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5 November 2018

1. Which of the following mappings ¢: V — W are linear?

V=R3W =R2% p((x,y,2)) = (x+ 3y — 1,42 + 2y + 6),
V=R3W =R ¢((z,y,2)) = (x + 3y — 2,42 + 2y + 62),
V=R3W =R2 o((z,y,2)) = (z + 3y — z,4|z| + 2|y| + 6]2]),
V=FRR),W =R, o(f) =4f(5) - 5f(4).

no, because @(2(07070)) = <10((0707 O)) = (_17 6)) but 280((0707 O)) = 2(_176) = (_27 12)
e yes, because for every g € R and any (a, b, c), (d, e, f) we get

(p((a’bvc) + (dvevf)) = <p((a+d,b+e,c+f)) =
(a+d+3b+3e—c—f,4a+4d+2b+2e+6¢+6f) = (a+3b—c,4a+2b+6¢)+ (d+3e— f,4d+2e+6f) =
e((a,b,0)) +¢((de, f))
and (g(a,b,c))e((ga, gb, gc)) = (ga + 3gb — ge,4ga + 2gb + 6gc) = gla + 3b — ¢,4a + 2b + 6¢) =
9¢((a,b,c)).
e 10, because p(—1(1,0,0)) = ¢((—1,0,0)) = (—1,4), but (—1)¢((1,0,0)) = (—-1)(1,4) = (-1, —4).
e yes, because for every g,h: R — R and any a € R we get ¢((g + h)) 4(g+ h)(5) —5(g+ h)(4) =
49(5) +4h(5) — 5g(4) — 5h(4) = ¢(g) + ¢(h) and @(ag) = 4ag(5) — Sag(4) = ap(g).
2. For which real numbers ¢t € R the mapping : R? — R? such that ¢((a,b)) = (a + b+ (t> — 9)ab, 5a +
3(b—1) +1t) is linear?

We check the condition on multiplication for 2 and vector (1,1): ¢(2(1,1)) = ¢((2,2)) = (—32+4¢2,13+1)
and 2p((1,1)) = (=14 + 2t2,10 + 2t). If  is a linear mapping, those two vectors are equal, and 13 + ¢ =
10 + 2t, so t = 3. It is easy to check, that if t = 3 this is a linear mapping.

3. Find the formulas for the following linear mappings.

o 0: R = R3 ¢((1,0,1)) = (5,1,3),0((0,1,1)) = (2,3,4),((1,0,0)) = (6,7,7),

o p:R* = R% ¢((3,1)) = (4,5,-1),9((7,2)) = (-3,0,5).
The problem is to find the coordinates of the standard basis in the given basis. In the first example (denote
a=(1,0,1),5=(0,1,1),y = (1,0,0)) we see that (1,0,0) =+, (0,0,1) = a—~ and (0,1,0) = —a+5+7.
So ((1,0,0)) = (6,7,7),((0,1,0)) = —(5,1,3)+ (2,3,4) + (6,7, 7) = (3,9,8) and ((0,0,1)) = (5,1,3) -
(6,7,7) = (—1,—6,—4), Thus, finally ¢((x,y, 2)) = (6x + 3y — 2,7z + 9y — 62, Tz + 8y — 42).

In the second example we calculate the coordinates of the vectors (1,0), (0,1) in the basis a = (3,1),5 =
(7,2) in the usual way (two systems of equations in one matrix):

3710 12 0 1 g, 12001 o L0 27
1 2 0 1 |1 T%Wlg 79 |27y 1 1 —3 [y 1 1 _3

So (1,0) = —2a + f and (0,1) = Ta — 36. Thus, ¢((1,0)) = —2(4,5, —1) + (=3,0,5) = (=11, -10,7) and
»((0,1)) =7(4,5,-1)—3(-3,0,5) = (37,35, —22), so finally ¢((z,y)) = (—112+37y, —102+35y, T —22y).



4. Let p,1: R® — R2, be linear mapping such that ¢((1,1,1)) = (3,7), »((1,1,0)) = (2,5), ¢((1,0,0)) =
(1,6) and ¥((2,2,1)) = (3,3),v((2,1,0)) = (5,0),%((2,1,1)) = (4,2). Find the formula for ¢ + ¢ and 5¢.

Similarly as before we calculate the expressions for ¢ i %, first finding the coordinates of the vectors from
the standard basis. Let o = (1,1,1),8 = (1,1,0),v = (1,0,0). We see that (1,0,0) =~,(0,1,0) = 5 — v
and (0,0,1) = o — . So ¢((1,0,0)) = (1,6),¢((0,1,0)) = (2,5) — (1,6) = (1,—1) and ¢((0,0,1)) =
(3,7) = (2,5) = (1,2), thus ((z,y,2)) = (z +y + 2,60 —y + 2z).

We also find the formula for v, so we have to find the coordinates of vectors (1,0,0),(0,1,0),(0,0,1) in
the basis v = (2,2,1),d = (2,1,0),e = (2,1,1). We use the standard method
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So(1,0,0) = —=2+2+£,(0,1,0) =v—€i (0,0,1) = —5+¢, thus 1((1,0,0)) = —1(3,3)+3(5,0)+3(4,2) =
(3’%%711((0’1,0)) = (373) - (472) = (_171) and 7/’((07071)) = _(530) + (432) = (_172)7 50 ﬁnaﬂy

U((@,y,2) = Bz —y— 2,5 +y+22).

x
Therefore, (¢ + ¥)((z,9,2)) = (x+y+ 2,6z —y+22)+ Bz —y— 2,2 + y+2z) = (42,132 + 42) and
50((x,y,2)) =5(x +y+ 2,60 —y + 22) = (5x + by + 52,30z — by + 10z2).



