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1. Verify that (a, b) = (c, d) if and only if a = c and b = d.

2. Prove, that there is no set X such that P (X) ⊆X

3. Prove that if X is inductive, then the set Y = {x ∈X ∶x ⊆X} is inductive. Hence N (the smallest inductive
set) is transitive and for each n ∈ N, n = {m ∈ N∶m < n}.

4. Prove that if X is inductive, then the set Y of those elements x ∈X that are transitive is inductive. Hence
every n ∈ N is transitive.

5. Prove, that if X is inductive, then Y the set of those transitive x ∈ X, that x ∉ x is inductive. Hence for
all n ∈ N n ∉ n and n ≠ n + 1.

6. Prove that if X is inductive then the set Y of those x ∈ X that are transitive and every nonempty z ⊆ x
has ∈-minimal element is inductive.

7. Prove that for every nonempty X ⊆ N X has a ∈-minimal element.

8. Prove that if X is inductive, then so is Y = {x ∈X ∶x = ∅∨ ∃z∈Xx = z ∪ {z}}. Hence each n ≠ 0 is m + 1 for
some n.

9. Let A ⊆ N such that ∅ ∈ A and if n ∈ A, then n + 1 ∈ A. Prove that A = N.

10. Prove that every n ∈ N is T-finite.

11. Prove that N is T-infinite.

12. Prove that every finite set is T-finite.

13. Prove that every infinite set is T-infinite.

14. Prove that the Separation Axiom follows from the Replacement Schema.

15. Instead of Union, Power Set and Replacement Axioms consider the following weaker versions:

� ∀X∃Y (∀x ∈X)(∀u ∈ x)u ∈ Y ,

� ∀X∃Y ∀u(u ⊆X → u ∈ Y ),

� ∀x∀y∀z(ϕ(x, y, p) ∧ ϕ(x, z, p) → y = z) → ∀X∃Y ((∃x ∈X)ϕ(x, y, p) → y ∈ Y )

Prove Union, Power Set and Replacement Axioms from these versions using Separation Schema.

1


