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ANDRZEJ WEBER

ABSTRACT. We compare the following three families of geometric objects: Schubert varieties
in flag manifolds, matrix Schubert varieties, and Borel orbits of 2-nilpotent matrices. The first
family is governed by permutations, the second by partial permutations, and the last one by link
patterns. These geometric objects admit characteristic classes in equivariant elliptic cohomology
obtained within the framework created by Borisov and Libgober. We construct a Hecke-type
algebra for computing elliptic classes and extend its action to include partial permutations and
linking patterns. A uniform point of view facilitates a better understanding of duality.

1. INTRODUCTION

Elliptic genus and related characteristic classes were studied since 80-ties for smooth manifolds
in connection with formal group laws. It served as a tool to construct a map from the cobordism
ring to the ring of modular forms. Significant extension of the theory to singular algebraic varieties
started with the work of Borisov and Libgober, [BLO3|. Their elliptic genus is a deformation of
Hirzebruch x,-genus. It is defined only for a class of varieties admitting mild singularities.
The same applies for the underlying characteristic classes. The elliptic characteristic classes
specialize to the motivic Chern classes, hence also to Chern-Schwartz-MacPherson classes. To
apply Borisov-Libgober construction for Schubert varieties in a flag variety it is necessary to
introduce a parameter deforming the boundary divisor of the Schubert cell, because the boundary
has too bad singularities in general. The deforming parameter can be identified with a fractional
line bundle, an element of the rational Picard group.

The idea of applying Hecke-type algebra to compute characteristic classes of Schubert varieties
originates from [AMI6l [AMSS23| [AMSS19], it was adapted for elliptic classes in [RW20]. Recently
further reformulation and development appeared in [LZZ23| [Z7Z23]. Our aim is to describe the
algebra which governs computations of the elliptic characteristic classes of Schubert varieties and
extend results to matrix Schubert varieties and Borel orbits of 2-nilpotent matrices. Separating
purely algebraic properties from the particularities of the case of the flag variety allows to reveal
a simple form of the elliptic algebra and understand the dependence of parameters. The algebra
we obtain is generated by a version of divided difference operators and can be compared with the
algebra of Ginzburg-Kapranov-Vasserot [GKV]. It is built on aquotient of Jacobi theta functions,
or rather a two parameter elliptic function considered by Zagier, [Zag91]. The main diffrence
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comparing with |[GKV97] is that we have parameters involved in the braid relation, as in the
Yang-Baxter equation, [Fel95].

Our construction is an extension of the methods worked out for K-theoretic classes in [RW22b)]
and [KW23]. We will define elements of the equivariant elliptic cohomology of Hom(C™ C™)
associated to Borel orbits of 2-nilpotent matrices. The set of 2-nilpotent matrices contains
an important subset, consisting of upper-triangular block (n x n)-matrices (when m = 2n).
This allows to consider matrix Schubert varieties as a special case of Borel orbits of 2-nilpotent
matrices. Our elliptic classes specialize to the K-theoretic twisted motivic Chern classes of the
matrix Schubert varieties defined in [KW23]. Moreover the elliptic classes, after the normalization
(essentially the same as in [RTV19] applied to weight functions) become to the elliptic classes
of the Schubert varieties, which are the elliptic stable envelopes for maximal torus action, in the
sense of [AO21].

In our calculus we implicitly apply localization theorem for the torus action. Thus the local-
ized equivariant elliptic cohomology is the domain of our calculus. An element of the localized
equivariant cohomology of Hom(C™,C™) is a section of a line bundle over E™"! and depends
additionally on the dynamical parameters and a free variable h. All together is considered as a
section of a line bundle over a bigger product of elliptic curves. We might formally take a direct
sum over all relevant vector bundles, as in [LZZ23], but we do not need it, since we only consider
pure elements - sections of an individual line bundle.

Our main result consists of description of an algebra of Demazure type operations satisfying
braid relations with dynamical parameters. In fact a version of elliptic Demazure operations was
introduced in [RW20]. Additionally we have the flip relation proven geometrically in .
We apply this algebra to define elliptic classes of 2-nilpotent Borel orbits. These elliptic classes
unify:
elliptic weight functions of [RTV19],
elliptic classes of Schubert varieties, [RW20]
twisted motivic Chern class, [KW23],

CSM and motivic Chern classes of upper-triangular square-zero B-orbits, [RW22h)].

Embedding End(C") into End(C?") as upper left corner matrices allows to consider matrix Schu-
bert varieties as a special case of 2-nilpotent B-orbits. We obtain a family of elliptic functions,
which satisfy two recursions related to left and right Demazure-Lusztig operations (or equiva-
lently R-recursion and Bott Samelson recursion). This uniform point of view sheds a light on
duality proven in [RW22a).

I would like to thank Jakub Koncki for careful and critical reading of the first version of the
paper and providing helpful suggestions.
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One of the basic themes of Schubert calculus is to link homological invariants of Schubert
varieties with characteristic classes of tautological bundles. The best known example of such
connection is the inductive procedure of computing fundamental classes applying divided dif-
ferences. The Schubert varieties in the complete flag variety F¢, = GL, /B, are indexed by
permutations w € &,,: the Schubert variety X,, is the closure of the B,,-orbit of the permutation
matrix M,,. Here B, denotes the Borel subgroup of GL,, which we choose to be the group of
invertible, upper-triangular matrices. The cohomology ring of F/,, is generated by the first Chern
classes of the tautological bundles. Denote by &

K Z[y17y27 s 7yn] —-» H*(an)

the corresponding surjection. Bernstein, Gelfand and Gelfand have applied the divided
difference operators acting on polynomials

f<y17"'7yi7yi+17"'7yn)_f(y17"'7y’i+17yi7"'

aZf Y,92,- -y Yn) =
(6:F) . v ) Yi — Yit1

to compute inductively the fundamental classes [X,,]. If a polynomial f,, represents [X,], i.e.,

() = [Xol,
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[Xuws;] if dim(Xys,) > dim(X,,)

K3

0 if dim(Xys,) < dim(X,,)

k3

Here s; is the elementary transposition (7,7 + 1) for 0 < i < n. The operations J; generate an
algebra, called nil-Hecke algebra. The following relations are satisfied

(918]81 = 8j8i8j, if |’l — jl =1 (brald relation),

07 =0, (quadratic relation).

