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Plan of the talk

The Kleisli and Eilenberg-Moore objects in
2-categories

The monoidal structure on Kleisli algebras
for a lax monoidal monad

The PRO for Malcev and coMalcev opera-
tions

The coMaclev monads

The monoidal structure on Eilenberg-Moore
algebras for a lax monoidal coMaclev mo-
nad



Let (C,S,n,n) a monad on a 2-category D.

A lax morphism of monads
(F,7):(,S,..)— (S, ..)
is a 1-cell and a 2-cell
F:C—C, 7:80F=FoS

compatible with n and u. In oplax morphisms
of monads 7 : FoS = &' o F goes the other
way.

A transformation of morphisms of monads
¢ (For) — (FL,T)
is a 2-cell € : F — F’ compatible with = and 7.

Mnd(D) - 2-category of monads, lax morphi-
sms of monads, and transformations

Mnd,,(D) - 2-category of monads, oplax mor-
phisms of monads, and transformations



We have embeddings ¢ and ceop

K | — |
Mndp(D) D - Mind(D)

Lop L

-] EM

D admits Kleisli objects iff there is a left 2-
adjoint I — vop.

The unit

(Fs,k) 1 S — 1opK(S) = 1¢g

K . FS oS = FS

D admits EM objects iff there is a right 2-
adjoint « 4 EM.

The counit

(US, 1) : LEM(S) = 1p5 — S

r:SoUS = US



Mon(D) the 2-category of monoidal catego-
ries, lax monoidal functors, and monoidal na-
tural transformations in a 2-category D with
finite products (e.g. Cat).

Kleisli objects in Mon(D)

Mnd,pMon(D)
(top) Mon(D)
§p
Mndop(Up)
M
Mon(D) on(Kp) - MonMnd,p(D)
Mon (¢, p)
Unp UNnd,, (D)
g /CD | /
D o - Mndp(D)

This argument does not work for EM-objects!
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The classical Malcev operation t : X3 - X
such that

t(r,z,y) =y, tx,y,y)=c

To formulate these equations we need to know
how to duble a variable and how to drop a
variable i.e. we need a comonoid structure

). X —-XxX, f.X—-1



PRO =strict monoidal category on natural num-
bers, i.e. we replace (x,1) by (®,1)

The Malcev operation in PRO

We replace (x,1) by (®,1) and get a PRO M
whose models are

(X,6: X - XX, f: X =10 X@X®X — X)

so that (X, 4, f) is a comonoid and the diagram

1x®5 5®1X

X®2 X®3

X®2

1x®f ¢ J®1lx

commutes.

For coMalcev operation we just take MP9P.
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The Malcev monad on C is a strict model of
M, ie. (C,S,n,u¢ : S — 83) such that
(C,S,n,p) is a monad and

St

S2 -

Sn ¢ ns

S

LLax morphisms of coMalcev monads usual mor-
phisms of monads that additionally preserves ¢

CF
S'F S3F
T Tg2 0 8Tg 0 82(7')
FS - FS3

F(¢)

Transformations are as usual.

coMalcev (D) coMalcev monads in D.



Cat,. - the 2-category for categories with co-
equalizers of reflexive pairs, functors preserving
such coequalizers, and natural transformations.

Theorem The categories of EM-algebras for
coMalcev monoidal monads admit monoidal struc-
ture. More precisely the embedding 7 has a
right 2-adjoint EM and it commutes the for-
getful functors

MonCatc t coMalcev(MonCat,)

Cat,. Mnd(Catc)

EM



The construction of the tensor.

((C,®,I,a, X, p), (S,
noidal monad

,®),m, 1, ¢) - COMalcev mo-

HSARSB

S2(SA® SB)

\52(90)

S%(a®b) S3(A®B)

S(w)

- S(SA® SB)

s /

S2(A®B)

N\
HARB

S(a ® b)

S2(A ® B)

S(ABB)

S(A® B)

A®B

a®b

(A,0)®(B,b) = (AR B, a®b)
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¢ is needed for the associativity of «:

S(1®y)

S(SAR(S3BRS3C)) - S(SARS(S2B®S2C))
S(1®(¢C)) S(18S(p))
S(SA® (SB®SC)) S(SA® S2(SB® SC))
M (n)
M ()| | M(a,b,c) M ()| | M(a,b,c,p)
- S(1 -
SA®(Boc)) S9N siies(Be))
AR (B&C) - AR(B&C)

M(u, ) - morphism depending on p and n,
M(a,b,c) - morphism depending on a, b and c.
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Example Symmetrization monad on multisor-
ted signatutes.

T x—X A@E, e o

SA = —a&y

<A S —>SABB (litle combina )

=) ‘z‘\f/’
a0 e =X
R RN
3
CA .._Zﬁw) S A

(a,s) |- > (o, 0,7, “_) -



