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\/ —I—y 2 +y2+22

—1>0,s0 ””2:;2:2”; 0, which is possible only if 2 < 0 and

1. Find the domain of the function

A point (z,y) is in the domain, if -5

224y +22<0ia?+y?+2>0. Le. if

(z+1)° +y2 <1

;1 2 IR

T4+ = -

2 Yy =z 47

These are points in the circle of radius 1 and centre in (—1,0) except for the circle of radius 1/2 and centre

n (—1/2,0). So it is B((~1,0),1) \ B((—1/2,0),1/2).

2. Does

and in the same time

at — oyt

lim
z—0 X
y—0 Ty

exist? If so calculate it.

We have Z=¥* — (r —y)(2® + y?). Let 2,, — 0 and y,, — 0 be such that x,, + y,, # 0. Then

z+y
4 4 4 4
r—=y .. LTp = Yn _ . _ 2 2\ __

—)0

3. Find whether the following functions is continuous in each of the points if its domain.

1 , for zy > 0,
flxy) =40 , forzy =0,
-1 , for zy < 0.

It is clear that this function is continuous everywhere except the axis (i.e. for zy > 0 and zy < 0), and
the axis are suspicious (i.e. x = 0V y = 0). In these points the function is not continuous. If (z,y) is
such that z =0ory =0, thenlet z, =+ 2 + £, y =y + L + L 4 ¥ Then lim, oo f(@n,yn) =1 or
lim, o0 f(Zn, yn) = —1, but f(z,y) = 0.
4. Let
2

oy = daigr o for (By) £ (0.0)

0 ,forx =y =0.

Prove that despite the limit in (0, 0) if you approach it by any line going through (0,0), f is not continuous
n (0,0).

For y = ax we have

it y? (22+a2)2? 22 +al



when x — 0. But if z = 1/n,y = 1/n? we get

%y 1/n* 1

ity I/nt+1/n4 27
so the function has no limit at (0, 0), thus it is not continuous.

. Let f: R?\ {(0,0)} be defined as
222
f(x,y) = m,

Prove that despite
Jim lim, (z,y)=0= ;igg)iig})f(w,y),
the limit lim, ,y_(0,0) f(2,y) does not exist.
Numerator converges to 0 for x — 0 and constant y, and the denominator is non-zero so
2,2

SO
tm fm ) =0
Similarly, if we take the limits in the other order.
But for z =y = 1/n we get
x%y? 1t
2224+ (x—y)2 1/n*+0

so the limit here is 1, thus the limit of the function does not exist.
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. Prove that a function f: R¥ — R is continuous if and only if for any open set G C R the set
(@1, %) €RE: flon,...,a5) € G}

is open in R¥.

Assume that f is continuous, and G C R is open. Assume that (z1,...,2x) is such that g = f(x1,...,2%) €
G. But since G is open, there exists ¢ > 0, such that (g — e,9 + ) C G. But since f is continuous, there
exists 7 > 0, such that if ||(z1,...,2%) — (Y1, yp)|| <7, to f(y1,...,yx) € (g —e,9+¢) C G, and also
a ball with centre in (z1,...,2x) and radius r is contained in

{(xl,...,xk) ERkZ f({E1,...,£Uk) EG}

So it is open.

Reversely, fix (z1,...,2;) and € > 0, and let g = f(x1,...,2) and G = (g —&,9 +¢€). Then
{(acl,...,xk) S Rki f(xl,...,xk) S G}

is open, so there exists > 0, such that the ball with centre in (x1,...,2;) and radius r is included in
this set. But ¢ is arbitrary, so we conclude that the function is continuous.