The action of the operations 9; can serve to compute fundamental classes in the torus—equivariant
cohomology H4(F/,). The equivariant cohomology admits the Borel presentation

(2)  K:Zr, Ty Ty Y1, Yy - Yn) > HE(FC) >~ Zxy, 2o, ... 2] Rs, Zly1, Y2, - - - Ynl

where .5, is the ring of symmetric polynomials in n variables. The x-variables, called the equi-
variant variables, are generators of H(pt). The divided differences act on both sets of variables.
The operations acting on x-variables are denoted by 0F and the operations acting on y-variables
are denoted by 0¢. In equivariant cohomology the formula is satisfied for the operations 97
while for the divided difference acting on x-variables we have

—[Xgw] if dim(X,,) > dim(X,,)

(3) k(0" (fu)) = {0 if dim(X,,) < dim(X,) ’

see [IMN1I, Theorem 1.1]. The question arises: is there a geometric interpretation of the opera-
tions 9F and 9 acting on polynomials, not passing to the quotient algebra? It turns out that with
a suitable choice of the starting point the divided difference operations compute the fundamental
classes of the matrix Schubert varieties, which are closures of the orbit B, M, B,, C End(C"),
see [FRO3]. The equivariant cohomology

Hio p(End(C")) ~ Hyy p(pt) >~ Zlxy, 2oy . oo, Tny Y1, Y2s - - - Yn]

and the operations 0, 0F reflect certain geometric operations on matrices. Further we mix the z-
variables with y-variables setting x;.,, = y; for © = 1,2, ...n. We obtain a nil-Hecke algebra with
generators 0F for ¢ = 1,2,...,2n — 1. Its geometric meaning was described in [KZJ07, [KZJ14]
and [RW22b] in the way described in the next two sections.

3. COMBINATORICS GOVERNING GEOMETRY

We embed End(C") into End(C?")
0 A
LA (O O) .
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The 2n X 2n matrix ¢(A) is 2-nilpotent, i.e. t(A)?> = 0. We observe that the image of the matrix
Schubert cell B,, M,, B, is equal to the By, orbit of ¢(A) with Bs, acting by conjugation. Therefore
instead of B,, x B,, orbits in End(C"™) we study B,, orbits in the set of 2-nilpotent matrices

{N € End(C™) | N* =0} .

In general we do not assume that m is even. By [BR12|, [BP19) Th. 7.3.1] there are finitely many
B,, orbits. Each orbit contains exactly one matrix of a particular shape: there is at most one
nonzero entry (and it is normalized to 1) at each column and row. We represent the orbits by
link patterns.

Definition 3.1. We fix an integers r > 0 and m > 2r. A link pattern of rank r is a set of pairs
{(a1,b1), (ag,b2), ..., (a,b.)}, such that a;,b; € {1,2,...,m} are all different numbers.

We read the link pattern {(7,1),(8,2)} as 7— 1, 8 —~ 2:

Pit=1—2—3—4—5—6—7—28.

It represents the orbit of the matrix

min __
N8,2 -

[=)elelaioiokele)
[=)elela)o)okalo)
[=leolele)o)okalo)
OO0 OoOO0O
[=)elelaiolokel)
[=)elela)o)okalo)
[eleleloeiekal
OO0 OOO=O

This orbit has minimal dimension among Bg orbits in End(C?®) of 2-nilpotent matrices of rank 2.

The link pattern {(2,5),(7,4)}

P=1—2—3—4—5—6—7—38

represents the orbit of the matrix

MNP M, =

w

[=)ee)oloiaNol]
COOROOOO
[=iee)olelaNo)o]
[=iee)olaioNol]
[=lee)oleleNol]
OO OoOO0OO0O
COO0OOOOO
[=lele)oleieNol]

for some w € Sg. In what follows we will denote the conjugation action M, N M ' by w - N.

We summarise the connection between geometry and combinatorics with the following table

Permutations Schubert varieties:

LT LS & > N> (Bx B)-orbits in GL,
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Partial permutations

matrix Schubert varieties:
/\m (Bx B)-orbits in End(C")

upper-triangular matrices

( B-orbits of 2-nilpotent )

Link patterns

We need link patterns with labelled arrows hence we consider sequences of pairs (source,
target), instead of sets of pairs. Formally we consider injective functions from {1,2,...,7} to the
set of pairs:

(B-orbits of 2-nilpotent )

matrices

Definition 3.2. We fix an integers r > 0 and m > 2r. A labelled link pattern of rank r is
a sequence of pairs P = ((a1,b1), (ag,bs), ..., (a., b)), such that a;,b; € {1,2,...,m} are all
different numbers.

Clearly, the product of permutation groups &, x &,, acts on the set of all functions
{1,2,...,r}y — {1,2,...,m}?,

preserving those, which represent link patterns. The permutations of the set {1,2,...,r} will be
denoted with the superscript pu.

4. CHARACTERISTIC CLASSES OF 2-NILPOTENT ORBITS

The study of homological invariants of B-orbits in 2-nilpotent matrices was initiated by [KZJ07,
KZJ14], where homology and K-theory classes were presented as an effect of an action of certain
algebras. Further results of [RW22b] apply to more sophisticated invariants: Chern-Schwartz-
MacPherson classes and motivic Chern classes of [BSY10]. The table below summarizes the
Demazure-type operations in the convention used in [RW22b]:

homology fundamental class Beoh f = x~+117x~f + :p'flm~+18if7 (Beoh)2 = 0
K-theory fundamental class Gif = 1_6%11,% f+ 1_812.1,%_ =sif B2 =B
CSM classes T (f) = xml—xif + 1;;”:;:031 sif (Teoh)2 = id

motivic Chern classes T.(f) = (Ltyettt] fruet g f (Ti +id)(T; +yid) = 0.

1—e%it1—Ti 1—e%i—Tit1
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Note that we have corrected the sign in the formula ({2))
Bt = —0),.

The above operations act on the corresponding classes of B-orbits of 2-nilpotent matrices be-
longing to H3(End(C™)), Kr(End(C™)) or Kr(End(C™))[y]. In the next section we introduce
the elliptic functions on which the calculus of elliptic classes is based.

5. THETA, F AND 0 FUNCTIONS

Let us fix notation and describe the basic properties of the elliptic functions which we will use.
We start with the Jacobi theta function. For x, 7 € C, im(7) > 0 Let ¢ = €*™'".

oo

0-(z) = 2% sin(rz) [](1 - q”)(l - q”62”1x> (1 - q”/eQ”ix> .

n=1

Our theta function differs from the classical one by a constant factor, which will cancel out in
further considerations. Moreover in some sources the argument x is re-scaled. We have quasi-
periodicity relations

0. (x+1)=—-0.(x),
0.(x+7)=—q e 270 (2).

The function F,(z,y) is defined by the formula

0.(0)0,(x +y)
Fo(z,y) = 0. () 0-(y)

It is a meromorphic function on C2. The argument 7 is treated as a parameter. Obviously

FT(ZL‘,y) - F’r(yax)

and
(4) Fo(—x,—y) = —F:(z,y),
The quasi-periodicity relations take form
Fe(z +1,y) = Fr(z,y),
F(x+7,y) = e ™ F(2,y).
We will use the function ¢ satisfying
F(x,y) = 6,(e*™* ™),

since F, descends to a function on C* x C*. The function §, depends also on ¢ = €*™7, but we
keep it fixed and do not indicate 7 in the notation. We can treat 0 as an element of Z(a, b)[[g]].



8 ANDRZEJ WEBER

In fact except from the coefficient of ¢° the remaining coefficients of the ¢—expansion are Laurent
polynomials in a and b. The expansion is of the form
1 — -1, -1

rly 1 9 _ 1
5($,y)=(1_x1)( )+Q($ Wl —ay) Py vy -y — e
1-— x’ly’l kgt k, t
_ + q a _'ry>7
(1_‘%‘ 1( 1 nzl kZZn

see [Zag91], §3]. The properties of the function ¢, are described in [MW2I]. The modular
properties (with respect to the transformation 7 +— —1/7) will not play a significant role in the
rest of the paper.

