. 167 and Lemme 
lef 3.3, is to

show vanishing of 
ertain sheaf morphism whi
h dire
tly implies Corollary 5.1. For a



10 ANDRZEJ WEBER

pair of analyti
 varieties of 
odimension d > 1 a morphism �

X;Y

: IC

�

X

[�2d℄ �! IC

�

Y


an be 
onstru
ted lo
ally as in the proof of 3.3. (There is no guarantee that they


ome from a global morphism.) The diagram 2.4 proves vanishing as before. For

isolated singularities, we obtain:

Corollary 5.2. Let X � Y be a pair of analyti
 varieties with dimX = n and

dimY = n + d. Suppose that x is an isolated singular point of X and Y . Let

`

X

� `

Y

be its links. Then the maps indu
ed by the in
lusion �

�

: H

i

(`

X

) �! H

i

(`

Y

)

vanish for n � i < n+ d.

Corollary 5.2 is related to the results of [HL℄, although it is of di�erent nature.

It 
an be derived from the fa
t, that H

�

(`

X

) and H

�

(`

Y

) are equipped with the

mixed Hodge stru
ture, see e.g. [Di℄, C28:

H

i

(`

X

) has all the weights

�

� i for i < n

> i for i � n ;

H

i

(`

Y

) has all the weighs

�

� i for i < n+ d

> i for i � n+ d :

The map �

�

: H

�

(`

Y

) �! H

�

(`

X

) preserves mixed Hodge stru
ture, thus it has

to vanish in the range n � i < n + d, as noti
ed in the proof of [Di℄, C34. For

nonisolated singularities the analogous statement is also true. By [S1℄, 1.18 or [DS℄

the interse
tion 
ohomology of links is equipped with mixed Hodge stru
ture with

the weights as above. If (�

`

X

;`

Y

)

�

preserves the weights, then it has to vanish in

the middle.

Remark 5.3. If L is a lo
al system de�ned on an open set U � Y

reg

and no 
om-

ponent of X is 
ontained in Y n U , then by standard operation on sheaves (as in

Se
tion 2) we obtain a morphism of interse
tion homology with twisted 
oeÆ
ients:

In
l

#

: IC

�

X

(L

jX\U

)[�2℄ �! I

p

C

�

Y

(L) :

Suppose that a lo
al system has geometri
 origin ([BBD℄, p. 162 or [S2℄, p. 128)

then modifying the proof of [BBFGK℄ or [We℄ one 
an show generalized Corollaries

5.1{2 for twisted 
oeÆ
ients. This way we 
an prove the existen
e of a morphism

(�

X;Y

)

�

: IC

�

X

(L

jX\U

)[�2℄ �! IC

�

Y

(L) :

The Corollaries 5.1{2 we 
onsider as a \lo
al Hard Lefs
hetz" theorem. The

reason for this is following:

Proposition 5.4. The Corollary 5.1 implies the Hard Lefs
hetz theorem for inter-

se
tion homology.

Proof. Let Y be a proje
tive variety of dimension n and let X = Y\H be a generi


hyperplane se
tion. The in
lusion i : X ,! Y is normally nonsingular, thus it

indu
es a map of interse
tion homology. Consider again the diagram with Gysin

sequen
es of 3.1:

����! IH

n+1

(X)

�

����! IH

n�1

(X)

p

�

����! IH

n

(`

X

) ����!

?

?

y

i

n+1

?

?

y

i

n�1

?

?

y

0

����! IH

n+1

(Y)

�

����! IH

n�1

(Y)

q

�

����! IH

n

(`

Y

) ����! :
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By the weak Lefs
hetz theorem [GM3℄, x6.10 the map i

n�1

is surje
tive. Thus if

the map of links vanishes in the middle homology, then q

�

vanishes as well. We


on
lude that � for Y is surje
tive. By Poin
ar�e duality it is an isomorphism.

