
Natural transformations

Given two parallel functors F,G : K→ K′, a natural transformation from F to G

τ : F→ G

is a family τ = 〈τA : F(A)→ G(A)〉A∈|K| of K′-morphisms such that for all

f : A→ B in K (with A,B ∈ |K|), τA;G(f) = F(f);τB

Then, τ is a natural isomorphism if for

all A ∈ |K|, τA is an isomorphism.

K: K′:

A F(A) G(A)

B F(B) G(B)

-τA

-τB
?

f

?

F(f)

?

G(f)
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Examples

• identity transformations: idF : F→ F, where F : K→ K′ , for all objects

A ∈ |K|, (idF)A = idA : F(A)→ F(A)

• singleton functions: sing : IdSet → P ( : Set→ Set), where for all X ∈ |Set|,
singX : X → P(X) is a function defined by singX(x) = {x} for x ∈ X.

X X∗ ×X∗ X∗

Y Y ∗ × Y ∗ Y ∗

-appendX

-appendY
?

f

?

f∗ × f∗
?

f∗
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Polymorphic functions

Work out the following generalisation of the last two examples:

− for each algebraic type scheme ∀α1 . . . αn · T , built in Standard ML using at

least products and algebraic data types (no function types though), define the

corresponding functor [[T ]] : Setn → Set
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Work out the following generalisation of the last two examples:

− for each algebraic type scheme ∀α1 . . . αn · T , built in Standard ML using at

least products and algebraic data types (no function types though), define the

corresponding functor [[T ]] : Setn → Set

· [[αi]](X1, . . . , Xn) = Xi

· [[int]](X1, . . . , Xn) = {. . . ,−2,−1, 0, 1, 2, . . .}
· [[T1 × T2]](X1, . . . , Xn) = [[T1]](X1, . . . , Xn)× [[T2]](X1, . . . , Xn)

· [[T1 + T2]](X1, . . . , Xn) = [[T1]](X1, . . . , Xn) + [[T2]](X1, . . . , Xn)

· · · ·
· . . . recursive type definitions work as well. . .
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Work out the following generalisation of the last two examples:

− for each algebraic type scheme ∀α1 . . . αn · T , built in Standard ML using at

least products and algebraic data types (no function types though), define the

corresponding functor [[T ]] : Setn → Set

− argue that in a representative subset of Standard ML, for each polymorphic

expression E : ∀α1 . . . αn · T → T ′ its semantics is a natural transformation

[[E]] : [[T ]]→ [[T ′]]
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Work out the following generalisation of the last two examples:

− for each algebraic type scheme ∀α1 . . . αn · T , built in Standard ML using at

least products and algebraic data types (no function types though), define the

corresponding functor [[T ]] : Setn → Set

− argue that in a representative subset of Standard ML, for each polymorphic

expression E : ∀α1 . . . αn · T → T ′ its semantics is a natural transformation

[[E]] : [[T ]]→ [[T ′]]

· by induction on the structure of well-typed expressions
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[[T ]](f1, . . . , fn);[[E]]〈Y1,...,Yn〉 = [[E]]〈X1,...,Xn〉;[[T
′]](f1, . . . , fn)

For instance, for rev : α list→ α list,

even : int→ bool and l : int list:

rev(even∗(l)) = even∗(rev(l))

Theorems for free!

(see Wadler 89)
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Yoneda lemma

Given a locally small category K, functor F : K→ Set and object A ∈ |K|:

Nat(HomK(A, ),F) ∼= F(A)

natural transformations from HomK(A, ) to F, between functors

from K to Set, are given exactly by the elements of the set F(A)

EXERCISES:

• Dualise: for G : Kop → Set,

Nat(HomK( , A),G) ∼= G(A)

.

• Characterise all natural transformations from HomK(A, ) to HomK(B, ), for

all objects A,B ∈ |K|.
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Proof

• For a ∈ F(A), define τa : HomK(A, )→ F, as the family of functions

τaB : K(A,B)→ F(B), B ∈ |K|, given by τaB(f) = F(f)(a) for f : A→ B in K.

F(g)(τaB(f))= F(g)(F(f)(a))

= F(f ;g)(a) = τaC(f ;g)

= τaC(HomK(A, g)(f))

Then τaA(idA) = a, and so for distinct

a, a′ ∈ F(A), τa and τa
′

differ.

K: Set:

B K(A,B) F(B)

C K(A,C) F(C)

-τaB

-τaC
?

g

?

( );g = HomK(A, g)

?

F(g)

•
If τ : HomK(A, ) → F is a natural

transformation then τ = τa, where we

put a = τA(idA), since for B ∈ |K| and

f : A → B, τB(f) = F(f)(τA(idA))

by naturality of τ :

A K(A,A) F(A)

B K(A,B) F(B)

-τA

-τB
?

f

?

( );f = HomK(A, f)

?