6. BUNDLE TYPE GRADATION

Meromorphic functions on C™ can be interpreted as sections of line bundles on a product of
elliptic curves, provided that they enjoy certain quasi-periodic relations. Let us recall that any
n X n symmetric matrix with integer entries defines a line bundle over the n-fold product of a
fixed elliptic curve £ = C/(1, 7). This bundle is the quotient of C" x C by an action of Z" & Z".
The action is defined by

(K, 0) - (2,0) = (z T k4O, (_1)k-k(_q1/2)12-e672mzv)

Here the product - in Z" is defined by the given matrix and extended to C". According to our
convention ¢*/? = e™. With this interpretation the theta function is a section of the line bundle
over E associated to the 1 x 1 matrix [1].

Instead of matrices it is more convenient to perform calculus of quadratic forms. The matrix

[1] corresponds to the quadratic form $2?. We will say that 0(z) is of the type 2% and write

type(6(z)) = $2°.

Products of functions result in addition of quadratic forms and quotients give differences. For
example the function F(x,y) = % is a section of the bundle associated to the quadratic

form
Ha+y)? -2 =) =ay.
We write type(F(z,y)) = zy.

We say that a combination of products of theta functions and its inverses is pure if all summands
have the same type. A pure function defines a section of the associated line bundle.

Important convention: When a combination of variables appears as an argument of the ¢
function we use the multiplicative notation. This is to save space and to agree with the literature.
In formulas involving quadratic forms we use additive notation. Multiplication of arguments of
0 corresponds to addition of variables in types, for example

T i
type (5( ;17 M’Jl)) = (Tiy1r — ) (i1 — ) -
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7. ELLIPTIC CHARACTERISTIC CLASSES OF SCHUBERT VARIETIES

The elliptic classes of Schubert varieties in the complete flag varieties were introduced in
[RW20]. The elliptic classes depend on an additional parameter, which, in the case of the full
flag variety, is a fractional bundle, i.e. an element of

Pic(Fl,) @ Q =t .

The variables corresponding to the standard coordinates of the torus T C GL,, are denoted by p;.
They are functionals on t*. Our construction allows to consider combinations of the variables p;
with complex coefficients although in the original definition of the boundary divisor had rational
coefficients. There are remaining variables: the equivariant variables x; € t* and the topological
variables y; € Kt (F¥,) representing the tautological bundles. The corresponding Demazure type
operators have a parameter built in. Dual recursions are obtained by two families of operations.
The localisedﬂ elliptic classes are subjects to the relations

(i) Bott-Samelson recursion: if ¢(ws;) > £(w)

() U Xus,) = 0(5, B5) - 57 8U( X)) + 0(552, h) - 5757 SU(X o).

Yi Hi

(ii) R-matrix recursion: if ¢(s;w) > ¢(w)

(6) (X ) = O(%, B (X, ) + 6

Zq
Ti 7 Py—1(y Tey1’

h) ’ S;Eggg(Xw) )

Here the transposition s? acts on x variables, s! acts on y-variables, s acts on u variables.

There is certain asymmetry in the formulas (5H6|), which is caused by different roles of variables.
This asymmetry disappears when we do not divide GL,, by the Borel group. The full algebra of
operation can be encapsulated in the construction described below in Section §9]

8. ELLIPTIC CLASSES OF 2-NILPOTENT ORBITS — THE BEGINNING

The elliptic characteristic classes of Borisov and Libgober are defined for certain class of singu-
lar algebraic varieties. The construction is generalized to pairs (X, D), where D is a divisor and
X is smooth away from the support of the divisor D. See [BLO3|, [RW20, §2] for the definition.
The construction involves a resolution of singularities and the pull-back of the relative canonical
divisor Ky + D. In particular it is assumed that Kx + D is a Q-Cartier divisor. We do not
have enough information about the canonical divisors of B-orbit closures of 2-nilpotent matrices,
therefore we chose a different way.

Our geometric objects are the closures of the orbits

w  _ |, . Nmin
X2 =Baw-N,

m,r

IThe quotients of the elliptic class by the Euler classes of the tangent bundle.



10 ANDRZEJ WEBER

where w € &,, is a permutation and N™ is the minimal matrix of the size m and rank r

00...010...0
00...001...0

min __ ST
(7) var_ 00...000...1]° 2r<m

00...000...0

(there are 7 entries with 1 on a parallel to the diagonal). Assume that dim(X}) ) = {(w) +
dim(X}4 ). According to [BP19] the variety X = admits a desingularization of the form

(8) Z,. =Py xp Py xp-xp P, xp Xy

11 m,r

where w = s;, 8, . .. s;, is a reduced word representing w, and P; C GL,, is the minimal parabolic
subgroup corresponding to simple reflection s;. We will consider the push forward of the elliptic
class of (Z D) with D defined in the (unique) way guaranteeing the push-forward is pure.

We will prove that the resulting class does not depend on the reduced word. Moreover, our
construction allows to consider non-reduced words and permutations, not necessarily defining a
birational map Z* — X . It allows to treat elliptic classes of link patterns as effects of an

action of the algebra deﬁned in §9|

Let us take a look at beginning of the induction. The variety X,‘f;f“ = X;ST is just a vector
subspace of End(C™) described by
a,; =0 fori=1,2,..m, 1<j<m-—r+1,
where a; ; are the entries of the matrix. The boundary divisor of B,, - N, , is given by

00...0@x%... %
00...00e... %

Ha"vm*’”“:O’ 00...000.. e
00...000...0

We attach a generic multiplicity \; to the component of the boundary divisor
D; = {ai,m—'r+i = 0} .

Let p; = h'=%. The B,, orbits are preserved by the torus T = (C*)™ x C*. The first factor is
the maximal torus of GL,, acting by conjugation on matrices, the second factor acts by scalar
multiplication. The corresponding characters are denoted by z;, ¢ = 1,2,...,m and u. We are at
the position to apply directly the definition of Borisov and legober, or better use the formula
[RW20l formula (5)]. No desingularization is needed here. We obtain

© (X3 3 AD) H(a< YR | 6<u§;;:,h>).

=1 j=m—r+i+1

This is our starting point. The remaining elliptic classes of Borel orbits are well defined due
to the property of the Hecke algebra action, in particular the braid relations and the flip
relation ((12)). This is shown in . We avoid any analysis of the canonical divisor.
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9. ACTION OF ELLIPTIC DEMAZURE OPERATIONS ON FUNCTIONS

We will define elliptic Demazure operators in an abstract way. They act on the space of
meromorphic functions in x1, s, ..., x,, h € C* and additional variables denoted collectively by
. The unified elliptic Demazure operations are lifts and extensions of those defined in [RW20].
The action on a meromorphic function f is defined by the formula
(10) ) =02 p) f+ (2 h)sif . i=12...m— 1

i1’

Here s; acts only on z-variables. The operations € satisfy braid relations with parameters
(11) ey e =e, e,
The braid relation (Yang-Baxter equation) can be rewritten as

el =l ¢ el

and represented by the following picture

Cv>g<ﬁ T I 6>5<7
PN RPN

The operations €' satisfy the following quadratic relation

¢t ¢" = §(h, m)3(h, 1/p)id .

