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(» Mal gorzata M kosz, Andrzej Wber
Triality in so(4,4). x)

(» Two generic elenments of so(4,4) )

DD = Table[x[i +10j1, {j, 1, 8}, {i, 1, 8}1;

Do[DD[[9-i, i]]1=0, {i, 1, 8}1;

Do[Do[DD[[i, j1]1 =-DD[[9-j, 9-i1], {i, 10-j, 8}1, {j, 2, 8}]
CC=Table[y[i +10j 71, {j, 1, 8}, {i, 1, 8}1;

Do[CC[[9-i, i]1=0, {i, 1, 8}1;

Do[Do[CC[[i, j1]1 =-CC[[9-j, 9-i1], {i, 10-j, 8}1, {j, 2, 8}]

(» The triality autonorphism =)
triality[A]:={{1/72 (A[[1, 111 +A[[2, 2]] +A[[3, 311 +A[I[4, 411),
A[[3, 511, -A[[2, 511, A[IL, 511, Al[2, 611, ALI[L, 611, A[IL, 711, O},
{AL[5, 311, 172 (A[[1, 111 +AL[2, 2]]1 -A[I3, 311 -Al[4, 411),
All2, 311, -ALIL, 311, A[I2, 411, ALIL1, 411, O, -A[[1, 711},
{-A[I5 211, ALIL3, 211, 172 (A[I[1, 111 -AL[2, 2]]1 +A[I3, 311 -Al[[4, 411),
ALILL, 211, ALIL3, 411, O, -A[[1, 411, -A[I[1, 611},
{AL[5, 111, -AIlI[3, 111, AL[2, 111, 1 /2 (-A[I1, 111 +A[[2, 2]1 +A[I3, 311 -A[[4, 411),
0, -A[[3, 411, -Al[2, 411, -All[2, 611}, {AL[6, 211, A[[4, 211, A[[4, 311, O,
172 (A[[1, 111 -AL[2, 211 -A[I3, 311 +Al[4, 411), -A[ILl, 211, A[IL, 311, -A[IL, 511},
{AL[6, 111, ALI4, 111, O, -A[[4, 311, -Al[2, 1]1,
172 (-A[[1, 111 +A[[2, 211 -AIL[3, 311 +A[[4, 411), -All2, 311, AL[2, 511},
{AL[7, 111, O, -A[[4, 111, -Al[4, 2]1, ALI3, 111, -ALI3, 2]1,
172 (-A[[L, 111 -A[[2, 2]11 +A[[3, 311 +A[[4, 411), -AIlI3, 511},
{0, -A[[7, 111, -A[I6, 111, -A[I6, 211, -A[I5 111, ALIL5 211,
-A[I5, 311, 172 (-AlI[1, 111 -A[[2, 211 -ALI3, 311 -Al[4, 4111}
MatrixForm[triality[
DD11

Out[8]//MatrixForm=

In[9]:=

Out[9]=

In[10]:=

In[11]:=

Out[11]=

1
(x[11] + x[22] + x[33] + x[44]) x[35 x[25 x[15] x[26] x[16] x[17
2
1
x[53 = (x[12] +x[22] - x[33] - x[44]) x[23 x[13] x[24] x[14] o
2
1
x[52 x[32 = (x[11] -x[22] + x[33] - x[4a]) x[12] x[34] 0 x[14
2
1
x[51 x[31 x[21 = (x[11] +x[22] + x[33] - x[4a]) 0 x[34] x[24
1
x[62 x[42 x[43 0 (x[11] - x[22] - x[33] + x[a4]) x[12] x[13
2
1
x[61 x[41 o x[43] x[21] (-x[11] + x[22] - x[33] + x[44]) x[23
2

1
x[71 o x[41 x[42] x[31] x[32] (-x[11] - x[22] + x[33] + x[44])
2

1
0 ~x[71 x[61 “x[62] x[s1] x[52] x[s3 = (x[11] -x[z

(» The order of the triality is equal to 3 %)
Sinplify[triality[triality[triality[DD]]]] ==DD

True

(» Definition of the Lie bracket =)
bracket [A , B 1:=Sinplify[A B-B. A]

(» Triality preserves bracket x)
Sinmplify[bracket [triality[CC], triality[DD]]] ==Sinplify([triality[bracket [CC, DD]]]

True
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2= (* G - The formof matrices fixed by the triality =)
GG=DD /. (SolveAlways [triality[DD] ==DD, {}1[[111);
Mat ri xFor m[GG]

