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1. Let:

f(x) =


−x x ∈ [0, 1)
−1 x ∈ [1, 2)
x− 3 x ∈ [2, 4]

.

Check whether this function has an antiderivative. I so, find an antiderivative F , such that F (1) = −1/2.

The function f is continuous so it has an antiderivative. Thus,

F (x) =


−x

2

2 + C x ∈ [0, 1)
−x+D x ∈ [1, 2)
x2

2 − 3x+ E x ∈ [2, 4]

and F (1) = −1
2 , so D = 1

2 . Moreover, it has to be continuous, so C = 0 and E = 5
2 , so finally:

F (x) =


−x

2

2 x ∈ [0, 1)
−x+ 1

2 x ∈ [1, 2)
x2

2 − 3x+ 5
2 x ∈ [2, 4]

.

2. Calculate:

a)
∫ x4 − 2x3 + 4x2 + x− 3

x2
dx,

∫
x4 − 2x3 + 4x2 + x− 3

x2
dx =

∫ (
x2 − 2x+ 4 + x−1 − 3x−2

)
dx =

x3

3
− x2+ 4x+ ln |x|+ 3x−1+C.

b)
∫ √x− x3ex + x2

x3
dx.∫ √
x− x3ex + x2

x3
dx =

∫ (
x−

5
2 − ex + x−1

)
dx =

−2

3x
3
2
− ex + ln |x|+ C.

3. Calculate
∫

sinx cosx dx using the following hints:

a) by parts for f(x) = sinx, g(x) = cosx,∫
sinx cosx dx = − cos2 x−

∫
sinx cosx dx,

so ∫
sinx cosx dx = − cos2 x/2 + C.

b) by parts for f(x) = cosx, g(x) = sinx,∫
sinx cosx dx = sin2 x−

∫
sinx cosx dx,

so ∫
sinx cosx dx = sin2 x/2 + C.
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c) by substitution y = sinx,∫
sinx cosx dx =

∫
y dy,= y2/2 + C = sin2 x/2 + C.

d) by substitution y = cosx,∫
sinx cosx dx = −

∫
y dy,= −y2/2 + C = − cos2 x/2 + C.

e) using double angle formula sinx cosx = 1
2 sin(2x).∫

sinx cosx dx =
1
2

∫
sin(2x) dx = −1

4
cos(2x).

4. Calculate by parts:

a)
∫

ln |x| dx,

∫
ln |x| dx

f(x) = x, g(x) = ln |x|
=

∫
f ′(x)g(x) dx = f(x)g(x)−

∫
f(x)g′(x) dx =

= x ln |x| −
∫
x

x
dx = ln |x| −

∫
1 dx = x ln |x| − x+ C.

b)
∫
x cosx dx,

∫
x cosx dx

f(x) = sinx, g(x) = x
=

∫
f ′(x)g(x) dx = x sinx−

∫
sinx · 1 dx = x sinx+ cosx+ C.

c)
∫
x2e−x dx.

We use the method twice

∫
x2e−x dx

f(x) = −e−x, g(x) = x2

=
∫
f ′(x)g(x) dx = −x2e−x+ 2

∫
xex dx

f(x) = −e−x, h(x) = x
=

= −x2e−x + 2
∫
f ′(x)h(x) dx = −x2e−x − 2xe−x + 2

∫
e−x dx =

= −x2e−x − 2xe−x − 2e−x + C = −e−x(x+ 1)2 + C.

5. Calculate by substitution:

a)
∫
x
√

1 + x2 dx,

∫
x
√

1 + x2 dx

t = 1 + x2,
dt

dx
= 2x

=
∫ √
tdt

2
=

1
2
· 3

2
t
3
2 + C =

(
1 + x2

) 3
2

3
+ C.

b)
∫
x cosx2 dx.

∫
x cosx2 dx

t = x2,
dt

dx
= 2x

=
∫

cos t
2
dt =

sin t
2

+ C =
sinx2

2
+ C.

6. Calculate:

2



a)
∫

arcsinx dx,
First by parts: ∫

arcsinx dx = x arcsinx−
∫
x dx√
1− x2

and by substitution t = 1− x2, so

= x arcsinx+
1
2

∫
1, dt√
t

= x arcsinx+
√
t+ C = x arcsinx+

√
1− x2 + C.

b)
∫

cos3 x
√

sinx dx,
We change the variables ∫

cos3 x
√

sinx dx =

=
∫

(1− sin2 x)
√

sinx cosx dx

t = sinx,
dt

dx
= cosx

=
∫

(1− t2)
√
tdt =

2t
3
2

3
− 2t

7
2

7
+ C =

=
2 sin

3
2 x

3
− 2 sin

7
2 x

7
+ C

c)
∫
ex sinx dx,

We calculate by parts twice

∫
ex sinx dx

f(x) = ex, g(x) = sinx
=

∫
f ′(x)g(x) dx =

= ex sinx−
∫
ex cosx dx

f(x) = ex, h(x) = cosx
=

ex sinx− ex cosx−
∫
ex sinx dx.

So ∫
ex sinx dx =

ex

2
(sinx− cosx) + C.

d)
∫

ln2 x dx,
Again, twice by parts

∫
ln2 x dx

f(x) = x, g(x) = ln2 x
= x ln2 x− 2

∫
x

x
lnx dx =

f(x) = x, h(x) = lnx
=

= x ln2 x− 2x lnx+ 2
∫
x

x
dx = x ln2 x− 2x lnx+ 2x+ C = x(lnx− 2 lnx+ 2) + C.

e)
∫
x
√

1− x2 dx.
We change the variable

∫
x
√

1− x2 dx
t = 1− x2, dt

dx
= −2x

=
∫
−
√
tdt

2
= −1

2
· 3

2
t
3
2 + C = −

(
1− x2

) 3
2

3
+ C.
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