Linear algebra, WNE, 2017/2018
Exemplary problems before the first test

29 pazdziernika 2018

All the systems of equations should be solved using Gaussian-elimination method (echelon form).

Problem 1

Find a polynomial w(z) of degree 3 such that w(1)
that their product equals 12. Find those roots.
Hint: use the Vieta’s formula, which says that the products of the roots of polynomial az?® + bx? + cx + d
d
equals —¢-.

—28,w(—2) = 32,w(3) = 72 with all three real roots such

Solution

We get the following system of equations:

a+b+c+d=-28
—8a+4b—2c+d=32
27a4+9b+3c+d="T72
12a4+d=0

We use the reverse column order (d, ¢, b, a)

1 1 1 1 ]-28 1 1 1 1 |-28
1 -2 4 —8| 32 0 -3 3 -9/ 60 ~1
1 3 9 27| 72 |- WWsmWLWamW o o g 96| 100 |2 T3
1 0 0 12| 0 0 —1 -1 11| 28
1 1 1 1|-28 11 1 1/]-28
0 1 -1 3[-20 01 -1 3|-20 1
0 2 8 2| 100 |WBT2W2watwal o 1y 90| 140 | Y2 T
0 —1 —1 11| 28 00 —2 14| 8
11 1 1/]-28 11 1 1/]-28
01 -1 3]-20 01 -1 3]-20 1
00 1 2| 14 |"WaF2wsl g g 1 9o 14 |¥ g
00 —2 14| 8 00 0 18] 36
11 1 1]-28 11 1 0]=30
01 -1 3|-20 01 -1 0/|-26
00 1 2| 14 W1 — Wy, Wa — 3Wyq, W3 — 2Wy 00 1 0l 10 w1 — w3, W2 + ws
00 0 1| 2 00 0 1] 2
110 0]—40 100 0]—24
01 0 0|-16 01 0 0|—16
001 0]10 |[®="10 0 1 0|10
000 1] 2 000 1] 2

So we get the following polynomial: w(z) = 22 + 102% — 162 — 24.
We guess the first root 2. We divide the polynomial by (z — 2) i and get 222 + 142 + 12. Now we use the

usual method to obtain the other roots. A = 100, so the roots are —6 and —1, so finally, all the roots of w(x)
are —6, —1 and 2.



Problem 2.

For which real numbers s,t € R the following system of equations:
3x1 + x9 + bxz =10
—To — 2583 = 74
(Q—t)l'l +£L’2+6(L’3 =S
r1+ 29+ 323 =06

has exactly one solution? For which s,t € R it is inconsistent. For s,¢ € R such that the system has exactly one
solution, find (depending on s,t) a vector which is its solution. Give an example of a basis of R3, such that this
vector has coordinates 1, —1, —1 with respect to it (assume that s # 12).

Solution

So we write down the matrix and transform it into echelon form. We put the columns in order zs, z3, 1 .

1 5 3 |10 1 5 3 10
1 -2 0 |-4 0 3 3 6 1
1 6 2-t| s |WetWpWs-WL,Wa—Wi| g 4 g4 |g 10 | %23
1 3 1 |6 0 -2 -2 | -4 |

1 5 3 10 15 3 10

0 1 1 2 01 1 2

0 1 —1—t|s—10 |WsZWwat2wa| o g o 4| 19

0 -2 -2 | -4 00 0 0

If t # —2, there is a leading coefficient in the last column, so there is only one solution then. On the other hand,
if t = —2 and s # 12, then the system is inconsistent. Finally, if ¢ = —2 and s = 12, the system is consistent
but has infinitely many solutions.

We continue assuming t # —2.

15 3 10 10 -2 0
01 1 2 w1 — Swa, w ! 011 2 wi + 2wz, w2 —w
1 — JW32, Ws - —12 1 3, W2 — W3
0 0 —2—t s—12 —2—-t| 0 0 1 =55
0 0 0 0 00 O 0
25—24
100 S
0 1 0 24 =52
s—12
0 0 1 2
0 00 0
The vector which satisfies this system (the solution) is
(3—12 25 — 24 —s+12)
—2—t —2—t’ —-2—t7

and (£512,0,0), (0, =25t24,0), (0,0, —2 — =%t12) is a basis (if s # 12) which satisfies the condition formulated
in the problem.

Problem 3.
Let W a subspace of R* defined by the following system of equations
{m —3y+2—-1t=0

)

3z —9y+42+2t=0
and let V be a subspace spanned by vectors (6,0, —5,1) and (0,4, 10, —2).

e Find a basis of W and check for which r € R it is possible to complete the system of vectors (1,0,0, —2),
(—2,0,0,7) to the basis of the whole R* using only vectors from W.

e Give an example of such a basis for » = 0 and find coordinates of (1,0, —1,3) with respect to this basis.

e Check, whether W = V.



