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1. Is there a function of C? class, f: R? — R, such that

a—f = xsin
8$ - y?
g =ycosx?
Oy '
If such a function exists, then
ﬁ = I Ccos
oxdy 4
0°f = —ysinz
oyox 7

but these should be equal. So such a function does not exist.

2. Let f(x,y) = z + y°. Find the maximum of f on the set

A={(z,y) eR*: 32° + 2> + 8z < 1}.

It is clear that f has no critical points because 0f0x = 1 # 0. We check its maxima on the boundary, i.e.
F(z,y) =322 +2y* + 82— 1 =0. f' = (1,2y) and F'(x,y) = (6z + 8,4y), so 1 = \(6z + 8) i 2y = My.
Ify #0,toAN=1/2,then 1 =3z +4, 2 = —1,3+2y> -8 =1,50 4> = 3, y = £3. When y = 0, to
322 4 8r —1=0. A =64+ 12 = 76. Thus, z = (3 +/19)/3. So we have four candidates (—1,++/3) and
(34 1/19)/3,0). The values are 2,2,3 +/19)/3 and 3 — 1/19)/3, respectively, and the value 3 + /19)/3
is the maximum.

3. Let K ={(x,9) €eR?:0< 2 <1, 0<y<2}andlet f(x,y) = 2? +y — xy?. Find the maximum and the
minimum of f on the set K.

We find critical points. f' = (22 — 32,1 — 22y), so in critical points we have = y?/2, hence y* = 1, so
y=1and x = 1/2. At this point f(z,y) =3/4 —1/2 =1/4. We look for extrema on the sides and in the
vertices:

e for x =0 we get f(y) =y, so there are no critical points,

o for x =1 we get f(y) = —y?>+y+1, f = —2y+ 1, has a critical point for y = 1/2 and the value is
5/4,

e for y =0 we get f(z) = 2% has critical point for = 0 and the value is 0,

o for y =2 we get f(x) = 2% — 4r + 2, f' = 22 — 4, has a critical point outside of (0,1),

0,0) the value is 0,

0,2) the value is 2,
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So the minimum is —1 at (1,2), and maximum 2 at (0, 2).



4. Find and classify the critical points of the function f : R2 — R given by
flx,y) =2 +y° + 3zy + 3.

' = (322 + 3y, 3y? + 3x), so the critical points are (—1,—1) and (0,0). The matrix of the second order

derivative is
6xr 3
3 6y |’

It

is negative definite (the determinants are —6 and 27) — we have a local maximum, at (0,0) we get

at (—1,—1) is

is non-definite, so there is no extremum here.

5. Let f(r,0) = (r?cos(20),7%sin(20)) where (r,0) € (0,1) x (0,27). Sketch the image of f.

The point f(r, ) is at distance of 72 from (0,0) with angle 20 from z-axis, so the image is the full circle
(0,0) of radius 1, without boundary and its centre.

6. Let f be the function from the previous problem.

a) Is f a local diffeomorphism of the set (0,1) x (0,27)?
= 2r cos(20)  —2r?sin(20)
| 2rsin(20)  2rZcos(20) |’

has determinant
213 (cos?(20) + sin?(26)) = 3r3 # 0

for r € (0,1), So by the inverse function theorem, locally there exists an inverse function of class C1,
so it is locally a diffeomorphism.

b) Is f a diffeomorphism of the set (0,1) x (0,27)?
No, because it is not one-to-one, f(1/2,7/2) = (—1/4,0) = f(1/2,37/2).
7. Let z(z,y) be determined by the equation sin(zz) = yz and z(1,0) = 0. Calculate 22(1,0) and 2—5(170).
So F(x,y,2) =sin(xz) —yz, F'(x,y,2) = [zcoszz, —z,xcoszz —y|. At (1,0,0) we get [0,0,1], and 1 # 0,

so we can apply implicit function theorem

1
d = (F) - Fyy = 100,00 =10,0],

hence,

0z 0z
—(1 =0=—(1,0).
G0 =0 = (10

8. Find the equation of the plane tangent to the surface
S = {($»y72’) S R3 : sin(mz) = yz}

at the point (1,0, 0).

F'(z,y,z) = [zcoszz, —z,xcoszz —y], at (1,0,0) is [0, 0, 1], so the equation of the tangent linear space is
z = 0, also going through this point is z = 0.

9. Is the following subset of R? a manifold

M:{(xayvz)€R3: .’11’2—|—y2—i-2,’2:17 Z:l‘2+y2}.



10.

F(x,y,2) = (22 +y* +22 - 1,22 +y? — 1), s0

/ | 2z 2y 2z
F (xayaz) - |: 2r Qy 1 )

these rows are linearly independent if 2z # 1, i.e. for 2 # 1/2. For z = 1/2 we get 2% + y? = 3/4 and
2? +y? = 1/2 — which is a contradiction, so z = 1/2 which dos not hold in the considered set. So the rows
of I’ are linearly independent. It is a manifold.

1 -1 0
Decide whether the quadratic form given by the matrix |1 1 0] is: positive definite, positive semi-
0 0 1

definite, negative definite, negative semidefinite, or indefinite.

The subsequent determinants are 1 > 0, 2 > 0 and 2 > 0, so by Sylvester’s criterion it is positive definite
(thus also positive semidefinite).