F(f)
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The horizontal composition of natural transformations τ : F→ F′ and σ : G→ G′

between composable pairs of parallel functors F,F′ : K→ K′, G,G′ : K′ → K′′

τ ·σ : F;G→ F′;G′

is a natural transformation given by (τ ·σ)A= G(τA);σF′(A)= σF(A);G
′(τA) for all

A ∈ |K|.
K′′:

G(F(A))

G′(F′(A))

HH
HHH

HHj

(τ ·σ)A

G′(F(A))-
σF(A)

K′:

F(A)

F′(A)
?

τA

?

G′(τA)

G(F′(A)) -
σF′(A)

?

G(τA)

Multiplication by functor :
− τ ·G = τ ·idG : F;G→ F′;G,

i.e., (τ ·G)A = G(τA)
− F·σ = idF·σ : F;G→ F;G′,

i.e., (F·σ)A = σF(A)

Show that indeed, τ ·σ is a natural transformation
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Show that indeed, τ ·σ is a natural transformation
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The horizontal composition of natural transformations τ : F→ F′ and σ : G→ G′

between composable pairs of parallel functors F,F′ : K→ K′, G,G′ : K′ → K′′
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Functor categories

Given two categories K,K′, define the category of functors from K′ to K, KK′
, as

follows:

− objects: functors from K′ to K

− morphisms: natural transformations between them

− composition: vertical composition of the natural transformations

Exercises:

• View the category of S-sorted sets, SetS , as a functor category.

• Check whether KK′
is (finitely) (co)complete whenever K is so.

• Show how any functor F : K′′ → K′ induces a functor (F; ) : KK′ → KK′′
,

where for G : K′ → K, (F; )(G) = F;G : K′′ → K, and for

τ : G→ G′( : K′ → K), (F; )(τ) = F·τ : F;G→ F;G′.

• Check if (F; ) : KK′ → KK′′
is (finitely) (co)continuous, for any F : K′′ → K′.
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Theorem: If K is finitely complete then KK′
is finitely complete as well.

Proof (idea): Define a terminal object, binary products and equalisers in KK′
:

Terminal object: CT : K′ → K is terminal in KK′
, where T is terminal in K.

Products: Given F,G : K′ → K, their product in KK′
is F×G : K′ → K
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:

Terminal object: CT : K′ → K is terminal in KK′
, where T is terminal in K.

Products: Given F,G : K′ → K, their product in KK′
is F×G : K′ → K

− for A′ ∈ |K′|, (F×G)(A′) = F(A′)×G(A′)
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is F×G : K′ → K

− for A′ ∈ |K′|, (F×G)(A′) = F(A′)×G(A′)

− for f : A′ → B′,

(F×G)(f) = 〈πF(A′);F(f), πG(A′);G(f)〉 : (F×G)(A′)→ (F×G)(B′)
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− for f : A′ → B′,

(F×G)(f) = 〈πF(A′);F(f), πG(A′);G(f)〉 : (F×G)(A′)→ (F×G)(B′)

F(A′)

F(A′)×G(A′)

G(A′)

�
���

πF(A′)

A
AAU

πG(A′)

F(B′)

F(B′)×G(B′)

G(B′)

�
���

πF(B′)

A
AAU

πG(B′)

-F(f)

-

-
G(f)

To be checked:

(F×G)(idA′) = id(F×G)(A′), and

(F×G)(f ;g) = (F×G)(f);(F×G)(g)

This yields natural transformations:

πF = 〈πF(A′)〉A′∈|K′| : (F×G)→ F

πG = 〈πG(A′)〉A′∈|K′| : (F×G)→ G
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Theorem: If K is finitely complete then KK′
is finitely complete as well.

Proof (idea): Define a terminal object, binary products and equalisers in KK′
:

Terminal object: CT : K′ → K is terminal in KK′
, where T is terminal in K.

Products: Given F,G : K′ → K, their product in KK′
is F×G : K′ → K

with product projections πF : (F×G)→ F and πG : (F×G)→ G.
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Equalisers: Given F,G : K′ → K, equaliser of two natural transformations

τ, σ : F→ G is δ : H→ F, where:

− for A′ ∈ |K′|, δA′ : H(A′)→ F(A′) is equaliser of τA′ , σA′ : F(A′)→ G(A′)
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Equalisers: Given F,G : K′ → K, equaliser of two natural transformations

τ, σ : F→ G is δ : H→ F, where:

− for A′ ∈ |K′|, δA′ : H(A′)→ F(A′) is equaliser of τA′ , σA′ : F(A′)→ G(A′)

− for f : A′ → B′, H(f) : H(A′)→ H(B′) is s. t. δA′ ;H(f) = G(f);δB′ .
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F(A′)
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6
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F(B′)

H(B′)

6
τB′

6
σB′

6
δB′

-G(f)

-
F(f)

-
H(f)

To be checked:

H(idA′) = idH(A′), and

H(f ;g) = H(f);H(g)

This yields a natural transformation:

δ = 〈δA′〉A′∈|K′| : H→ F
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Theorem: If K is complete then KK′
is complete as well.

