Linear algebra, WNE, 2018/2019
meeting 24. — homework solutions

10 January 2019

Group 8:00

1. Find a standard form of the linear programming problem 5a + 6b — 3¢ — max with constraints
a+2b—c=19,
a+c>0,
b>0,c>0.

Solution:

—5a™ + 5a~ — 6b + 3¢ — min
at —a” +2b—c=19,

at —a"4+c—d=0,
at,a=,b,c,d>0.

2. For the following system of equations find all basic solutions

T1+To+ 203 +x4 =2
201+ a9+ 43+ 24 =1
3r1 —x9+6x3 —24 =0

The system is inconsistent, so there are no basic solutions.

3. Solve the following linear programming problem using simplex method
—x1 — 29 — min, with constraints:
4%1 —+ 4%2 < 12,
I < 2, i) < 2,
x1 20, 20 > 0.
Solution: the standard form is —xy — 2z — min, with constraints: 4z; + 4z + 3 = 12,
xr1+ x4 = 2,
To + 5 = 2,
T1,X2,T3,T4,T5 > 0.

We write out the simplex array (the last three variables are basic):

-1 -2 0 0 0]0
4 4 1 0 012
1 0 01 02
0 1 00 1|2

Vertex (0,0,12,2,2). We get two improving edges and choose the one from the second column. Its bounds
are F = {3,2}, So it of length 2 and x5 ceases to be basis in favour of xs:

-1.0 00 2|4
4 0 1 0 —-4|4
wo + 2ws, wy — 4dws 1 001 02
0O 1 0 0 1 ]2



Vertex (0,2,4,2,0). We have only one improving edge, related to the second column. Its bounds are
F ={1,2}, so 1 and x4 ceases to be basic, and x; becomes a basic variable

-1 0 0 0 2|4 00 7 0 1]5
w}10i0—11w+ww_w10§0—11
""421 001 02272l 0 -+ 1 11
_—

0 1.0 0 1]2 01 0 0 1|2

Vertex (1,2,1,0,0) with cost value —5 is optimal because we have only aggravating edges.
It translates to solution (1,2) in the original problem.

Group 9:45

1. Find a standard form 5a — 6b — 3¢ — max with constraints
a+2b—c=19,
a+c<0,
b>0,c>0.
Solution:
—5at 4+ 5a~ + 6b — 3¢ — min
at —a=4+20—c=19,
at—a" +c+d=0,
at,a”,bc,d> 0.
2. Find all the basic solutions of the following system of equations

CE1+2$2+3$3+S€4:0
2x1+5x2+x3+x4:1
T1+ a9+ 23 —T4 =2

Solution:

In the echelon form we get
1 2 3 110
01 -5 —-1]|1
00 -7 =313

Next, we calculate basic solutions

e basic variables x1, x2, 3, non-basic x4 = 0, we get

(é
7
e basic variables x1, x3, 24, non-basic z3 = 0, we get (1,
e basic variables z1, x5, x4, non-basic o = 0, we get (1

(0

e basic variables xs, x3, T4, non-basic z; = 0, we get (0, £, %, —f—g) — infeasible basic solution,
So we have 3 basic solutions all of which are infeasible (%, —%, —%, 0),(1,0,0,—1), (0, %, é, —?—g).

3. Solve the following linear programming problem using the simplex method:
2x1 + 2x9 — max, with constraints:
8%1 + 4%2 < 12,
2!171 < 2, To < 2,
1 20, 20 2 0.
Solution:
the standard form: —2xy — 2z — min, with constraints: 8z, + 4xs + 3 = 12,
2:171 + x4 = 2,
To + T = 2,
T1,Ta, X3, 4,5 = 0.

Simplex array (the three last variables are basic):

-2 -2 0 0 0]0
8 4 1 0 0]12
2 0 01 0[2
0 1 00 1|2



Vertex (0,0, 12,2,2). Thus we have two improving edges, and we choose the one from the second column.
The bound are F = {3,2}, so it has length 2 and x5 ceases to be basic, x2 is a new basic variable:

2000 2|4
8 0 1 0 —44
Wot2wg,wi — AWy o g g |9
0 100 1]2

Vertex (0,2,4,2,0). We have only one improving edge, the one in the first column. The bounds are
F =1{1,2}, so 1 and x4 is dropped from the basic variables set. x; is basic now:

-2 0 0 0 2|4 00 0 115
11 0 L o0 -LI[2Z 10 5 0 —213
— 8 2| 2 — 8 2| 2

Wigg 0 0 1 0 |aWdIonwamiwn, o Gog g
e
0 1.0 0 1|2 01 0 0 1|2

Vertex (%, 2,1,0,0) with cost value —5, is optimal because all the edges are aggravating

This vertex translates to solution (%7 2) of the original problem.



