Linear algebra, WNE, 2018/2019
meeting 20. — homework solutions

11 December 2018

Group 8:00

1. In R*, find the orthogonal projection of (4,2, 3, 1) onto subspace W = {(z,y,2,t): t+y —z+2t = 0} and
the image of (0,0,1,2) under orthogonal reflection across W.

The projection onto W is the vector minus its projection onto W, i.e. (1,1,-1,2), so
<(4a 27 37 1)7 (1a 17 _17 2)>
((1,1,-1,2),(1,1,-1,2))

1
(4,2,3,1) - (11,-1,2) = (4,2,3,1) ~ 2(1,1,-1,2) = £(23,9,26, -3).

Similarly the projection of (0,0, 1,2) equals to

<(0a0»172)7(1a17_172)> _ 3 — 1
(L1 L2, (L1 Loyt hH T 0L AL AL2) =5 (5,75 10.8)

(0,0,1,2) —
So the image under reflection is

1 1
=(~6,-6.20,16) — (0,0,1,2) = ~(~6,~6,13,2).

2. Find the formula for the linear transformation ¢: R? — R? of orthogonal projection onto
W ={(z,y,2): z —y+ 2z =0}

for the linear transformation 1 : R?® — R3of orthogonal reflection across W.

First notice that {(1,1,0),(—2,0,1)} is a basis of W, and {(1,—1,2)} is a basis of W. Let ¢ be the
projection, and 1 be the reflection. A = {(1,1,0), (—2,0,1),(1,—1,2)} is a eigenvectors basis of ¢ and of
1, with eigenvalues 1,1,0 and 1,1, —1 respectively. Thus,

1 00 1 0 O
M@)g={0 10 M@i=|0 1 0
0 0 O 0 0 -1
1 -2 1
Meanwhile, M(id)5f = | 1 0 —1 |, so it is easy to calculate
0 1 2
1 1 5 1
M(id);ﬁ‘tz(M(id)ff)*l:6 -2 2 2
1 -1 2
Hence, ) )
5 1 -2
st s 1)\st A s 1)A 1
M) = MG M4 - MG =2 | 1 5 2
2 2 2
1 2 1 -2
M) = MG M@)A MGdA=3 | 1 2 2
2 2 1
and thus, ¢((z,y,2)) = t(bx +y — 2z, + by + 22, —2z + 2y + 22), ¥((z,y,2)) = : 2z +y — 22,2 + 2y +

2z, —2x + 2y + 2).



Group 9:45

1. In R*, find the orthogonal projection of (4,2, 1,3) onto W = {(x,y,2,t): +y+2z—t = 0} and the image
of (0,0,2,1) under orthogonal reflection across W.

The projection onto W is the vector minus its projection onto W=, i.e. (1,1,2,—1), so

(4,2,1,3) —

((4,2,1,3),(1,1,2,—1))
((1,1,2,-1),(1,1,2,-1))

7 ) )

5 1
(1,1,2,-1) = (4,2,1,3) - £(1,1,2,~1) = =(23,9,-3,26).

Similarly, the projection of (0,0,2,1) is

((0,0,2,1),(1,1,2,-1))
-1

(0>072’1)_<(1,1,2,—1),(1,1,2 )

3 1
(1,1,2,-1) = (0,0,2,1) = =(1,1,2,~1) = =(~3,-3,8,10).

So the reflection:
1 1
?(—67 —6,16,20) — (0,0,2,1) = ?(—67 —6,2,13).

2. Find a formula for the linear transformation ¢: R?> — R3? of the orthogonal projection onto W =

{(z,y,2): © + 2y — z = 0}, and of the linear transformation ¢: R® — R? of orthogonal reflection across
w.

Notice, that {(—2,1,0),(1,0,1)} is a basis of W, on the other hand {(1,2,—1)} is a basis of W. Let ¢
be the projection, and % be the reflection. A = {(-2,1,0),(1,0,1),(1,2,—1)} is an eigenvectors basis of
¢, and also of ¥ with eigenvalues 1,1,0 and 1,1, —1, respectively so

100 10 0
M@4=10 10| Myi=|0 1 0
0 0 O 0 0 -1
-2 1 1
Meanwhile, M(id)5{ = | 1 0 2 |, soitis easy to calculate that
0 1 -1
1 -2 2 2
(id) (M(@1d)%) 8 1 2 5
1 2 -1
Therefore, ) i
5 -2 1
st s 1\st A VA 1
M(p)or = M) - M(p)a-MGd)z=¢ | =2 2 2
1 2 5|
2 -2 1]
st 1)\ st A s 1)A 1
M) = M(d)% - M)A MGdd =3 | 2 —1 2
1 2 2

Hence, o((2, 3, 2)) = 1(52 — 2y + %, —20 + 29 + 22,2 + 29 + 52), ¥((2 3, 2)) = 1(20 — 2y + 5, ~20 — y +
2z,x + 2y + 22).