Proof (idea):

• Let D be a diagram in KK′
with nodes n ∈ N and edges e ∈ E.

− for A′ ∈ |K′|, define D(A′) to be a diagram in K with D(A′)n = Dn(A
′)

and D(A′)e = (De)A′

− for f : A′ → B′ in K′, define a diagram morphism D(f) : D(A′)→ D(B′) by

D(f)n = Dn(f)

• Define a functor X : K′ → K and natural transformations αn : X→ Dn as

follows:
− for A′ ∈ |K′|, let αA′

: X(A′)→ D(A′) be the limit of D(A′) in K
− for f : A′ → B′ in K′, let X(f) : X(A′)→ X(B′) be unique such that

αA′
;D(f) = X(f);αB′

(given by the limit property of αB′
)

− define αn : X→ Dn by (αn)A′ = (αA′
)n, for A′ ∈ |K′|

− check that X : K′ → K is a functor, and αn : X→ Dn are natural

transformations

• Prove that α : X→ D is a limit of D in KK′
.
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Functor categories

Given two categories K,K′, define the category of functors from K′ to K, KK′
, as

follows:

− objects: functors from K′ to K

− morphisms: natural transformations between them

− composition: vertical composition of the natural transformations

Exercises:

• View the category of S-sorted sets, SetS , as a functor category.

• Check whether KK′
is (finitely) (co)complete whenever K is so.

• Show how any functor F : K′′ → K′ induces a functor (F; ) : KK′ → KK′′
,

where for G : K′ → K, (F; )(G) = F;G : K′′ → K, and for

τ : G→ G′( : K′ → K), (F; )(τ) = F·τ : F;G→ F;G′.

• Check if (F; ) : KK′ → KK′′
is (finitely) (co)continuous, for any F : K′′ → K′.
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Yoneda embedding

Given a locally small category K, define

Y : K→ SetK
op

• Y(A) = HomK( , A) : Kop → Set, for A ∈ |K|

• Y(f)X = ( ;f) : HomK(X,A)→ HomK(X,B), for f : A→ B in K,

X ∈ |Kop |.
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X ∈ |Kop |.

Theorem: The category of presheaves SetK
op

is complete and cocomplete.

Theorem: Y : K→ SetK
op

is full and faithful.

F : K→ K′ is full and faithfull
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Diagrams as functors

Each diagram D over graph G in category K yields a functor FD : Path(G)→ K

given by:

− FD(n) = Dn, for all nodes n ∈ |G|nodes
− FD(n0e1n1 . . . nk−1eknk) = De1 ; . . . ;Dek , for paths n0e1n1 . . . nk−1eknk in G

Moreover:

− for distinct diagrams D and D′ of shape G, FD and FD′ are different

− all functors from Path(G) to K are given by diagrams over G

Diagram morphisms µ : D → D′ between diagrams of the same shape G are exactly

natural transformations µ : FD → FD′ .
DiagG

K
∼= KPath(G)

Diagrams are functors from small (shape) categories
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Double law

Given:

K K′

� �F

?
-F′

� �
F′′

6

ñ
ñ
òτ

ñ
ñ
òτ ′

K′′

� �
?

G

-G′

� �6
G′′

ñ
ñ
òσ

ñ
ñ
òσ′

then:

(τ ·σ);(τ ′·σ′) = (τ ;τ ′)·(σ;σ′)

K

� �
?

F;G

� �6
F′′;G′′

ñ
ñ
ñ
ñ
ñ
ñ
ñ
ò

(τ ·σ);(τ ′·σ′) (τ ;τ ′)·(σ;σ′) K′′

This holds in Cat, which is a

paradigmatic example of a two-

category.

A category K is a two-category

when for all objects A,B ∈
|K|, K(A,B) is again a cate-

gory, with 1-morphisms (the usual

K-morphisms) as objects and 2-

morphisms between them.

Those 2-morphisms compose ver-

tically (in the categories K(A,B))

and horizontally, subject to the

double law as stated here.

In two-category Cat, we have

Cat(K′,K) = KK′
.
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Equivalence of categories

• Two categories K and K′ are isomorphic if there are functors F : K→ K′ and

G : K′ → K such that F;G = IdK and G;F = IdK′ .

• Two categories K and K′ are equivalent if there are functors F : K→ K′ and

G : K′ → K and natural isomorphisms η : IdK → F;G and ε : G;F→ IdK′ .

• A category is skeletal if any two isomorphic objects are identical.

• A skeleton of a category is any of its maximal skeletal subcategory.

Theorem: Two categories are equivalent iff they have isomorphic skeletons.

All “categorical” properties are preserved under equivalence of categories
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