After normalization

gb 1 m
¢ = (p,h) ¢

we obtain
et =id.

It should be noted that the operations 7,° and 7T; of the table in §4|act on the polynomial ring,
which is identified with Hj(pt), the operations 3; and 7; act on the ring of Laurent polynomials
(extended by the variable y) — which is identified with Kr(pt)[y]. The natural domain of the
operations €' is the ring of meromorphic functions in (z, iz, h) which descend to sections of line
bundles over the product of elliptic curve FE. Additionally we need a variable v which is not
involved in the definition of €.

The proofs are given in Section §11]
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Remark 9.1 (Weyl group representation). Let us restrict our attention to the case m = 2n,
r = n. We identify the variables x,,; = y; for © < n with Chern classes of the tautological
bundles on the flag variety, while characters of the maximal torus in GL,, remain to be denoted
by x; for i < n. Let TV be the dual torus, u;: TV — C* the corresponding cocharacters. In
[RW20, RW22a] we have defined the operations on Mero(T? x TV x C*)

= osl,
where s!' is the reflection acting on TV inducing an action on the functions on TV. Explicitly:
Cilf) (27 ) = (2, B0 F(z,y,s4(10)) + 6(2, ) £ (2, (7). 5:(4)
It is shown in [RW20, Theorem 5.1] that
CioC;i=4d(h, %)5@ ’“ )1d

Yi+1’

after reduction to elliptic cohomology of the flag variety. In fact the relation holds on the level of
functions in x;, y; and p;. This is a special case of Theorem [11.1} After normalization we obtain
an action of the permutation group, as in [Z2Z22] Proposition 4.11].

10. SUMMARY OF THE MAIN RESULTS

For each labelled link pattern we will construct a meromorphic function in variables z € (C*)™
€ (C*) and u, h € C*
labelled link pattern P+ &U(P)
with the following properties:
(i) the function &¢(P) has a pure type, i.e. it defines a section of a line bundle, as explained

in §0).

(i) € (g GU(P)) = &(s;P) for v € (C*)" uniquely determined by the purity condition

(iii) for the minimal orbit of rank - &% (Ppin) is given by the formula (9)

(iv) If m = 2n and the link pattern represents a permutation o € &,,, then (a normalization of)
&U(P) represents the equivariant elliptic class of the Schubert variety X, .

(v) If m = 2n — 1 and the link pattern represents an injective map permutation {1,2,...,n —
1} — {1,2,...,n}, then the elliptic class is equal to the elliptic weight function of [RTV19]
(up to a change of variables and normalization).

(vi) &U(P) is the push forward from Bott-Samelson resolution of the elliptic class in the sense
of Borisov-Libgober for a unique choice of the boundary divisor guaranteeing purity.

The conditions (1)—(3) determine the function &/(P).

It should be noted that a change of arrow labels results in permutation of p-variables in
EU(P). The key argument of the proof of independence of the choice of a resolution is based on
an application of the reduced operations €, for the right choice of y, forced by the purity condi-
tion. We obtain a &,,-action, hence we do not have to focus on the reduced words representing
permutations. Moreover the change of purity types is well controlled:

type(&(s;P)) = si(type(&U(P)) — hpm) + hppm .
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see Theorem [12.3] Here p,, is the half sum of positive roots. This allows to write a ready to use
formula for the type of &l(w(Pr)) for w € &, in combinatorial terms.

We apply Borisov and Libgober results to show that the identity
(12) SRR E(P) = N (EP))  for L< k<.

holds. We call the resulting identity of elliptic functions the flip relation. Although this identity
can be read from the four-term relation [RTV19, eq. (2.7)] we wish to give its geometric proof.
For m = 4, r = 2 the identity is illustrated by the transformation of link patterns

p1 p2 H2 p1 p2 H

) /><\ A y m_/\
X AR

Here sY is the transposition of labels of the link pattern. The flip identity for m = 4, r = 2 is
proven in §16, It implies identities in higher dimensions, see the proof of Theorem [15.1}

We also need the Fay trisecant relation in the form [FRV07, Thm. 5.3] or [MW21], §4.1].

11. VERIFICATION OF THE BRAID AND QUADRATIC IDENTITIES

Let us fix » > 0 and m > 2r. The operation €4 defined by acts on meromorphic functions
on (C*)™*+2 (with coordinates z;,u, u;, h, i = 1,2,. , j=1,2,...,r). The operation €
depends on a character p : (C*)" — C written as a comblnatlon of basm characters [y 42y ooy e
We assume that p is not tautologically equal to 1, since at ;1 = 1 the function §(z, ) has a pole.
Obviously €' commutes with €% if |i — j| > 1. We focus on m = 3, the general case follows.

Theorem 11.1. The operations € satisfy the twisted braid relations

(14) ¢y e el = e ey
Moreover
(15) ¢ &M = 5(h, p)d(h, 1/p).

Proof. We adjust the notation to the one used in [RW20]. We set v = % and p = % and we
rewrite the braid relation:
Qtlltz/m €g3ﬂt1 Q:/it3/#2 _ Q:,g?,/m Q:/ib3/ul 0:52/114 '

To check that relation we look at the coefficients of f(x;,z;,z;). We have to prove a number of
identities. Comparing the coefficients of f (x1,x, x3) we have to show

( ) (21’h> ( h) <$ 3) <$ ) < 7 32> <327 3>
x X1 xr1 M1 xr1 M1 xr1 W To M1
( ’h> (Q’h) ( ’ ) < ’ ) <27 ) <27 >
x3 x xr1 M1 r1 M1 T2 M1 T2 U2
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This is exactly the equality [RW20], (32)=(33)] or [RTV19l eq. (2.20)]. The comparison of the
remaining coefficients leads to the equations

flovasa): 0 (2h) (0 (5 0m)0 (B 02) o (2 ) o (m ) —o(2a2)s(2.02)) =0,

flnman): o (gn) (3(3 i) o (2 ) +o (2 08) o (B0 08) - (R4 6 (2.52)) =0,
which follow from the blow-up relation [RW20, Ex. 2.10]. The reaming coefficients are equal on
the nose. The quadratic relation is equivalent to:

flavaa): 6 (3.h)0 (30) +8(225) 6 (30) =3 (5 h) s )

flazan): 6 (5.0) (6(20) +9(22.5)) = 0.

The first one again follows from the blow-up relation (see [RW20, Ex. 2.10], [MW21, §4.1]) and
the second one is the easiest, since it follows from anti-symmetry of 4, see . U

It is convenient to normalize the operations €'

& =ome
Then
(17) ch e = d.
The operations € satisfy the braid relation
(18) T =TT
since

G

— 1 A1 ENT)
— 5(v,h)6(uv,h)S(1,h) Qzl 62 Q:1

and
TG G 1 TR
GGG = smsgenien 2 G G
12. PRESERVING PURITY
We consider meromorphic functions on (C*)™*"*2 in variables z; (i = 1,2,...,m), u, h, p;
(j=1,2,...,r).

