Linear algebra , WNE, 2017/2018
Exemplary problems for the 2nd test

28 November 2017

Problem 1.

Let A={(1,0,-1,0),(3,1,-2,0),(2,0,0,1),(-1,2,4,0)}, B={(2,1),(5,3)},
C ={(1,0,1), (- 2 1 ,—3),(=5,3,-9)} and let ¢: R* — R?,¢: R? — R3 i ¢): R? — R3 be such that:

e ¢((a,b,c,d)) = (a—c+d,2b—d),

i I
Find: [

o M((¢+2¢)09))5,

e the coordinates of p(p(e)) + 29(¢p(a)) with respect to C, if the coordinates of vector o with respect to A
are 1,—1,0,1.

st*

e the coefficient in the second row and third column in (M (id)5}) !

Solution: M((p+ 2) 0 9))G = M(p+26)C, - M(6)% = (M()S, +2M (9)S) - M(6)% = (M(9)§ - M(id)5 +
2M (i) - M(¥)3) - M(9)3 - M(id)%.

We need the coordinates of the vectors from the standard basis with respect to B i C. We get: (1,0) =
(3,—-1)5,(0,1) = (—5,2)p and (1,0,0) = (0,—3,1)¢,(0,1,0) = (3,4,—1)¢,(0,0,1) = (1,3, —1)¢, so

miag=|

0 3 1

MG =] -3 4 3

1 -1 -1

Obviously,

1 3 2 -1

. 0 1 0 2

MEZ=\| 2 Sy 0 4 |

0 0 1 0

. 10 -1 1
meg=lo 5 o |



1 3 2 -1
1 0 -1 1 1 0 2 .
02 0 -1 -1 -2 0 4 o
0 0 1 o0
3 =5 12 -2 9 5 3 _5 15 =7 9 5 3 _5
il A R I S (I I S R Bl IR 02 -1 4 |~
-2 4 -2 0 -4 4
30 61 52 —103
=| 12 44 11 —2
-8 —12 —-16 36
The coordinates which we are looking for are
1

30 61 52 —103 1 —134

12 44 11 -2 . 0 = —-34

-8 —12 —-16 36 1 40

1 3 2 -1
. st 0o 1 0 2 o . 1
Let A= M(id)%) = 1 920 4 | Then the element in in the second row and third column of A
0 0 1 0
is (—1)2+3 dztc’tqff. We calculate those determinants:
1 2 -1
det A273 =10 0 2 = 72,
01 O
1 3 -1
det A= (=11 0 1 2 |=(-1)4-6-1+4)=-1
-1 -2 4

So this element is (—1)=2 = —2.

Problem 2.

Let V be a linear space and ¢: V' — V be a linear transformation and A, 5 be bases of V', such that M((p)f‘ =
1 0 2 2 31

—1 3 0 |andM@d5=|1 1 1 |.Find
12 -1 4 3 6

o M(p)5,
o M(p)g (hint: (M(id)5)~" = M(id)g),

e coordinates of p(«) with respect to B, if the coordinates of vector a with respect to A are 1,—2,2.

Solution:
2 3 1 1 0 2 0 11 3
M(@)B = MGd)E - M@4=]1 1 1 13 0 |=|1 5 1
43 6 1 2 -1 7 21 2
M(p)g = M(p)5 - M(id)g = M(9)5 - (M(id)5)~".

We have to calculate the inverse matrix.

23 1100
1 1 1 01 0 Wy < W2
4 3 6 0 0 1



111 010 1 1 1 0 1 0
3 1 1 0 0 w2—2w1,w3—4w1 0 1 -1 1 -2 0 w3 + wo
4 3 6 0 0 1 0o -1 2 0 —4 1
11 1 0 1 0 110 -1 7 -1
1 -1 1 - 0 | wy —ws,we+wz| 0 1 0 2 —8 1 w1 — Wo
00 1 1 -6 1 001 1 -6 1
100 -3 15 =2
010 2 -8 1 |,
001 1 -6 1
Hence,
0 11 3 -3 15 -2 25 —106 14
Mh=11 5 1 2 -8 1 |=|8 =31 4
7T 21 2 1 -6 1 23 =79
The coordinates we are looking for are
1 —16
M@Gi-| -2 |=| -7
2 —31

Problem 3.

