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ON NON-DENUMERABLE GRAPHS

k., (n-1) !—(u-z)L

P. ERDOS AND S, KAKUTANI -
w o f..-M2

The present paper consists of two parts. In Part 1 we prove a theo- = V\Q’f’)
em on the decomposition of a complete graph. This result is then 2
sapplied in Part 2)to show that the continuum hypothesis is equivalent z gt s

'@(b to the possibility of decomposing the set of all real numbers into a T

! countable number of summands each consisting of rationally inde-
pendent numbers, Vi

N ParT 1 iﬁl

A graph G is complete if every pair of points of G is connected by
one and only one segment. G is called a tree if it does not contain any
closed polygon. fﬁ"‘ﬁ 8““" (\L\Aw.\

TuEorEM 1. 4 _complete graph of cardinal number (that is, the . :
cardinal number of the w m) can be split up tnto a f\”i"\”fﬂhﬁ’- :
number of trees if and o:tzgy ifim =

Proor. We shall first prove that every complete graph of power N,

"% can be split up into the countable sum of trees.! Let G be a com-

o plete graph of cardinal number N,. Let {x.}, «<u. be any well
o ¢, ordered set of power N;. We may assume that G is represented by a

i) system of segments (x4, ¥3), & <B <w:. For any 8 <w, arrange the sct
: ‘Sv-"’ of all « <B into a sequence ag,., #=1, 2, - - -, and let G, be the set
e of all segments (., %) such that @ =ag,.. It is clear that G =\/_.G, 2

"', and that for each G, for every 8 <, there exists one and only one
a<®  such that (x,, x3) EG, and o« <B. From this last fact it is clear tha
(x4 ,%w0) G, does not contain any closed polygon. < 2

Conversely, let us assume that a complete graph & of cardinal num- =M™ »
ber m is split up inte a eountable number of trees (T G=\U;- T,
We shall prove that m <N,. We can again assume that & 15 repre-
sented by a system of segments (x., xg), a <8 <{ where {xa b a<mh
is a well ordered set of cardinal number .

We shall first decompose each(T,\into four parts T, ;,/7=1, 2, 3, 4,
such that 7, and T, s satisfy the condition:

(1) Any two consecutive segments of the graphs 7', and [T, s Jare of
the form: (%, x5), (%a, 2,),[a KB, (@)K, 8#=vy. And T, /(T 1 satisfy:

(2) Any two consecutive segments of the graphs are of the form:
(x,a, xa)v (x‘rl xa}r 6 <oy v <o 6#7
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/ T“’) F‘%r thlg pyrpose, let 7,= U;\T@De a decomposition of each T into

“its co\nponents ®. The number of components 7% is not neces-

sar:ly countable. Let 2%’ be an arbitrary point in each T‘ﬁ), called the

origin of T. A segment a<p, of «Iji), is of Oth) degree of the
first kind if x, =+% and is o degree, of the m f xs =2%.
() Assume that the segments of degree 0, 1, - - -, m —1 of the first and
~ second kind are already defined in 7% Then a segment (%., xa),
a<B, of T® is of the mth degree, of the first kind if x, is one of the
end points of a segment of degree m —1 and if (x., xs) is not of degree

G A at most m — 1. The segments of degree m of the second kind are analo-
fined. In this way it is possible to define a degree of first or

second kind for every segment of T Let T} be the set of all seg-
ments of T% of Aégree 4 of the first kind, and let T%)s be the set of
all segments of 7%’ of [degré@wm and of second kind. It is clear that
T2 and T,?,’,, sat1sfy conditions (1) and (2), respectively. If we put

o o
URU2an.2m; Uku2m+1Tn 241y

- ﬂ)ﬂ ‘A)n
bé’"rmﬁ = U\ T 2, Tha= Uhusw1rn 2mt1y

‘ \ Thus we have obtained a decomposition of T into a countable num-
of pgity T 5, n=1,2 - - ;4=1, 2, 3, 4. We observe that from

qland follows (3) and (4), respectively:
) For any a <{) there exists at most one B <o such that (xs, ¥a)

belongs to the graph. € e K47) = e = max
For any a <@ there ts at most one ﬁ‘)a ,B(Sﬁ such that o
(%4, x5) belongs to the graph, UMNID\ l:' ) e R T T ] Ll e -
N = " 5
::\ Let us now put /]155 ok et R - [[E [ -
\ @- v SUCTASUASS Y | & 4
D . ]
[ Xal) @ Un—lTn LR Un—lTn 4 a

/ ./l‘ . / Vhen T and T'! clearly satisfy the following cond1t10ns \xwl\ Nv(,',
(5) For any a<¢ the set of all 8 <a such that (x, x,) belongs to t
aph is countahle,
\‘ ))For any a <¢ the set of all 8 >a, 8 <¢ such that (x., x5) belongs
/ to the graph is countable.