Lemma 12.1. Suppose f # 0 is a pure meromorphic function on (C*)™ 2 of the type type(f),
then € (f) is pure if and only if

= 0Oi(type(f)) — h.

where

() = type(f) — sitype(f)

di(type
Ty — Tit1
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Proof. The formula defining €%(f) has two summands. The first one has the type

T
(19) type (5( ;1 , u)f) = type(f) + (zi1 — i)
and the second summand
)
(20) type (5(x o h)sif> = s;type(f) + (z; — xi11)h.
i+

Transforming the equality of and we obtain

type(f) — si type(f)
Ti — Tiy1

p+h= = Oi(type(f)).
O

We will say that p € (C*)™ is admissible for the operation €% (or equivalently for €') applied
to a pure function f if the result €%(f) is pure. By Lemma i is admissible if and only if
= 0i(type(f)) = h.

Let p,, be defined by the formula

m
Pm = —ZZ%
i=1

It is equal to the half sum of the positive roots x; — ;, ¢« < j up to a multiple of >°7", x;. We
have

Di(pm) =1 and  si(pm) = pm — (Ti — Tit1)
fori=1,2,...,m—1.

Corollary 12.2. Suppose f # 0 is a pure meromorphic function on (C*)™+2 of the type
type(f). Let p = 0;(type(f)) — h, then €L(f) if pure of the type

type(€t(£)) = si(type(f) — pmh) + pmh.
Proof. We have
si(type(f) - pmh) + pmh = Si(type(f)) — Si(pm)h + pmh
i(type()) = (pm — (2 = wi2)h +
i(type(f)) + (zi — mig1)h,
which is equal to (20]). d

I
»

Il
»

This means that admissible €% operations act on types as the permutation of coordinates,
provided that we shift the origin to p,,h.

The operations €' differ from € by the factor WIM)’ therefore the resulting type differs by the

summand —hpu. The coefficient p is given by Lemma [12.1]
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It is convenient to define the function ¢, : C™ — C for each permutation w € &,,,. As before
let z; denote the standard coordinates of C™ on which &,,, acts permuting the indices. We define

(21) b (é ozx) = > -y

i< w(i)>u()

The functions ¢,, satisfy the cocycle condition

(22) Puv(@) = du(v(a)) + du(a).

We will evaluate the function ¢, on quadratic forms, linear in x;, hence formally we extend ¢,
linearly, allowing a; to belong to a vector space. We summarise the consideration of types by the
following theorem:

Theorem 12.3. Let w = s;,5;, . .. 5;, be a presentation of a permutation w € &,,, not necessarily
reduced. Suppose [ is a pure meromorphic function. Denote by € (f) the composition

e (S,

iy
with the coefficients vy, chosen so that the operations preserve purity

vy = 0;, type (Ey’““@”““ . E;’f(f)) —h.

Tht1 ik
Assume that vy +h # 0 (or with the multiplicative notation hvy # 1), so that ¢ is defined.
Then the function € (f) does not depend on the presentation of w. Moreover suppose
type(f) =q; + pmh + qu
where q, = >, oz and q, does not depend on the variables x;. Then

type (€,(f)) = w(gw) + pmh + 6 — Gulda)h-
Proof. First let us compute the type of € (f). For £ =1
type (€(f)) = pmh + sk(ge) — 11h,

where
v1 = 0O (pmh + Gz + qu) — b = ap — a1 = b5, (¢2)
by Lemma [12.1], as claimed. Further we argue by induction. If w = spw’ then
type(€y, (f) = pmh +w'(¢2) + 4 — dur(q:)h
by the inductive assumption. Then

type<€fu(f)) = pmh + Sk(w/((h)) + qn — ¢w’<Qx>h - ¢Sk (w/(Qx))h
= pmh +w0() + G = Gu(da)h

by . B

To show that € (f) does not depend on the decomposition of w let us check the braid and
quadratic relation. It is enough to consider the case n = 3, ¢, = o121 + Ty + azxs, oy € C' L.
Examining €7'€52€}(f) we find that admissible values of v; are the following

vV =0 — 03, Vo =0 —aQg, V3 =0q — Qg,
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(written in the additive notation). For the admissible operation €4 €}2€4%(f) we have
M1 = Q1 — Qo Mo = Qi1 — Qi3 H3 = Qg — Q3.
The braid relation applies. For the quadratic relation
erer(f)=f
we note that if ¢, = oy + agxs, then vy = ay — . Since s1(azy + axs) = asxy + ayxe then
V1 = a9 — ap = —Vy. The quadratic relation applies. O

13. ELLIPTIC CLASSES OF LINK PATTERNS

We construct elliptic classes of link patterns inductively applying the action of €. The starting
point is the Borisov Libgober class

(PR = (X ST D)

m,r

given by @ Suppose that a link pattern P is obtained by applying a permutation w € &,, to
Prin. We assume that w has a minimal length. We define &(P) as &, (E4(Ppr)). To show that
the definition does not depend on the choice of the permutation w we analyze the elementary
transformation of the elliptic class given by €7. The first step is to trace how the type of the
elliptic class is affected.

Example 13.1. We keep the notation of : pi = h'=. The elliptic class of the link pattern
Pgy" is equal to
O(uzp )0 (ut, 2o (us )
It has the type equal to
(u+x —x7)p1 + (u+ 2 — z8)p2 + (u + 1 — x8)h.

In general
type(ggg(ng})) = Z (u + T — xmfr+i)ﬂi + Z (U +x; — LE])h
i=1 Jj=m—r+i+1
The coefficient of z; in .
type(EH(PE)) — hpy,

is equal to

rh + p; for 1 <i<r,
(23) v(i) =< ih forr+1<i<m-—r,

(m—r+1Dh—ptimrr form—-—r+1<i<m.

We label the nodes of the link pattern with values v(i) written multiplicatively. In the example
above

M1 H2

“1 po ’
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Action of the permutation rearranges the values v(i). For example applying the permutation
w: 1—3 2—6, 3—1, 4—2 55 6—8 T7T—4 8T

to we obtain the link pattern

©1
/m
(25) B3 bt g h? e B pB b S

B2 m

From this presentation it is easy to read admissible p of the operation €#: if P = w -P,nrj’if, namely

p=v(w(i) —v(w(i+1)) (written additively),

by Lemma [12.1} Note that if we transpose consecutive loose nodes then the operation € is not
defined. Indeed, g = h*/h*™1 = h~1 and the normalizing factor would be d(v, h) = 0.

Example 13.2. Let us apply the operation € to 866(77;;21“). We read weights from . Since
EU(PYS") = s3(&U(PEy")) and = h™' we have

CH(EU(PEEY)) = 6( 22, b )E(PEE) + (22, h)8(PEE") = 0.
Similarly, we apply s; to the example (2F). Since s;w = ws; we have €<{(5€€(w73$1;‘)) =
&, (EU(Pry)) = 0.