Using Cramer’s rules determine for which s,t € R,

3x+sy+z=>5
8xr +doy+8z=t
20 +y+ 62 =6

has exactly one solution. Using Cramer’s rules find the solution for ¢ = s = 0 and prove that if ¢ # 16 it is
inconsistent except for the case when it has exactly one solution.

Rozwiazanie: det A = 90 + 165 + 8 — 10 — 24 — 48s = —32s + 64, so for s # 2 the system has exactly one
solution.

If s =1t =0, then det A = 64,det A; = 150 — 30 — 40 = 80,det As = 80 + 48 — 240 — 144 = —256 and
det Az = 90 + 40 — 50 = 80, sox:% = %,y:%:—élandz:%

Hence, assume that s = 2, and let us check that if ¢ # 16 the system is inconsistent. So we have to check that
at least one of the determinants in not equal to zero: det Ay = 150+96+¢—30—40—12¢t = 176 — 11¢,det Ay =
18t + 80 + 48 — 2t — 240 — 144 = 16t — 256 and det A3 = 90 + 4t + 40 — 50 — 3t — 96 = t — 16. So indeed for

t # 16, actually all of them are non-zero.

Problem 4.

Let _ .
s 1 5 0 13 -23 0 -7 -9

0 -3 0 0 -99 7 -2 3 62

2 2 s 1 0 5 21 —12 7

3 1 4 -1 33 -2 4 0 -5

A=l 0 0 0 0 -2 2 5 —11 -1

0O 0 0 0 1 0 -2 2 0

0O 0 0 0 0 -6 -9 15 s

0O 0 0 0 3 4 17 13 -2
L0 0 0 0 0 2 10 1 0 |

For which real numbers s € R matrix A is invertible? Calculate det(A? - AT - (2. A)~3) assuming that A is
invertible.

Solution: det(A?- AT - (2- A)73) = det A% - det AT - det(2- A)™3 = (det A)? - det A- (det2- A)~3 = (det A) -
(29 det A)™3 = (det A)3 - 2727 - (det A) ™3 = 5.



We have to check for which s matrix A is invertible. In other words, for which s its determinant is not equal
to zero. And since it is a matrix in a block form, we have to calculate the determinants of two matrices. The
determinant of the whole matrix is the product of those two products. To calculate the first determinant we use

Laplace’a extension:

s 1 5 0
0 -3 0 0 s 5 0
9 9 s 1 |=73 (-=1)*"2| =2 s 1 |=-3(—s>+15—10—4s) = 3(s* + 45 — 5).
3 1 4 -1 34 -1
A =16 + 20 = 36, so the roots are s; = —5, s = 1 and for such s the determinant is zero.

To calculate the determinant of the second matrix we transform it into triangular form.

-2 2 5
1 0 -2
0 -6 -9
3 4 17
0 2 10
1 0 -2 2
0 2 1 -7
0 -6 -9 15
0 4 23 7
0 2 10 1
1 0 -2

0 2 1

0 0 21

0 0 -6
00 9

1

0

0

0

0

-1 -1 1 0 -2
2 0 -2 2 5
15 S W1 < W2 0 -6 -9
13 -2 3 4 17
1 0 0 2 10

0

-1

S w3+3w2,w4—2w2,w5 — W3
-2

0
2 0 1 0 -2 2

-7 -1 1 02 1 =7
21 0 w3-—-| 0 0 3 3
6 s-3|—2L]00 -6 —6
8 1 00 9 8
0 -2 2 0 ] 1
2 1 -7 -1 0
0 3 3 0 Wy < W5 0
0 O 0 s-3 0
00 -1 1 | 0

O OO NO

2
—11
15
13
1

oo oo
O O oo

0
-1
s wy + 2w, wy — 3wy
—2
0
-2 2 0
1 -7 -1
—6 —6 s—3 | wz— wy
21 21 0
9 8 1
wy + 2wz, ws — 3ws
2 0
-7 -1
3 0
-1 1
0 s—3

So the determinant of the last matrix is 1-2-3-(—1)-(s—3) = —6(s—3). And we have swapped rows 3 three times
and we have multiplied a row by %, so the determinant of the original matrix is (—1)-7-(—6)(s—3) = 42(s—3),

which gives zero for s = 3.

So, finally, A is invertible for s € (—oo, —5) U (=5,1) U (1,3) U (3, 00).