5 Y From this it easily follows by the same argument as in W,

pmsln2 that the cardinal number m of all points x., o <¢, is at i

. ‘ o [£n | &0 [Xn | |
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Similarly we can prove that the complete graph of power 8, is the
sum of N, ; trees, but not the sum of less than N,_; trees. We can
put the following problem: Is the complete graph of power 8. the
sum of less than N._; such graphs which do not contain a quadrilat-
eral? We cannot answer this question, unless we assume the general-
ized hypothesis of the continuum, in which case the answer is
negative. It can be shown that the complete graph of power 2™ is
the sum of m graphs, which do not contain even closed polygons,?
but that the complete graph of power greater than 2w is not the sum
of m graphs which do not contain trlangles. K roé\wm e P""‘*“M

e a2t 2 [k(i;?\",
THEOREM 2. The continuum hypothesis is equivalent to the following
proposition : shvierdume
(P) The set of allan e docombiasadid —
number of subsels, each consisting only of mtwnalﬁy ’“d‘,f;fﬁd”‘ num-

bers.

Proor. We shall first prove that the continuum hypothesis im-
plies proposition (P). Let £, a<wy, be a flamel basis for the set R
of all real numbers, well ordered in a transfinite sequence of type w;;

that is, the £, are rationally independent, and every rea ber _
x(#0) can be uniquely expressed in the following fdgm:
Y a¢ 4 &L"*' SLZ“‘MX (N

¢ < < <
ccl az o
u‘wr) (@ &

(2.1) ze = 2 ()
i1 D (/0

where the 7; are ra umb 0 u and # is a positive
integer. Q} b N ’btl,lo 2(»««3 £ 2 %uwew
For any finite f rational numhers P, o, » + -, 7, let
R, rq, - -,rn be the set of all x&R which are expressed in the form
(2.1). Then

(2-2) IR = ,{0} u Um»"!-“ T \/\’t\")

is a decomposition of the set R into the set (0) consisting of ¢ alone
and a countable number of sets er.,q,....,"h where Uiy v oir
means the union for all possible ordered svstems ry, 7, - - -, 7, of
rational numbers. Consequently in order to prove our theorem it suf-
fices to prove it for all the Ry X=10 90,0 W, - «-ff hi
For each ordinal number a, a <w, let R,(?‘f_,,s, T be the subbet of
R;i.rg, « - -,rn consisting of all real numbers x, such that &, =a.(x) =@

3 K. Gadel, oral communication.
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et arlya,.(x) #ay, (y) forany x, R .,,m,,.,x;éy, aid Rpsvsocsiomy
R l/ ;-—1Sr1.r2, RN S

., :‘k: e shall prove that each S, .., ....-..» consists only of rationally
2 N\,' b ndependent numbers. In fact, if whave

& xi#x; (i=7), and p; is an in-

iffe 2 .=, k, then there would exist an
integer g for whlch a* =a,(x;,) >a,.(x,) for all ¢5£4,. Hence, in the
expansion (2.1) of all the ., 1—1 -, n, the term .. would appear

only once, which is bccausc of (2. 3) Thus we have

(D) _‘b(m\) proved that the continuum hypothesis implies the proposition (P).
Conversely, let us assume that the proposition (P) is true. We shall

prove the continuum hypothesis from it. We shall prove this by show-

A oW ing that, under the assumption (P) the complete graph of power 28

is the sum of a_cguntable number of trees (sece Théorem1). R
[/;‘WU@K(X:D,W(\ Le%@e a decomposition of the set of all real nu mbers
into a‘coumntable sum of sets each consisting of rationally independent

numbers. At least one of the must have powe@'](Thls follows
v| from a well known theorem of]. Konig.5) We may assume that L

HR[ H\@ l has power@ Let(G)be the complete graph of cardinal number

We may assume that G is represented by a system of segments (x)\y)}

(?UN)‘) ‘| x, yEM;, x<y. Let G, bea subgraph of G, consisting of all those seg=

(v| ments (x, v), or whlch y—a& M, Clearly G=\U,_,G,. We shall

| 3) qlf that each . is a tree. In fact assume that 7, contains a closed

m/l ~o pdlveon. eEXT, T %k, X1 =21 be the vertices of this polygon.
K 7‘\“ he _@‘im Fr 1+/,,;t_,____r\‘&f_ On the other hand
n a-“"—_.,-: —comstruction, and since all x; & M, the numbers

, &, are all different. This is however a con-
tradiction since M, consists of rationally independent numbers, This
completes the proof of Theorem 2.

It seems likely that the following stronger theorem also holds:
ssume that the continuum hypothesis is false, and let the sets A7,
onsist of rationally independent numbers. Then \U;_ M, has inner

measure 0. /
&/ b
/ § . Kinig, see W. Sierpinski, ibid. p. 6.
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We can of course prove the following theorem: The necessary and
sufficient condition for the continuum to be of power N, is that R
shall be the sum of N, sets consisting of rationally independent num-
bers, and that R shall not be the sum of less than N, such sets. The
proof is the same as that of Theorem 2.

UNIVERSITY OF PENNSYLVANIA AND
THE INSTITUTE FOR ADVANCED STUDY
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