14. SIX MOVES INCREASING ORBIT DIMENSION

We present a simple way to determine the parameter p for which €} acting on &, (P7) is
admissible.

a B B
/NN TN N )
_ oah” _ «
. 0:9‘2.’0 . . ° . . - ° o’s‘i’o ° . . . . M_Bhr_g
« B a
N0\ NN .
_hm T+1/a_ﬁ
° ° ° ° . -:;;. ° - ° ° . ° ° o;_’o ° M_W_a
a B a B
m /\ /\ o aﬁ

() [ ] L] [ ) S; [ ] ° [ ) [ ] ° [ ) [ ] ° Si [ ) [ ] ° [ ] /’l’ = hm—r+l/6 = hm—27“+1
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/\ A _ ah” _ a?
° . . ° ’5\; . ° ° . > ° ° . ° ’s\; ° . . . H = hm=THT jq T pm—2rF1
« «
/\ /\ .
° o’;;_hk ° ° ° ° ° > ° hk;‘i’o ° ° ° ° ° ,U:O;lk:hkoir
« «
° ° ° ° ° hk ;:’ ° ° & ° ° ° ° ° ° ’;; hk ° /~L — hm—r+1/a — pm—r—k+1

The transformations with linking patterns having reversed one or more arrows obey similar
rules. Note that starting from the link pattern P we never have v = 1, which would made the
operation €7 impossible.

Corollary 14.1. Let f = EU(Py). Suppose i si, - .. 5;
Then the composition

, 15 a reduced decomposition of w € G,,.

ez l(f)
is well defined and does not depend on the word decomposition. Morover if
type(f) = gz + pmh + gy,
then
type (€5,(f)) = w(gw) + pmh + g,

Proof. We note that for any two reduced decompositions of w one can pass from one to another
applying braid relations, [BB05, Theorem 3.3.1]. O

If w preserves the order of loose nodes, then transposition of strings labelled by a power of h
never appears. Hence the admissible parameters v; are never equal to h~*. Hence the reduced
operations € are defined. Moreover one does not have to assume that the word representing w
is reduced, but only that the strings coming from the loose nodes in the course of applications
of s;; do not cross.

Corollary 14.2. Assume that w preserves the order of loose nodes. Then € (EU(PY)) is well
defined and it depends only on w.
15. INDEPENDENCE OF THE RESULT OF €° PRESENTATION

We prove independence of the elliptic class from the presentation of the link pattern. First we
analyze the reduced operations €.
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Theorem 15.1. Let P be a labelled link pattern of rank r and let w € &,,,, 0 € &, be permuta-
tions such that P = U”wP,,“;ff. We assume that w preserves the order of the loose nodes. Then

&S (E(Pmn)) is defined and the result
o (EH(P)
does not depend on the choice of o and w.

Proof. The product of groups &,, x &, acts on the set of labelled link patterns. Suppose
otwi (PR} = ohwy(Pr) and both wy,w, preserve the order of loose nodes. Then wy ws
preserves the order of the loose nodes and (of) ~!ohwi ' wy(Prin) = Pmin Hence it is enough to
show that if (o, w) stabilizes the labelled link pattern Py and w preserves the order of the loose
nodes (so it is constant on the loose nodes), then o#*&;,(&U(PRY)) = EU(PRY).

The stabilizer of Pﬁfﬁ and loose nodes is generated by the simultaneous transpositions of arcs
and labels:

g =3S5;, W = SiSm—r+i -

The calculus involves only the variables z;, ;1 1, Tm—r1is Tm_riit1, fhi, fhiv1 it is enough to check
the result of the action for m =4,r =2, ¢ =1, as in since:

Pmin *M . ( min)
m,r 4,2 )X1=T4, X21=Ti41, T3 =Tm—r+i, T4 =Tm—r+4it+1, b1 =i, $2: =i} 1

and M is a symmetric function with respect to x; <> =11, Tm_rii > Tim_rrir1, does not depend
on ;, fi+1- The calculation is done by an explicit check based on geometric consideration in
Section [16] 0

Remark 15.2. Note that the set of permutations preserving the order of the loose nodes is
not a group, hence in the argument above we had to write the composition wy'w, to have a
permutation fixing loose nodes.

16. THE BASIC EXAMPLE — THE FLIP RELATION

The purpose of this section is mainly to give a geometric proof of the four-term relation [RTV19,
eq. (2.7)] which plays a role in the proof of Theorem for the elliptic algebra.

Consider the minimal link pattern Py3" and the corresponding By orbit in Hom(C*, C*)
0 010 0 0 a b
min\o __ . 0 0 01 o 00 0 c .
(X4,2) _B4 00 0 0 - 00 0 0 .G#O,C%O
00 0O 00 00

The closure X f};n is isomorphic to C3. The effect of the actions of s; and s3 are equal to the By
orbit

X° .— B431-(Xf%“)°:B433-(Xf2m)°: cu#0, sv—tu#0

c o oo
oo oo
oo »
OO <+
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The closure X = X° is isomorphic to C*. Let P; C GL4 be the minimal parabolic subgroup
generated by By and s;. We have two Bott-Samelson type resolutions, of the pair (X, 0X):
Z1:P1XB4X and ZgZP3XB4X.

Let us analyze the first one. There are two charts:

1 0 00 0 0 a b 0 0 a b
z 1 00 0 00 ¢l [0 0 az bz+c
0010 00 0 0] (00 O 0
0 0 01 0 00O 00 O 0
and
z 1 0 0 0 0 a b 0 0 az c+bz
1 0 00 000 ¢c| |00 a b
0010 00 0 O0] (0O O 0
0 0 01 0 00O 00 O 0

Consider the following divisor on X
D=(1-a)D;+ (1 —p)Dy, where D; ={u =0} and Dy = {sv —tu =0}.
The pull back of D via f: Z; — X is a normal crossing divisor.
f"(Kx +D) =Kz +(1—a){az=0}+ (1 — B){ac = 0}.
Indeed, in the first chart we have

I (uafl(sv —tu)?tds A dt A du A dv) = (az)* Y ac)’tada A db A dz A de

= 227 11 da A db A dz A de.
We compute the localized equivariant Borisov-Libgober class using localization formula for the
torus action. We skip the computation of the torus weights and we refer to the almost identical
computations for fundamental, CSM and motivic Chern classes [RW22bl Th. 4.1, Th. 5.1]. The
result is

8U(X, D) = (22, 0)8U(X, Do) + (2, h)s18U(X, Dy),

where
Dy=(1—-a-p){a=0}+(1—B){c=0}.
Setting
(26) pm=a+p, =4
we obtain

EU(X, D) = &/ (&(X, Dy)) .

An alternative resolution is obtained by applying the action of s3

1000 0 0 a b 0 0 a—bz b
0100 000 ¢ (00 —cz c
0 010 000 O0] 00O 0 0
0 0 21 0 00O 0 0 0 0
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(we recall, that we act by conjugation). Then
f* (ua_l(sv —tu)’tds A dt A du A dv) ~ (c2)* Hac)’reda A db A dz A de

= 221 da A db A dz A de .