The argument that �

k

: IH

n+k

(Y) �! IH

n�k

(X) is an isomorphism for k > 1 is

standard; it follows from the weak Lefs
hetz theorem. �

6. Appli
ation { Chern Classes

Let X be a n{dimensional analyti
 variety. Suppose we are given a sequen
e of

subvarieties:

F = fX = X

0

� X

1

� � � � � X

k

g :

Assume that no 
omponent of X

i

is 
ontained in the singularities of X

i�1

and


odim(X

i

�X) = i for i = 1; 2; : : : ; k. We will 
all su
h sequen
e a 
ag in X. With

a 
ag in X, we asso
iate a sequen
e of elements in interse
tion homology: [F ℄

i

2

IH


ld

2(n�i)

(X). These 
lasses are lifts of the 
orresponding fundamental 
lasses [X

i

℄ 2

H


ld

2(n�i)

(X). The 
onstru
tion of [F ℄

i

is the following : We take the fundamental


lass of X

i

in IH


ld

2(n�i)

(X

i

) and we lift it step by step going through IH


ld

2(n�i)

(X

j

)

for 0 � j < i. On ea
h step we 
hoose the lift indu
ed by (�

X

j

;X

j�1

)

�

.

Example 6.1. Let X � P

N

be a proje
tive variety of pure dimension n and let


`

X

� C

N+1

be its aÆne 
one. Consider a 
ag of linear subspa
es

V = fV

n+1

� V

n

� � � � � V

1

� V

0

= C

N+1

g

with 
odim(V

i

� C

N+1

) = i for i = 0; 1; : : : ; n+ 1. Let

p

i

: 
`

X

�! C

N+1

=V

n+2�i

�

=

C

n+2�i

be the linear proje
tion restri
ted to 
`

X

. Consider the set of 
riti
al points of p

i

(
`

X

)

i

= 
losurefx 2 (
`

X

)

reg

: p

i

is not submersion at xg ;

where (
`

X

)

reg

is the nonsingular part of 
`

X

. Ea
h set (
`

X

)

i

is homogeneous. We

denote its proje
tivization by X

i

. We 
all it the i-th polar variety of X. We have

X

i

� X

i�1

for 0 < i � n+ 1 and we put X

0

= X. If the 
ag V is general enough,

then the sequen
e

P

V

= fX

0

= X � X

1

� � � � � X

n

g

is a 
ag in X and X

n+1

= ;. We obtain 
lasses [P

V

℄

i

2 IH

2(n�i)

(X). If X is smooth,

then (�1)

i

[P

V

℄

i

= (�1)

i

[X

i

℄ 2 IH

2(n�i)

(X)

�

=

H

2(n�i)

(X) is the Poin
ar�e dual of

the Chern 
lass of a bundle �, where � �ts to an exa
t sequen
e of bundles:

0 �! O(�1) �! � �! TX
O(�1) �! 0 ;

see [Po℄. Then the duals of the Chern 
lasses of X satisfy the formula:

(6.2) 


i

(X) =

i

X

j=0

�

n+ 1� j

i� j

�

(�1)

j

h

i�j

\ [X

j

℄ ;
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where h 2 H

2

(X) is the 
lass of the hyperplane se
tion, 
ompare [Fu℄, x14.4.15.

When X is singular, then by [Pi℄ the formula 6.1 des
ribes the Chern-Mather 
lass :




M

i

(X) 2 H

2(n�i)

(X) whi
h in general does not lie in the image of the Poin
ar�e

duality map. By the very same formula with [X

j

℄ repla
ed by [P

V

℄

j

we de�ne an

element in interse
tion homology. This is a parti
ular lift of 


M

i

(X) to interse
tion

homology. We 
onje
ture that it does not depend on the embedding.

Remark 6.3. This method of de�ning 
hara
teristi
 
lasses was already known in

the thirties. This is the way how Todd in [Td℄ de�ned a "
anoni
al system" with the

hyperplane bundle repla
ed by an arbitrary bundle. It was later 
alled the Chern


lass of X. There are enough eviden
es that polar varieties 
arry an important

information about global and lo
al invariants of X, see e.g. [LT℄. The Chern 
lasses

in interse
tion homology were de�ned by J-P. Brasselet and by the author. The

paper [BW℄ 
ontains a proof that they do not depend on the 
hoi
e of the generi



ag V. It also 
ontains an expli
it 
omputation for X whi
h is the proje
tive 
one

over a quadri
 in P

3

.
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(1990), 127-148.

[Td℄ J. A. Todd, The geometri
al invariants of algebrai
 lo
i, Pro
. London. Math. So
. (2)

43 (1937), 127-138.

[We℄ A. Weber, A morphism of interse
tion homology indu
ed by an algebrai
 map, to appear

in Pro
. AMS.

[Y℄ S. Yokura, Algebrai
 
y
les and interse
tion homology, Pro
. AMS (1) 103 (1988),

41-45.

ul. Bana
ha 2, 02{097 Warszawa, Poland

E-mail address: aweber�mimuw.edu.pl