Solution

We find the general solution of the system describing W:

1 -3 1 -1 _)_”_)1—30—6
3 -9 4 2 0 0 1 5

So (3y + 6t,y, —5t,t) is the general solution, and thus dim W = 2, and (3,1,0,0), (6,0, —5, 1) is a basis of W.

A basis of R* consists of 4, so the basis of W and the two given vectors have to be linearly independent, if
one can find such a basis of R*. The two given vectors are independent, if r # 4. Secondly, each of them need
to fail at least one of the equations describing W:

e vector (1,0,0, —2) does not satisfy x — 3y + z — ¢t = 0, OK

e vector (—2,0,0,r) does not satisfy x — 3y + z —t = 0 for r # —2 and does not satisfy 3z —9y+4z+2t =0
for r # 3, so for any r it does not satisfy one of the equations, OK.

Thus, for r # 4 those two vectors along with the basis of W give a basis of the whole R*.
For r = 0 this basis takes the following form: (1,0, 0, —2), (—2,0,0,0),(3,1,0,0),(6,0,—5,1). We calculate
the coordinates of (1,0, —1,3) with respect to this basis:

1 -2 3 6 1 1 23 6 1
0 0 1 0 00 1 0 O
0 0 0 —5 —1 [R5 oy |L2owews oy
-2 0 0 1 3 0 -4 6 13 5
1 -2 3 6 1
0 —46 13 5 | -1 -1
0 0 1 0 o0 |2 g™
0 0 -5 -1
1 -2 3 6 1 1 -2 3 0 #
0o 1 F = P 13 0o 1 F o F# 3
0o 0 1 5 o |w— 6wy, wo + TWlg o 1 o o |w- 3wz, wa + ZWws
1 1
oo o 1 & o0 o0 1 %
1 -2 0 0 F 1000 =
0100%3w+2w 0100 2
00 10 0 [-22=210010 0
0 0 01 3% 000 1 ¢

So the coordinates are: =2, =3, 0, %, and indeed,
-7
5

For V. =W we need dim V' = dim W, and this is always the case. Therefore, V- = W if and only if (6,0, —5, 1)
and (0,4,10, —2) are elements of W i.e. if these vectors satisfy the equations describing W:

-3 1
(17 Oa Oa _2) + ?(_27 Oa Oa 0) + O(Sa la 070) + 5(6a 07 _57 1) = (1707 _1a 3)

e vector (6,0, —5,1) satisfies both the equations,
e vector (0,4, 10, —2) satisfies both the equations, as well.

Thus, V =W.

Problem 4.

Find a basis and dimension of a subspace of R® spanned by (4,—1,-5,2,7), (1,1,—1,-1,1), (2,1,3,-6,0),
(1,0,0,—1,1). Next, find a system of equations which describes this space.



Solution

We transform into echelon form the following matrix

4 -1 -5 2 7 1 0 0 -1 1
1 1 -1 -1 1 1 1 -1 -1 1
9 1 3 -6 0 |WLTWily 1 3 _g | YT WnwsT 2w, W duy
1 0 0 -1 1 4 -1 -5 2 7
1 0 0 -1 1 10 0 -1 1
01 -1 0 0 01 -1 0 0 1
0 1 3 —4 — |WZW2aWatW|, o 4 4 _9 Wy
0 -1 -5 6 3 00 -6 6 3
10 0 -1 1 10 0 -1 1
01 -1 0 0 01 -1 0 0
00 1 -1 b |wFOwsl, g o g ol
00 —6 6 3 00 0 0 0

So this space is three-dimensional, and (1,0,0,-1,1),(0,1,-1,0,0),(0,0,1, -1, %1) is a basis.
We continue the transformation to get the reduced echelon form (now the matrix should be seen as a system
of equation describing possible coefficients of the system of equations which we are looking for):

10 0 -1 1 100 -1 1
01 -1 0 0 01 0 -1 3t
00 1 -1 L |"FWlg o1 1 =t
00 0 0 0 000 0 0

The general solution describing the coefficients is: (a4 —as, a4+ %, as+ %, as,a5), s0 (1,1,1,1,0),(-2,1,1,0,2)
is a basis of the space of possible coefficients. We get the following system of equations.

T1+ T2+ 23 +74 =0
—2561 —|—I2—|—I3—|—2.§C5:O