Thus
EU(X, D) = & (&e(X, Dy)) .
with
Dy=(1—-a){a=0}+(1—a—pB){c=0}.
Setting
(27) =08, py=a+p
we obtain

(X, D) = €52/ (au(X, Dy)).
Note that the substitutions and differ by the transposition py <> pf, o <> .
Corollary 16.1. We have the identity
(28) e (A) = ste M (A),
where
A= 0(25m)(5 )3 (21,h)
Analogous identity holds for the reduced operations €.
We rewrite the identity using the definition of the operation €%
S5 )3 (5 5)a (2o m)a (2osme) + 655 1) (53 )3 (53, )3 (55, m2) =
= O(5 n) (520 (52 ) (52 ) + 0(55 )0 (52 1) (22,11 ) (3 )

After applying the definition of  and multiplying by the common denominator, simplifying by
the relation 19(%) = —19(2), we obtain the following monstrous relatio

o(2) (r000(52)0(3)0 2 oo )
o)) (o ) -
o) (00 ()00 82 52 52
o)) (o)

2We apply the multiplicative notation for the arguments of the theta function.




LINK PATTERNS AND ELLIPTIC HECKE ALGEBRA 23

17. UNNORMALIZED ELLIPTIC CLASSES

Before showing that the unnormalized elliptic classes of link patterns are well defined let us
analyse the first nontrivial example. We have to check that the normalizing factor [T d(v;, h) does
not change when we change the arrow labels, and accordingly the permutation of nodes.

Example 17.1. Let m = 4, r = 2. We present the lattice of orbits. We mark the nodes with
the coefficients of type (866(77)) — ph. The arrows are labelled by elementary transpositions s;,
i=1,2,3 or § = si's;. The arrow with a label indicates that one link pattern is obtained from
the previous one by applying the given operation. It happens twice that two operations lead to
the same link pattern. The link patterns in boxes admit two presentations as wP}&in = shw’ fzi“
with w and w’ of the shortest possible length ¢(w) = ¢(w').
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The variables o and [ are associated to arrows.

ANDRZEJ WEBER

ad Bs {Bt “\\O[t
{g o’ aB aof Bj}

sy /" N\ 81, 83
o’ Bt; Bs \\‘O[t amﬁt
{g o’ af @} {oﬁ ap ap Bi}
B h h’h h’” h’> h?’h
§1 /l ’\ S3 \ S92
KN X NN
O./t Bs as /Bt ab Bt Olt Bs as Oét 68 ﬁt
B aB p? a o af a? af B2
{a’h’h {,B’h’h} {h’h’h}
T s3 51 /0 N 82 s1 /0N 82 T s3
VAN NN /NN
at Bs 51; as O{t as Bs 51; O{S Oét 51: 55
(%) (#.8) (% %)
’\82 \33 S1 /‘
Ay AN
Oét Bt ﬁs Oés Oét as Bt Bs
{2} {5}
81,83 NN\ /" 82

Instead of indicating arc labels we list the

coefficients at the nodes: a' and ' at the targets of the arrows and o® and /3° at the sources

o' = ah?,

h3

o ?

Bt:Bh27 o = BS:%

Below the patterns in braces we give the u-coefficients lists for all link patterns. A discrepancy
between the lists can originate from two places, where the images §; and sz are the same. We
check directly that the p-coefficient lists agree. In fact it is enough to check it for 33P£‘21n = §, P,

4,2
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Before giving a proof of independence of the normalizing factor from the link presentation we
argue that it is enough to consider link patterns of the rank r and the size m = 2r. If m > 2r
then we extend the link pattern adding m — 2r nodes and arrows from the new nodes to loose

nodes, preserving the order. We set p, = o —hi—. Then
hm— r4+1 hm/2+1
b = ph™? = — for 1 <i<r.
i M
We choose the remaining variables i for j =r +1,...,m —r so that
1 "hm/2 — pi

Multiplying all the coefficients by A™/2~" we obtain the distribution of coefficients as for the link
pattern Pmm _r) Such operation does not change the quotients of coefficients we have to

M — r°
determine.
Example 17.2. Extending the link pattern Pmm to Pmm —r)mer
\ \
M1 | | M2
\
vy
B2 h2 . B3 o ph RS RS
1 2 M1 H2
Our procedure leads to
A 1o & Ky

g 5 5 O 5 5
/ h4 ! h4 / h4 / h4 h° h° h° h°
H1 ) M3 Hy [T AR

Similarly we extend an arbitrary link pattern. For example

\ \
| K1 \

| M2 |

. Y V2R . v
he 3 2 2 K 4

1 W2 pnh® o pgh 12 h

is extended to
!
74 __ s A

/\\/ - P

~ 7
5 “ N 5 AN 5 ) 5
h° " hd I ha I h4 h> I b4 h> h°
A% M1 o uh M AT A

Now we are at the position to prove:

Theorem 17.3. Let P be a labelled link pattern of the size m and rank r. The function
o€, (EU(PRY)) does not depend on (o,w) € &, X Sy, provided that w has minimal length
among all the possible pairs (o, w) satisfying

(29) P = ctwPm.
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Proof. We can assume that m is even and the rank r = m/2. Suppose the length of w is equal
to £ and let w = s;,5;,...5;, be a reduced decomposition. The functions &, (&(Py)) and
& (&U(Pmmy) differ by the product []j_, (v, h) where vy is the parameter of k-th operation
@;*. The list of 14 parameters can be read from the picture representing the link pattern. If the

o

arrow with the label « is reversed then 0‘72 appears. To determine which of coefficients % or 5=

appears, it is enough to analyze the relative position of the corresponding pair of arrows. The
situation is reduced to the case m = 4, r = 2, where independence of the presentation is
verified directly. The list of parameters is given in the table of Example [17.1] U

18. RELATION WITH THE ELLIPTIC CLASSES OF SCHUBERT VARIETIES

Our initial aim was to associate elliptic classes to link patterns so that in the case m = 2n,
r = n and when a link pattern represents a permutation of n elements, after normalization and
restriction as in [RTV19, eq (2.34)] (see [RW20, §6.1]) we would recover elliptic classes of Schubert
varieties. The corresponding procedure division and restriction is simply related to division by
the Borel group B,,, analogously as in the case of the twisted motivic Chern classes, [KW23] .

