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1. Find a basis and dimension of a space spanned by vectors (3,2,1,1),(5,0,2,3),(4,1,4,5),(4,1,—1,—1).

We reverse the column order for easy calculations:

1 1 2 3 1 1 2 3
3 2 0 5 0 -1 —6 —4
54 1 4 |WeTdwowsTSwnwitwrl g g gy | W3 W
1 -1 1 4 0o 0 3 7
1 1 2 3 1 1 2 3
0 -1 —6 —4 0 -1 —6 —4
0 0 -3 —7 |WatwWiy o _3 _7
0 0 3 7 00 0 0

So the system of vectors
(3,2,1,1),(—4,-6,-1,0),(—7,-3,0,0) is a basis, and the dimension is 3.

2. Find a system of equation which describes the above space.

We finish solving the system of equations (we already have an echelon form):

1 1 2 3 1 0 -4 -1
0 -1 -6 —4 -110 -1 -6 —4
0 0 -3 -7 w1+w2,w3-? 0 0 1 % wy + 4wz, wa + 6wz
0 0 0 0 0 0 0 0

1 0o o0 % 100 2

0 -1 0 10 ws - (1) 0 1 0 -10

7 2\~ 7
0 0 1 5 |=—=]001 3¢
0 0 0 O 0 00 O

So the general solution is (remember about the reverse order of columns) (a, —%d, 10a, —%a), and so there
is only one vector in a basis of the space of coefficients (3, —7,30, —25), and thus we have ony one equation
in the system which we are looking for:

3x1 — Txo + 30x3 — 2524 =0
3. Find a basis and dimension of the space of solutions to the following system of equations.

5a 4+ 10b + 6¢+3d =0
2a +4b+4c+3d=0
3a+6b+5¢c+5d=0

We solve the following system of equations (I do not write the columns of zero on the right-hand side):

5 10 6 3 2 4 4 3 2 4 4 3
2 4 4 3 |wew |5 10 6 3 |wy-2ws-2] 10 20 12 6 | we — bwy, ws — 3w
3 6 55 36 55| |6 12 10 10



2 4 4 3 2 4 4 3
0 0 -8 -9 W2 < W3 0 0 —2 —4 wsg — 4w2, w1 + 2’[1}2

0 0 —2 —4 0 0 -8 —9
2 4 0 =5 1 1 1 1 2 0 %5 5 1 2 0 0
00 -2 —4 wl-i,w2-7,w3~? 0 0 1 2 w1+§w3,w2—2w3 0 01 0
0 0 O 7 0 0 0 1 0 0 0 1

So we get the general solution: (—2b,b,0,0), the dimension is 1, and (—2,1,0,0) is a basis.

4. Find the coordinates of (5,0,0) with respect to the basis (1,2, —1), (1,0,2),(0,1,1).

We solve the following system of equations:

1 105 1 1 0 5 1 1 0 5
2 0 1 0 |wy—2wi,ws+wy 0 -2 1 —-10 |w3-2] 0 —2 1 —=10 | w3+ 3ws
-1 210 0 3 1 5 Lo 6 2 10 ’
1 1 0 5 4 (frroo s 1 110 5
0 =2 1 —10 fwy-——awg- | 0 1 -1 5 wpFgwg [ 010 3 | w —w
00 5 —200|]———=2|00 1 —4|—=>]001 —4 '

100 2

010 3

00 1 —4

+3(1,0,2) — 4(0,1,1) = (5,0,0).

~—

So the coordinates are 2,3, —4, and indeed: 2(1,2, -1

5. Let W be a space described by the following system of equations:

T+ T+ 23— x4+ 25 =0
201+ 309 — 23+ 204 — 25 =0

Find a basis of W. Complete the basis to a basis of R?.

We solve this system of equations:

11 2 -1

Ll o [11 2 -1 1 10 7 -5 4
2 3 -1 2 1 |¥2TWig 1 5 4 3 |WLT"2

01 -5 4 =3

So the general solution is (—7x3+5x4 —4ws, brg —4xs+3x5, T3, T4, T5), thus this space is three-dimensional
and (—7,5,1,0,0), (5,—4,0,1,0),(—4,3,0,0,1) is a basis. It can be easily seen that along with (1,0,0,0,0)
and (0,1,0,0,0) we can quickly get to an echelon form without the zero row, so this is a basis of R®.

6. Find an example of a basis of R? such that the coordinates of vector (1,2, 3) with respect to this basis are
3,1,2.
It suffices to notice that it is enough to change the order of coordinates, so we just use the vectors from
the standard basis, just in a different order, i.e.: (0,0,1),(1,0,0), (0,1,0).