Out[13]//MatrixForm=

X[22] +x[33] x[35] -x[25] x[26] x[26] x[16] x[17] 0
X [53] X[22] x[23] x[25] x[25] x[26] 0 -X[17]
-X[52] X[32] x[33] x[35] x[35] 0 -X[26] -xX[16]
X [62] X [52] x[53] 0 0 -xX[35] -x[25] -X[26]
X[62] X[52] x[53] 0 0 -X[35] -x[25] -X[26]
X [61] X [62] 0 -X[53] -x[53] -x[33] -x[23] X [25]
X[71] 0 -X[62] -x[52] -x[52] -x[32] -x[22] -X[35]
0 -X[71] -x[61] -x[62] -x[62] x[52] -x[53] -x[22] -Xx[33]

nf14)= HH=GG /. {x[61] » all, x[71] » al2, x[22] »t2, x[32] » a9,
X [52] -» a8, x[62] » al0, x[23] » a7, x[33] »t3, x[53] » a6, x[25] -> a2,
x[35] » al, x[16] » a4, x[26] » a3, x[17] » ab}; Matri xFor m[HH]

Out[14]//MatrixForm=

t2+t3 al -a2 a3 a3 a4 ab 0
a6 t2 a7’ a2 a2 a3 0 -ab
-a8 a9 t3 al al 0 -a3 -a4

alo a8 a6 0 0 -al -a2 -a3
alo a8 a6 0 0 -al -a2 -a3

all alo 0 -a6b -a6 -t3 -a7 a2
al2 0 -al0 -a8 -a8 -a9 -t2 -al
0 -al2 -all -al0 -al0 a8 -a6 -t2-t3

nisi= v = {bl, b2, b3, b4, b5, b6, b7, b8};

6= (* The vector fixed by & x)
v /. Sol veAl ways [{v}. GG =0, Variabl es [C(] ]

ouie)= {{0, 0, 0, -b5, b5, 0, 0, 0}}

7= (* The basis of (e5-ed4)"\ perp =)

f[i_1:=(vector =ldentityMatrix [8]1[[i]]; If[i =4, vector [[5]] =1]; vector)

(» The vector f[4] is equal to ed+e5 x)

n[18]:= (* The basis of 3 forms =)
base = Conpl ement [Range [1, 8], {5}1;
base3 = Subset s [base, {3}]

oufio= {{1, 2, 33}, {1, 2, 4}, {1, 2, 6}, {1, 2, 7}, {1, 2, 8}, {1, 3, 4}, {1, 3, 6},
{1, 3, 7}, {1, 3, 8}, {1, 4, 6}, {1, 4, 7}, {1, 4, 8}, {1, 6, 7}, {1, 6, 8},
{1, 7, 8}, {2, 3, 4}, {2, 3, 6}, {2, 3, 7}, {2, 3, 8}, {2, 4, 6}, {2, 4, 7},
{2, 4, 8}, {2, 6, 7}, {2, 6, 8}, {2, 7, 8}, {3, 4, 6}, {3, 4, 7}, {3, 4, 8},
{3, 6, 7}, {3, 6, 8}, {3, 7, 8}, {4, 6, 7}, {4, 6, 8}, {4, 7, 8}, {6, 7, 8}}

inzoj:= (* Coefficients in the space of 3-forns )
wybfa_, b_]:={b[[a[[1]]1]1], b[[a[[2]]1]1], b[[a[[3]111}
mnor [a_, vl_, v2_, v3_] :=Det [wb[a, Transpose[{vl, v2, v3}]]]

in2):= (* The action of the general
hivl ] :=HH vl;
(» The action on \Lanbda”3 x)
h3[vl_, v2_, v3_] :=Factor [Table[

matrix =)

m nor [a, h[vl], v2, v3] + m nor [a, vl, h[v2], v3] + minor [a, vl, v2, h[v3]],

{a, base3}]]
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in24]:= (* Fixed 3-form =)
vari abl es = Tabl e[c[a], {a, base3}];
virt = Sum[c[a] e[a], {a, base3}];
Factor [virt /. (Sol veAl ways [
Sum[c[a] h3[f [a[[1]1]1], f[a[[2]1], f[a[[3]1]1]1], {a, base3}] == 0, Variables[HH]II[[1]1])]

ou2el- -C[{3, 4, 6}] (e[{1, 4, 8}]-2e[{1, 6, 7}]-2e[{2, 3, 8}] -€[{2, 4 7}]-e[{3, 4, 6}])
In271- Factor [%/ c[{3, 4, 6}]]

ouf71= -e[{1, 4, 8}]+2e[{1, 6, 7}]+2e[{2, 3, 8}] +e[{2, 4, 7}] +e[{3, 4, 6}]