Let us assume that all the arrows of the link patterns have targets at nodes with positions
1 < n. Such link patterns P define a permutation wp. We rename the equivariant variables: we
do not change the equivariant variables z; for i« < n and let

Tjrn = Yj for y=1,2,...,n.
The additional variable u is specialized to 1. We introduce the normalization
n n
ell x4
CUnr = 1_[1 r[lﬁ(yj) :
1=1)=

This is the equivariant elliptic Euler class of the space of n X n-matrices with (C*)" x (C*)™ action
by left and right multiplication. Let

ell Yi
eupe= ]| DQ(?J;’)
n>i>j>1

be another normalizing factor, which after the application of the Kirwan map becomes the
equivariant elliptic Euler class of the tangent bundle to the flag variety. Furthermore we need

Yi
5o i)
1<i<j<n

which stands for the elliptic Chern class of the tangent bundle to the unipotent part of the Borel
group.
Theorem 18.1. The reduction of the class 04 (P) to the flag varieties is equal to elliptic

characteristic classes of the Schubert variety X.,,, defined in [RW20] after substitution y; := it
and x; 1, :=y; for1 <1< n.
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Proof. Tt is more convenient to work with localized classes

ere gggred 7) 6uell
gipoeri(py = LENP) UL gy

eussy eusy, B

and check the R-matrix recursion (@ Since the function eu§! is symmetric with respect to

permutation of x; variables and eu%,, B do not depend on x; variables at all, the functions

&uloered(P) satisfy the recursion
ge@loc.red(sir])) — @j(%loc.red(r])))

whenever i < n and {(s;wp) = f(wp) + 1. We find the value of the admissible coefficient v for
the operation € = €7. It is equal to the quotient of the labels of arrows pointing to ¢-th and
(¢ + 1)-th node, that is
wp' (i)
wp' (Hit1)
We note that here to agree with the formula @ we have to change variables y; to ; '. It remains
to examine the restriction of Sééloc‘md(Pén,ff;L) to the fixed points of the flag variety. The torus fixed
points in the flag variety are identified with the permutations o € &,,. The restriction to the fixed

point o is a function depending only on w; and p;. It is obtained by the substitution y; := x4
for 1 <7 <n. We have to show that

1 ifo=id

%lred Pmin =
(Pann)lwi=00)) {0 if o #id.

We expand
T 9 () - T 6(2 ) - T 022, 1)

yi
[Tic; ﬁgfﬁl)h) “ILis; 19(&)

Yj

%loc.red( min) —

2n,n

n n 19(361) . n ﬁ(%m) . Hi<j 19(%}1)

i=11Lj=1 Yy, i=1ﬁ(%)g(w) ﬁ(;”—;)ﬁ(h)

Yi
Micj 0%&?) s 9(3)

) () o()
e Eoey ey

The expression above is equal to 1 after substitution y; := z;. For other substitutions the first
factor specializes to zero. O
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19. ELLIPTIC WEIGHT FUNCTION

The elliptic weight function of [RTV19] in the form given in [RW20, §6] can be identified with
the elliptic class of link patterns. It is a function in n parameters z; and n — 1 parameters ;. Set

xi =2z, for1<i<nand xj., =7, for1<j<n-—-1.

Consider link patterns with m = 2n — 1 nodes and the rank » = n — 1, such that the arrows have
sources in the last n — 1 nodes. Such link patterns parameterize the orbits which are contained in
the upper-right n x (n—1)-rectangle. Each orbit coincides with an orbit with respect to B,, x B,,_1
acting on Hom(C"~* C"). Since the considered link patterns have n — 1 arrows, the orbits are
of maximal rank, i.e. are contained in the set of injective maps Hom™ (C"~!, C"). The quotient
Hom™ (C"*,C")/B,_; is just the flag variety F¢, and the B,, x B,,_;-orbits are mapped by the
quotient map to the Schubert cells. As in the previous section we multiply the elliptic classes of
link patterns by the elliptic class of the matrix block

n n—1

i = 1111 0(2)

i=1 j=1

and divide by the Chern class of the unipotent part of B, _;

B = H ﬁ(%;h)

9(h)
n>i>j>1
The resulting quotients
866(7)) . euell/
(30) —

satisfies R-matrix recursion () and for P5",  ; the restrictions to the fixed points of F¢,, are
equal to 0 for o # id and the elliptic Euler class for ¢ = id. It is an exercise to check that the

functions agree before restricting, provided that we introduce a substitution as below:

Corollary 19.1. The considered quotient is equal to the elliptic weight function of [RW20),
§6] provided that we substitute

h
(31) i 1= u,f0r1§i<n.

)

Example 19.2. (Compare [RW20, Example 6.2].) Let n =3, m =5, r = 2. Then
P38 = (3535 (3.1)

%(Pn?m) ,euell/ s . N J %h ¥ %Ml 9 %MQ
e vt )

72

After the substitution (31)) we obtain Wia3 of loc. cit.
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20. GEOMETRIC MEANING OF &/(P)

In the whole paper we have avoided to use directly the construction of elliptic characteristic
classes as defined by Borisov and Libgober [BLO3|, except for the computation for &(X2T).
The starting case was trivial from the geometric point of view, and further we did not have to
compute the boundary divisor discrepancies of the resolution maps . We applied the principle,
that the elliptic class is pure. Therefore we had to keep track of the coefficients v; and prove that
the resulting class does not depend on the choice of a reduced word representing permutation.
Now we can go back and recover the multiplicities of the divisors. Suppose P = s;,si, .. . sieP;ﬁff
is a reduced presentation of a link pattern. Let

. _ gw id w
7r.Z—Zm7T—PZ~1 Xp Py Xp-+-Xp P, xp X5, — X, .
be the associated resolution and let
/ id
Z:PiQXBPigXB"'XBPigXB-X:n,r-

We have a fibration Z = P, x5 Z' — P! = P, /B with the fiber Z’. The fiber over idB is a
component of the boundary divisor 07, other components are obtained from the components of
0Z' by application of the associated bundle construction P;, x5 —. We define the coefficients of
the boundary of the resolution inductively. We start with the multiplicities \; attached to the
components of U2, D; = X", Suppose the multiplicities o of 9;Z" are defined and we do
not change them applying the associated bundle construction, only shifting the indices by 1. We

define the coefficient a; of the component B xp Z' C 9Z. If the admissible coefficient of the
Ha

ut
hee we set

ar=14+k+sh,+tN,—s—1t.
We recall that in §8| we have fixed the notation p; = h'=*. Hence

uisi — ps=Xa)H (=N —k _ p1-(I+k+sha+thy—s—1)
- )

operation €7 is equal to

It follows that -
GU(P) = m (8U(Z,55_ ;0 Z; + STy A\ Dy)) .

Here by Ej we mean the result of the associated bundle construction applied ¢ times to the j-th
component of D; C dX5.
Example 20.1. Let

_ min __ A3 2
P =s18P3" = = ah-h7 .

000
The link pattern P represents the orbit of the matrix [ 1 0 0. The resolution (in one of the
0 00
maps) has the form
1 0 0\ /1 0O 0 0 =z TYz —xYy T
(x,y,z)—~ |z 1 0[O0 1 O 00 0| =|2yz? —ayz a2z
00 1)\0 y 1 000 0 0 0
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Here the boundary divisors are the following:

Blz{x:()},
0 Z = {y =0},
0hZ ={z=0}.

We set the multiplicity of D to be A\; = A. The multiplicities of 9;Z are dictated by the diagram

i.e.

[AM16]

[AMSS19]

[AMSS23]

[A021]
[BBOS]
[BGGT3]
[BLO3]

[BP19]

|
|
|
2
|
|
|
!

So AN

T
I
|
S1 |
|

l—a;=2(1-XN) =2, l-a=(1-X)—1,

O./1:2>\+1, 012:)\—{—1.
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